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ABSTRACT: These notes cover analytical mechanics, the final level of classical mechanics for
undergraduates. The Big Three core topics for this course are Rigid Body Motion, Normal
Modes for Coupled Oscillations and Lagrangian and Hamiltonian Mechanics. To these I will
add other topics, like fluid mechanics and classical fields (and possibly chaotic motion, time
permitting). Students are assumed to have had an exposure to classical mechanics beyond
the first-year level, such as seen in Physics 2E03. I will make an effort to keep the discussion

self-contained by briefly reviewing the needed background material.
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1 Preliminaries

Classical Mechanics is the first physics topic most people meet and it is typically re-encountered
several times within an undergraduate physics program. This repetition is not at all silly
because it is a vast subject that rewards repeated study with deeper insight. Its modern
importance is not diminished by the extension of classical methods to include relativity or
by the ultimate replacement of the classical world-view by quantum mechanics. Besides its
unique historical role in the development of the scientific method, classical tools also remain
extremely useful as approximations for quantum systems, especially in regimes much larger
than atomic sizes.

The purpose of these notes is to describe the calculational tools needed to analyze the
behaviour of classical systems, assuming some familiarity with basic mechanics (which is also
briefly reviewed in this section). The hope is to provide sufficient background to allow the
reader to explore on their own the many more advanced topics to which these tools lead —
like classical fields, continuum mechanics and chaotic behaviour — some of which are briefly

touched on here.

1.1 Newton’s Laws for Point Particles

This section starts with a quick reminder of Newton’s Laws of motion as applied to point
particles. A ‘point particle’ here is meant to be an object whose size is small enough to be in
practice negligible and so whose properties are completely specified by giving its position as a
function of time: r(t). We come back in later sections to making the notion of point particles
more precise but for the time being we can think of point particles being the atoms from
which larger objects are built. Much of the story of Classical Mechanics aims to clarify what
can be said about the motion of macroscopic objects given that their microscopic constituents
satisfy Newton’s laws of motion.

The position vector, r(t), of a point particle gives the distance and direction to the particle
at time ¢, measured relative to an origin of coordinates O, as shown Figure 1.

Referred to a right-handed Cartesian basis of orthogonal unit vectors, {e;, e, e}, where
(for i,j = x,y, 2)

€ -ej =0 = 0 i (1.1.1)
1 ifi=j

(which also defines the Kronecker delta symbol, d;;). The trajectory r(t) can be equivalently

expressed in terms of its components: x(t) = e, - r(t), y(t) = e, - r(t) and z(t) = e, - r(t),

r(t) =z(t)ey, +y(t)e, + 2(t)e., (1.1.2)



trajectory

Figure 1. A sketch of the vector r(¢) describing the trajectory of a point particle relative to the origin
O of coordinates and a basis of unit vectors e;.

which in turn is often simply represented as a column vector

r(t) = | y(t) | - (1.1.3)

The velocity, v(t) := () = dr/dt of the trajectory is found by differentiation with
respect to time and the acceleration is similarly defined as the derivative of the velocity
a(t) := v(t) = ¢(t) = d’r/dt?. Since the Cartesian basis vectors e; are themselves time-
independent these definitions imply the velocity has components v = v, e, + v e, + v, e,

where v, (t) = &(t), vy(t) = y(t) and v.(t) = 2(t), and similarly for a = a; e, + ay e, +a. e,

z(t) Z(t)
v(t)=|yt) | and a(t)= ()] - (1.1.4)
£(t) £(t)
Newton’s first and second laws then state that there exists a family of reference frames

— called inertial frames — for which a point-particle’s trajectory is given by
ma=F (1.1.5)

where m is the particle’s inertial mass (which is an intrinisic characteristic of each particle)
and F is the net force that is applied to the particle. Much of the content of Newton’s Laws
comes only after the forces summed to get F(¢) are specified — perhaps as a function of r(t)
and v(t) — along the trajectory.



1.1.1 Integration of the equations of motion

If the forces are given as explicit functions of time then (1.1.5) becomes a differential equation

to be solved for r(t). For instance if F is independent of time then integrating (1.1.5) gives

V(t)=vO+£(t—to) and I‘(t):r0+vo(t—to)+%(t—t0)2, (1.1.6)

where vg and ry are integration constants whose numerical values are determined in terms of
the initial conditions: v(tp) = vo and r(tg) = rg. This simple motion is a good approximation
to the motion of a particle falling near the surface of the Earth if we take F = mg where g is
a universal constant acceleration whose value is 9.8 m/s? directed towards the Earth’s centre.
Because the basis vectors e; are time-independent the integrations leading to (1.1.6) can be

done component by component:

Vz0 + Fiu(t —to)/m 20 + vgo(t — to) + S Fu(t —tg)?/m
V(t) = | vyo + Fy(t — to)/m and I‘(t) = | yo+ Uyo(t — to) + %Fy(t — t0)2/m
vo0 + FL(t —to)/m 20 + va0(t — o) + $Fo(t —tg)?/m

(1.1.7)

More commonly forces are specified as a function of position rather than (or as well as)
being functions of time. Position-dependence introduces time-dependence as the positions
move, but the complication comes because the time-dependence of the positions must be
solved for as part of the determination of the time-dependence of the forces. In this case

general solutions are only known for specific types of position-dependence.

1D Simple Harmonic Motion

Perhaps the simplest example for which motion in the presence of position-dependent forces
can be solved in some generality is the case where the forces are linear functions of the
positions. We consider here the simplest example of this type: the simple harmonic oscillator
in one dimension.

The simple harmonic oscillator is defined by one-dimensional motion in the presence of a
linear restoring force about an equilibrium position. In one dimension position is determined
by a single number, so a linear restoring force has the form F = —k(x — xg) where the
equilibrium position, * = g, is the place where F' vanishes. Newton’s 2nd law for such a

problem is m& = F, leading to the differential equation for y = x — zq:

k
j4+wiy=0 with w?=—. (1.1.8)
m

This famously has general solution

y(t) = A cos(wt + 0), (1.1.9)



where A and 0 are integration constants. Equivalently, y can be taken to be the real (or

imaginary) part of a complex solution
y(t) = Ape + A_e ™t (1.1.10)

where A are integration constants. These describe sinusoidal oscillations with amplitude A,
angular frequency w and initial phase 4.
The force F' = —ky is conservative, coming from a potential energy V = %kyQ, and so

the energy in such an oscillation is

Damped oscillations

More complicated variations on the theme include damped harmonic oscillators, for which
(1.1.8) is replaced by

G4y +wiy=0, (1.1.12)
which has general solution
y(t) = Ae " cos(wt + ), (1.1.13)
or equivalently
y(t) = Ape7Hwlt L A elmr—iw)t (1.1.14)

The main new ingredient here is the damping of the oscillation amplitude over time.

Because the force F' = —\g is not conservative the energy
E = imi? + Lhy? = imA2e_2’\t{)\2 4202 + A2 cos[2(wt + 8)] + 2 w sin[2(wt + 5)]} (1.1.15)
is not time-independent for A # 0.

Forced oscillations

Another important variation is the forced damped harmonic oscillator, for which (1.1.8) be-

comes
i +79 +wiy = f(t) (1.1.16)

where f(t) is a specified function of time. This has general solution

y(t) = Ae " cos(wt + 8) + yp(t) (1.1.17)
with ~
wld) = [~ anitoe where g = — L0
where i L oo '
flp) = 5 /_OO dt f(t) e ™", (1.1.19)



For instance if f(t) = fosin(€2t) then

i = (2) st~ (£) s+ . (1.1.20)

and so
fO 1Ot fO Ot
t) = _
(! 202+ in Q) —w?) 2i(Q2 — i7Q — w?)
fo .
T (2= 120 (Q? - w?)sin(Q) — 70 COS(Qt)} : (1.1.21)

In addition to oscillations at the specific frequency w, the forced oscillator also oscillates with
any frequency contained within the time-dependent driving force, with the oscillations at these
other frequencies having a specific amplitude and phase. In particular the amplitude grows
the closer the driving frequency is to the oscillator’s natural frequency w (the phenomenon

known as resonance).

1.2 Two-body Problem

A great body of experience can be summarized by the statement that the origins of forces
acting on a point particle come from the presence of other particles. This section explores
the two-body problem partially to illustrate this but also partially to illustrate the cumber-
someness of changing variables in the traditional vector formulation of mechanics.

To this end consider Newton’s laws as applied to two particles, which both exert a force
on each other and are pushed by an external force. The expression of Newton’s law (1.1.5)

to these two particles is
mit) = Fio + F$Y and  moiy = Foy + F$, (1.2.1)

where F;, denotes the force exerted on particle ‘a’ by particle ‘0" and FE' denotes the external
force acting on particle ‘a’.
The presence of two bodies acting on one another provides an opportunity to state the

third of Newton’s laws, which applies to forces acting between two bodies. It states
Fo = —Fy, for all @ and b. (1.2.2)

In the present example this implies F1o = —F92;. As a result the forces acting between the

two bodies cancel out if the two equations in (1.2.1) are added to one another:
mit + moiy = F§ 4 FS = F&L (1.2.3)
This is more suggestively written to look like (1.1.5) if it is written

MR =Ft (1.2.4)



where
M :=m1 +mo (125)

is the total mass of the two particles and the centre of mass coordinate R is defined by

miry + moro

R =
M

(1.2.6)

In particular, in the absence of net external forces (1.2.4) expresses the conservation of centre-

of-mass momentum:
P=0 if F& =0 where P := MR = mivy + mavsy. (1.2.7)

It is the dynamics of the relative inter-particle separation r := ry — ro that is sensitive to
the inter-particle forces. Taking the difference of the two equations in (1.2.1) and using the

Third Law (1.2.2) implies
ma Pt — T

utr = Fio + U , (1.2.8)
where the reduced mass i is defined by p=! := ml_l + mz_l, or
mims
= ) 1.2.9
H=07 (1.2.9)

Notice the dependence on the external force cancels out in the special case of a constant
gravitational field, for which F&' = m,g (for constant g), leaving the evolution of r completely
determined by the size of Fi2. In the event that the right-hand side of eqs. (1.2.4) depends
only on R and the right-hand side of (1.2.8) depends only of r then egs. (1.2.4) and (1.2.8)
decouple and the evolution of R and r can be computed independently of one another.

This is true in particular when both FZXt = myg and Fis is a function only of r. With
these choices eq. (1.2.4) for R becomes R = g and so integrates to give

R(t) = Ro + Vo(t —to) + 3g(t — t0)?, (1.2.10)

as appropriate for a freely falling centre of mass. Here V = R denotes the centre-of-mass
velocity and Vg = V(tp) is its initial value.

1.2.1 Two Body Central Forces

Consider next the special case where ngt = myg and Fio = —VV(r) for some function V
that depends only of the magnitude r := |r| = |r; —r2|. Under these circumstances eq. (1.2.8)
becomes

/w:—vwm:-vmq;:—wwmh (1.2.11)

where e, (t) := r(t)/r(t) denotes the time-dependent unit radial vector that points instanta-

neously to particle 1 from particle 2.



In this case it is also convenient to decompose the left-hand side of (1.2.11) in terms of a
basisi of unit vectors that are adapted to spherical coordinates built using the position vector
r(t). Defining coordinates {r(t),0(t), #(t)} in terms of {x(¢),y(t), 2(t)} using

x=rsinfcos¢p, y=rsinfsing and =z =rcosl, (1.2.12)
we see that
r o Y z . . :
e(t)y=—=—-e,+>e,+ —e, =sinfcospe, +sinfsinpe, + cosfe,. (1.2.13)
roor r r
It is convenient to define two linearly independent basis vectors by
oe, . .
ey = 50 cosfl cos pe, + cosfsinpe, —sinfe,, (1.2.14)
and 1 8
ey i= = ({;ﬁr = —singe, +cospe,. (1.2.15)

As is easily checked the basis {e,, eg, ey} is also orthonormal: e; - €; = J;;.

Unlike for the basis {e;, e,, e,} however the basis {e,, eg,e,} is time-dependent because
it is defined with the vector e, parallel to r(t). As xz(t), y(t) and z(¢t) vary with the particle
position so must also r(t), 6(t) and ¢(¢) defined using (1.2.12). Explicitly

é = fOep+ ésinﬁeqs
€&y = 9(— sinfl cos pe, —sinfsingpe, — COSHeZ) + qﬁ(— cosfsingpe; + cos@cosgbey)
= —fe, +gz§cos€e¢ (1.2.16)
€y = gb(— cospe, — Sin(bey) = —qﬁ(sin@er + cosﬁeg) .
In terms of this basis of spherical polar unit vectors we then have r = r e, and so
F=re +ré =re +rleg+rsinfpe,. (1.2.17)
Differentiating again gives
i =ie.+7re +r0eg+rleg+r0és+ fsin0¢e¢ + rcosc%'q.ﬁqu + rsin&ée¢ + rsin@qﬁé(p
= (7‘ — 6% — rsin? 0(;52)er + (27'”9 + 76 — r¢? sinf cos 9) ey (1.2.18)
+ (21%2.5 sin @ + 2rf¢ cos 0 + rdsin 0) es
Using this basis the three components of (1.2.11) give the following three differential
equations to be solved for r(t), 0(t) and ¢(t):

,u(i“' — rf% — rsin® 9¢2> +V'(r)y=0 (1.2.19a)
270 + 16 — r¢?sinf cos = 0 (1.2.19b)
and  2r¢sinf + 2rf¢ cosl + résinh = 0. (1.2.19c¢)



To solve these it is convenient to adapt the spherical coordinates so that the particle initially
satisfies 0(tg) = § and O(to) = 0. This amounts to choosing our polar coordinates so that the
plane spanned by rg and vg is the equator. But when this is true (1.2.19b) implies 6 must
also vanish at ¢t = ty. This shows that if the motion is initially in the equatorial plane then it
always remains there, with 6 = 7 providing a solution to (1.2.19b) for all time.

With this choice for 6 the remaining pieces of (1.2.19) become

,u(f - rg{s?) L V() =0 (1.2.20a)
and  27¢+ré = %% (r%) ~0. (1.2.20b)

The second of these equations says that the time derivative of the combination r2¢ vanishes
and so is solved by choosing
i =J (1.2.21)

where J is an integration constant. Using this in (1.2.20a) then allows it to be written

J2
i = B 4 V(r) = 0. (1.2.22)
r
Multiplying this through by 7 allows it to be written as a total derivative, and so integrating
gives
J2
Lui? 4 ‘;—2 +V(r)=E (1.2.23)
T

for a new integration constant F.

The qualitative form for the solutions can be found by plotting the effective potential
energy Veg = (uJ/2r?) + V(r) appearing in (1.2.23) as a function of r (see Fig. 3), together
with the value of F (see Fig. 2). In this type of plot the kinetic energy of the radial motion,
% wi-2, is proportional to the difference E — Vg and so solutions exist only when this difference
is positive. Regions with E < Vg are classically forbidden. The origin r = 0 is always
forbidden (for nonzero .J) provided the potential is less singular there than 1/r2.

For motion described by the energy shown in Fig. 2 an initially decreasing r(t) shrinks
until it reaches the turning point after which it starts to grow without bound. This describes
a ‘scattering’ trajectory (as opposed to a ‘bound’ trajectory for which r cannot escape beyond
a finite maximum value — see Fig. 3). The scattering angle for such an encounter is computed

by using (1.2.21) to evaluate
Ap = ¢(t — 00) — p(t — —0). (1.2.24)

The problem is solved once (1.2.23) is integrated to give r(t), as can be done by performing

the following integral (a solution by ‘quadratures’):

" dr r dz
_ — - = . 1.2.25
- / P VRIE V@)l (e (1:2.25)




Veff(r)

Figure 2. A sketch of Veg(r) & —1/r vs r (with r increasing to the right) on which is superimposed
a particular (positive) value of E. Classically allowed regions are those where Vog(r) < E and 7 = 0
at the turning points where Vg (r) = E.

Once r(t) is found then ¢(t) is obtained by integrating (1.2.21). These integrals can be done
quite explicitly for some choices of V' (r). Famously, in the special case where V' o< 1/r these
arguments lead to the conclusion that the orbits r(0) traced out by the trajectories r(t) and

6(t) are conic sections.

1.2.2 Kepler Problem

Perhaps the best-known example of the central body type is the Kepler problem, for which
the central-force potential is assumed to be the one responsible for Newton’s Law of Universal
gravitation:

Gm1 mo

————e, for which V(r)=

> ; (1.2.26)

In this case the required integrations can be done explicitly and doing them allows Kepler’s
phenomenological orbital laws to be derived as consequences of Newton’s second law (1.2.8)
together with his law of gravitation (1.2.26).

In this case the radial equation (1.2.22) simplifies to

o+ =0, (1.2.27)

once the definition p = mymgo/M is used, where M = m; + my. Multiplying this through by

7 shows that the energy conservation equation then is

i J2  GM
152 4 g3 = £ (1.2.28)

for a new integration constant &.

,10,



The qualitative form for the solutions are again found by plotting the energy equation
(1.2.23) as a function of r, as in Fig. 3. A negative value for E is also plotted in this figure,
showing that when E < 0 the classically allowed region only includes a finite range of values

min < 7 < Tmax, a8 appropriate for a bound orbit.

Veff(r)

Figure 3. A sketch of Vog(r) o< —1/r vs r (with r increasing to the right) on which is superimposed
a particular (negative) value of E. Classically allowed regions are those where Veg(r) < E and 7 =0
at the turning points where Vg (r) = E.

Circular orbits are the special case where r remains the same for all time, and so ryin, =
Tmax (and so e = 0 and so a — 7. becomes the circle’s radius). The figure shows, circular
orbits can only occur at radii . for which V/;(r.) = 0. As the figure also makes clear, circular
orbits are the orbits with minimum energy for a given angular momentum J.

For the Keplerian potential (1.2.26) vanishing derivative implies

J2  GM %

+ =0 andso r.= Gl T ma) (circular) . (1.2.29)

T3 2
TC TC

Since this implies GM /r. = J?/r? it follows that the energy of such an orbit is

J?  GM J? GM .
=52 T, T 32T o (circular) . (1.2.30)

Eliminating the circle’s radius from these gives the relation £ = FE.(J) that minimizes the
energy for a given J:
1 (GM\?
EC = —5 (J) (Circular) . (1231)

More generally the radial position changes as the orbiting objects move. For the Kepler
problem the radius changes because bound orbits turn out to be ellipses with the orbitted

particle at one focus (as we see below), S0 Tmin = a(l — €) and ryax = a(l + €) are the points

— 11 —



of closest and furthest approach, where a is the orbit’s semi-major axis and 0 < e < 1 is its
eccentricity.

To see why bound orbits are ellipses (and unbound orbits are hyperbolae) we seek the
shapes r(¢) of the orbits rather than r(¢) and ¢(t) separately. These shapes are most easily
found from the above equations by starting with (1.2.27) and (1.2.28) and changing variables
to r(¢) using 7 =’ qﬁ = 7/ J/r? where primes here denote differentiation with respect to ¢ and

¢ is eliminated using (1.2.21). Proceeding in this way (1.2.28) becomes

o JP GM (P2 J2 GM GM
12 _ ) = [5(1/)2 + du? — <J2> U} JP=€ (1232)

where the last equality performs the change of variables u = 1/r. Eq. (1.2.27) similarly

2 2r2 ro 2t 272 r

becomes
. JE GM [ 20?2 1 GM] J? GM) 5 o

The point of this exercise is the equations for u(¢) are simple to integrate since (1.2.33)
is Newton’s 2nd law for a harmonic oscillator that oscillates around v = GM/J? and (1.2.32)
is the energy equation for such an oscillator. The general solution is therefore easy to write

down: 1 oM
u(p) = ) = + Acos(qb + gbo) , (1.2.34)
where A and ¢ are integration constants. This answer could also be found by changing
variables from ¢ to ¢ in the explicit quadrature in (1.2.25) and then performing the integral.
It is convenient to choose the origin of ¢ so that r(¢g) is the point of closest approach of
the orbiting bodies (the periapsis), which is the point where u(¢) is the largest. From (1.2.34)
this implies ¢g = 0. Evaluating (1.2.32) using (1.2.34) allows the integration constant A to

be related to the energy &, with

GM GM\*
£ = [;w/)z +iu? - (p) u} JE=1147- <J2> ] J? (1.2.35)
and so )
2& GM
2 _
AP =5+ (p) . (1.2.36)
Eq. (1.2.34) is to be compared with the equation of an ellipse in polar coordinates,
a(l —e?)
= —" 1.2.
"0 = e (12:37)

where again ¢ is chosen so that ¢ = 0 is the point of closest approach. Here a is the semi-
major axis and 0 < e < 1 is the eccentricity. Comparing gives expressions for the conserved

quantities £ and J in terms of the orbital parameters a and e:
J? e

—_— 2 = -— ==
a(l —e?) Vi and al—cb) A, (1.2.38)

- 12 —



and so

J? = GMa(1 — €?) (1.2.39)
and
GM\?2 e —1 GM
_ 1|2 (EM 2_1|_¢—1 _2y M
E=35|4A ( 72 > ] J =3 [a2(1 _62)2] GMa(l —e?) 5 (1.2.40)

An ellipse becomes a circle when the eccentricity vanishes, and notice that (1.2.38) implies
a — J?/GM in this limit (in agreement with (1.2.29)).
The period of the orbit is

B 21 % B l 2m 9 CL(l o 62) 2m a2(1 - 62)2
T/O - = /0 de () do

b J - VGMa(1 —e2) Jo (14 ecos ¢)?
a1 —e?)3 27 B a3
_ — [(1 - 62)3/2] = omy| =0 (1.2.41)

from which Kepler’s third law (as improved by Newton) follows:

a’ GM

1.2.3 Conservation Laws

Of course the ability to solve the above problems so explicitly relies on being able to perform
so many time integrations. The ability to do so in the above discussion is not an accident,
and can be traced to the presence of various conservation laws.

In particular, it is the assumption that Fi12 = —VV for some choice for V(r) that is
responsible for energy conservation. To see why, notice that this assumption allows (1.2.11)
to be written putr + VV = 0. Taking the dot product of this with r then implies

- (ui‘+ vv) - %(%m« e V) =0 (1.2.43)

which expresses conservation of energy, F, for this system where

mims . .
2le (1 — 12)2 + V(r) (1.2.44)

E=24i*+V(r)=

is a constant along any solution r(¢). As the particle moves there is a transfer from potential
energy V to kinetic energy
K =1, (1.2.45)

in such a way as to ensure the total energy £ = K + V remains unchanged.
Similarly, the assumption that Fo is parallel to r means r X F1o = 0, and this implies a

second conservation law. (In the above example this assumption is a consequence of choosing

,13,



Fi2 = —VV where V' depends only on the radial coordinate r = |r|). The conservation law

can be found by taking the cross product of (1.2.11) with r:

r x (pi + VV _ 4 pr x #) =0 (1.2.46)
(s + v) = gy (e x5)

where the first equality uses r x F1o = 0. Clearly the angular momentum
J:=r x (pr) (1.2.47)

must be a constant vector along the entire trajectory r(¢) for all ¢. Because J is always
perpendicular to 1 its conservation implies the motion takes place entirely within a plane
in space that is perpendicular to J. This is ultimately what allowed us to adapt our polar
coordinates to ensure § = 7 for all times. Eq. (1.2.21) then expresses that the magnitude
J = |J| of the angular momentum is constant.

Conservation laws are clearly very useful when integrating the equations of motion. But
how does one know when they exist? One of the points of the later Lagragian and Hamiltonian
formulations of mechanics encountered in §2 and §7 is that they allow a very general answer
to this question by identifying a deep connection between conservation laws and symmetries.

Before leaving the subject of conservation laws it is worth pointing out that there is
more to a useful conservation law than just finding something that remains constant along a
trajectory found by solving Newton’s equations of motion. Indeed, for the two-body example
just studied there are twelve conserved quantities that are preserved by the evolution (1.2.1)
(compared to the seven quantities contained within P, E and J).

The six ‘conserved’ quantities can be taken to be the initial conditions ryy and vg for the
positions and velocities for the two particles. These are clearly conserved in the sense that
every point along a trajectory r,(t) shares the same values for these initial conditions, and in
that sense the initial conditions can be regarded as independent of time along the trajectory.

These kinds of trivial conserved quantities differ from the useful ones in several important
ways. First —unlike the expressions for E, P or J — the formula giving r,g and v4g as a function
of ry(t) and v(t) depends in a detailed way on ty3. Second, the expressions for r,o and vy
are not additive — unlike the expressions for energy, momentum or angular momentum —
inasmuch as they do not arise as a sum over separate contributions coming from each of the
two particles.

Although this additivity is explicit in the expression (1.2.7) for the conserved linear
momentum, it only becomes true for energy and angular momentum once their definitions
are extended to include the centre-of-mass motion. For instance, suppose that the external
forces also have the property that F&* = —V,U for some function of position U(ry, r2), where

V. denotes differentiation with respect to r,. In this case the equations of motion (1.2.1) for
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each body become m,t, + V.,V + V,U = 0 and so
0 = #1 - (i + ViV + ViU ) + 8 (makty + VoV + VU
d
- = (Smi + Smaid + Vv +U) (1.2.48)

showing that the total conserved energy is indeed additive:
E=1imiif+ imoid + V +U = JMR? + Lui* + V 4+ U, (1.2.49)

where the last equality uses the definitions of R, r, M and pu.

A similar story goes through for angular momentum when F&' = (0. In this case the
equations of motion (1.2.1) imply m1¥; — F1a = mots + F12 = 0 and so when Fi5 is parallel
to r; — ro we have (r; —rg) X F12 = 0 and so

0=r x (mli‘l - F12> Frg X (m2f2 + F12> - %[rl % (m1k1) + 1 X (meg)] (1.2.50)

showing that the conserved angular momentum can be written in the additive form
J=r X (mlf'l) + 12 X (mQI"Q) . (1251)

What will be useful about the methods of §2 and §7 below is that they systematically lead to

conserved quantities that are additive in this same way.

1.3 More is Similar

Before moving to alternative formulations of mechanics this section first extends some of the
previous discussion to NV particles. This proves to be useful in practice because it helps clarify
how more complicated objects move under the assumption that their underlying constituents

— perhaps the atoms from which they are made — behave as classical point particles.

1.3.1 Macro vs Micro

Suppose a macroscopic object, O, is made up of a collection of N point-like atoms with the
atoms labelled by an index a,b =1,--- , N. These atoms experience external forces F&' and
mutually interact through forces F;, which as above describe the force acting on particle ‘a’
due to particle ‘b’. Writing out Newton’s 2nd law (1.1.5) for the motion of each atom then
gives the system of equations

m2f'2:F21 +F23+"'+F2N—|—F§Xt
mats = Fg; + Fao + .o+ Fagy + FS (13.1)
myr¥y = Fy1+Fyo+Fag+ - _|_Ft]e;(t‘
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The laws of motion for the entire macroscopic object must follow as consequences of
egs. (1.3.1), and at first sight it seems remarkable that any simple laws should be possible at
all for macroscopic objects if this is so. A wonderful thing happens if all of these equations
are added together, however, since then Newton’s third law (which states that Fg, = —Fy,

for all a and b) implies that all of the F; cancel in the sum, leaving
mi i +moity+ -+ myty =FF 4.+ FOU. (1.3.2)
This takes the same form as did Newton’s law for each atom:
MR =F&t, (1.3.3)

with total mass and net external force given by

N N
M:=> m,, FOi=> F, (1.3.4)
a=1 a=1
provided one defines
1N
R := MZma ro. (1.3.5)
a=1

This shows that Newton’s law applies in the same way to the entire macroscopic object as it
did for each of the constituent atoms, provided we include only the externally applied forces,
use the macroscopic object’s entire mass and identify the macroscopic object’s acceleration

as the acceleration of the object’s centre of mass — defined by (1.3.5).

Figure 4. A sketch (not to scale) of atoms in a macroscopic object, illustrating the difference between
the atomic position r; and its position, s; = r; — R, relative to the object’s centre of mass, R.
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1.3.2 Recursiveness

Furthermore, this shows that Newton’s 2nd law is recursive in the sense that it is completely
agnostic about what we consider to be the underlying point particles from which the macro-
scopic object is made. For example suppose the object described above can be regarded as
the union of two pieces, denoted A and B, so O = AU B. (Maybe the macroscopic object
considered above was the Earth-Moon system and A is the Earth while B is the Moon.) Then
all sums over particle label a in the above argument can be broken up into sums separately
over A and B:

N
M:Zma:Zma+Zma::MA+MB, (1.3.6)
a=1 ac€A a€EB
and similarly
N
F(t%z)ctt — Zszt _ Z szt + Z ngt — Fixt + F(;xt ) (137)
a=1 acA aEB
If we define
R '*iZmr and R '*iZmr (1.3.8)
A - . atla B - - ala 0.
acA a€B

then repeating the arguments leading to (1.3.3) separately for each of objects A and B implies
MsR,=F,; +F  and MRy =Fy, +FO, (1.3.9)

where
Fap=) Y Fg and Fpii=> > Fg (1.3.10)
acAbeB acEBbeA
describe the net forces acting between the atoms in the two larger groupings. Clearly Newton’s
third law F,, = —F, at the atomic level implies the same is true for the macroscopic inter-
body forces:
F,s=-Fg.. (1.3.11)

With these definitions we can also ask how the centre of mass for the entire system is

constructed in terms of R, and Rg. The result is very familiar:

N
MR=> mafa=> matat+ Y mata=MiRa+ MsRp, (1.3.12)
a=1 acA acB
where the last equality uses (1.3.8). Egs. (1.3.12) and (1.3.9) then show that these macroscopic
equations are consistent with (1.3.3).
Taken together, these arguments show that the relationship between Newton’s law for

the whole system and Newton’s law for its two subsystems is identical to the relationship
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derived earlier with Newton’s laws for the N atoms, specialized to the case N = 2. That is,
it is conceptually as if each of A and B were themselves to be considered to be ‘atoms’.

Clearly the same conclusion would have gone through equally well if we instead had had
more than two macroscopic groupings. The result can be very useful inasmuch as it can
sometimes be useful to regard macroscopic objects as themselves being point particles, such
as when computing the orbital motion of planets moving around the Sun. This can be done
whenever their internal structure plays no role and all that is of interest is the motion of the
overall centre of mass for each of the subgroupings of particles.

This recursive nature of Newton’s laws shows that the laws themselves cannot tell what
the fundamental smallest objects are, since they apply equally well at alllevels of substructure.
If tomorrow evidence were to emerge that all of our atoms in eq. (1.3.1) turn out to contain
still-smaller teeny-weeny proto-atoms, each of which themselves satisfy Newtons second and
third laws, then nothing in the above arguments need change at all (provided we assume the

position r, to be an appropriately defined centre-of-mass coordinate for the atoms).

1.4 Coarse-grained Conservation Laws

The ability to group atoms together into macroscopic groups described above also goes
through for conserved quantities, provided these are additive (in the sense that they are

defined as a sum over contribution of each particle).

1.4.1 Linear momentum

Additivity is most obvious for linear momentum since it is so intimately tied to the motion
of the centre of mass coordinate:

P=MR=)Y mata =) mata+ Y myiy=MR,+ MRy =P, +Py (1.4.1)

a acA beB

which shows how the definition of momentum is also recursive: because it is additive it
can be regarded as the sum of the momenta of each atom or the sum of the momenta for
macroscopic subsystems. Either way the result is the same as the momentum associated with
the centre-of-mass motion.

Newton’s laws (1.3.1) imply (1.3.3) and this tells us what the obstructions are to mo-
mentum being conserved:

P=F&t, (1.4.2)

P is conserved for any system that does not experience a net outside force: F&E =

1.4.2 Energy

A similar story also goes through for the total kinetic energy of motion of the constituent

atoms. In this case

K=Y §mai2 =3 MR*+Ey where Eip =y 3m,8), (1.4.3)
a a
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and s, := r, — R denotes the particle’s position relative to the centre of mass. No linear term

in §, appears in (1.4.3) due to the easily proven identity

N
> mas, =0, (1.4.4)
a=1

that follows directly from the definition (1.3.5) of R.

The kinetic energy of atomic motion relative to the centre of mass can be regarded as an
‘internal’ energy, which at this point Ei, could equally well describe the energy of an overall
rigid rotation of the macroscopic body, or the kinetic energy associated with altering its shape,
or the random motion of its constituent atoms for an object whose macroscopic orientation
and shape do not change. (More about the dynamics of rigid rotations and deformations of
a macroscopic object’s shape is given in §4 and §9 below.)

But we could equally well coarse grain the expression for the kinetic energy to separately

sum over the objects A and B as we did above for the centre of mass. In this case eq. (1.4.3)

becomes
K=Y tmail+> Smail =K+ K, (1.4.5)
acA a€EB
where
Kyi=> 3mail =3 MsR% + Eqine where  Ejpg = Y 3ma$,, (1.4.6)
a€A acA

and s, := rqo — R, is the displacement from the centre of mass R, of object A. A similar
expression holds for K5 in terms of the deviations from its centre-of-mass position: s,z =
r, — Rp. Additivity of the kinetic energy again implies it is recursive: it can equally well
be given as a sum over the kinetic energy of each atom, or the kinetic energy of macroscopic
subsystems containing many atoms (provided these keep the internal energy of motion relative
to the centre of mass).

The obstruction to energy conservation is found by using (1.3.1) to compute the rate of

change of kinetic energy:
K=Y mgtq o= to-Fap+ » ta-F
a ab a
= (i — 1) Fap+ Y tq - FX, (1.4.7)
a

a>b
where the last equality uses Newton’s third law: F,, = —Fp, (note the restricted sum where
a > b). As expected the rate of change of kinetic energy is given by the rate with which
the applied forces do work on the atoms in the system. Although Newton’s third law makes
internal forces cancel out in the momentum evolution equation (1.4.2), it does not do the
same for the work done by these forces. In general energy can be transferred to and from the

relative motion of the constituent degrees of freedom.
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The right-hand side of (1.4.7) has the form Y f, - ¥, where f, := F&* + 3, Fp, but it
is a famous result in vector calculus (for a quick summary see Appendix §A.4) that not all
sums of differentials of the type ) _f, T, can be written as the time derivative of something.
In order for ) f, - dr, to be dV for some quantity V' the vectors f, must have the form
f, = Vo,V = 0V/0r,. But if this were the case then V, x f, = 0 (for each a, with no implied
sum on a) so if the forces appearing in (1.4.7) were such that the f,’s have nonzero curl then
this is an obstruction to finding a conserved energy for the system.

There are two attitudes to take about restricting attention to conservative forces. On
one hand at a microscopic level everything we know about physics at the atomic level tells
us that energy is conserved by the forces relevant at the atomic level. So from that point of
view there is no loss of generality restricting attention to conservative forces.!

The other attitude is that life is full of friction and so one should learn to deal with it
if one wishes to be a fully qualified classical mechanic. There is nothing inconsistent with
physics being conservative at an atomic level and the existence of nonconservative forces
at a macroscopic level. From a microscopic perspective dissipative forces like friction have
their roots in the work done by interatomic forces since this allows energy to be transferred
from macroscopic motions (like the motion of the centre of mass) into incoherent relative
motion of particles (which can manifest macroscopically as heat when the incoherent motion

is sufficiently random).?

1.4.3 Angular momentum

The angular momentum about a fixed origin O is also recursive in the way described above

because
Ji=) TaXPa=) TaXPat Y TaxXPa=Js+JTs, (1.4.8)
@ acA aEB
where p, := m,r,. There is in general no guarantee that the angular momentum for a

macroscopic body need be expressable in terms of its linear momentum: i.e. J, might well
not be writable as r x P, for some choice of lever arm r.

The obstruction to angular momentum conservation is also found by taking the cross
product of r, with m¥, for each of egs. (1.3.1) and summing the result, leading to

J= Zra X Malq = Zra X Fab+Zra x Fext
ab a
— Z(ra —1p) x Fop + Zra x Fext (1.4.9)
a

a>b

!We see in later sections — e.g. §2.6 — how to include energy-conserving forces not associated with a scalar
potential (such as magnetic forces).

2As we see in §1.5 this description of friction is most appropriate for kinetic friction, that resists the
relative motion of objects that slide relative to one another. Static friction by contrast arises from short-range
interatomic forces F 45, acting at the interface of objects that come into contact.
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where the second line uses Newton’s third law to group the terms involving F,;, together
with those involving Fy, (leading to the restricted sum where a must be larger than b. The
right-hand side of this expression makes it convenient to define the total internal torque and

external torque by

Fint . — Zra xF, and 7= Zra x F&t (1.4.10)
ab a

since these are what obstruct having J be conserved.
Notice that the external torque can be written more simply in the special case that
the external force is proportional to a constant field. For instance for an applied constant
gravitational field we have F&** = m,g and so F{Xf = M g where M = __m, is the total

mass, while
T =3 "1y x (mag) = (Z mara> x g =R x (Mg) (1.4.11)
a a

where R is the centre-of-mass position encountered earlier in (1.3.5). This shows how a
constant gravitational force exerts a torque that is equivalent to the torque that would have
been experienced if the total gravitational force were applied at the centre of mass.

For a constant electric field E the total force exterted would instead be

FX'=> ¢E=QE (1.4.12)
a

where ¢q is the electric charge of atom ‘a’ and Q = ), q, is the total electric charge. The
net torque exerted by such an electric force for constant E is then

T = "1, x (quB) = <Z qara> x E =R, x (QE), (1.4.13)
a a
where the ‘centre-of-charge’ position, Ry, is defined by

1
R, = @anra. (1.4.14)

There is no reason a priori why the torque 7™ due to internal forces must vanish, though
it often does in practice. As can be seen from (1.4.9), an important special case where it does
vanish is when F;, is parallel to r, — rp, such as is always true if this is a conservative central
force. But it can also vanish more generally for isolated systems should the physics responsible
for the internal forces be rotationally invariant (more about which in §2.3).

1.5 Contact Interactions: Sliding and Rolling

The above discussion shows how Newton’s Laws can be derived for macroscopic objects even
if they are initially assumed only to apply to point-like constituents like atoms. This is useful
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because the vast majority of applications of Newton’s Laws work with forces and the motion
of macroscopic bodies.

Contact interactions between macroscopic objects play an important role in elementary
treatments of mechanics, and these have not yet be discussed from the more microscopic
perspective. To this end let us specialize to the case where two macroscopic rigid bodies, A
and B, interact with each other but the forces F 5 and Fz, = —F 45 only act over very short
range compared to all of the length scales of practical interest, so the forces are irrelevant
unless the bodies come into physical contact. In that case the sum over atoms in expressions

like (1.3.10) only runs over atoms at the surface, S, of contact between the two bodies:

Fuao= Y Fo. (1.5.1)
abes

In general this contact force can be written F, 5 = N 4+ Fg where N is normal to the
surface of contact and Fy is defined to be parallel to this surface. (Fy is called the force of
‘static friction’ at the interface.) In general these forces are difficult to calculate from first
principles and so are simply determined by demanding Newton’s laws be consistent with the
geometrical constraints and the motion that is specified at the points of contact (eg. rolling,
sliding, no relative motion, and so on).

If the two objects slide along one another then F 5 is purely in the normal direction (and
so Fgs = 0). In this case dissipative forces like dynamical friction arise as energy of motion is
transferred into internal degrees of freedom (such as by generating internal heat).

On the other hand if two surfaces roll without slipping relative to one another then the
surfaces of the two bodies at their points of contact do not move relative to one another. In
this case the contact force need not be normal to the surface and friction arises to the extent
that these forces exert a torque that acts to slow down the rolling. Rolling without slipping
in this way imposes a constraint on the motion that relates how quickly the rolling object
rotates to how quickly the rolling object’s centre of mass moves.

For example, a cylinder of radius R rolling without slipping along a planar surface must
turn through an angle § = s/R radians if its centre of mass rolls a distance s and so the
speed, v = §, of the centre of mass (in the rest frame of the planar surface) must be related
to the cylinder’s angular speed of rotation, w = 0, by a constraint that is linear in these two
speeds:

v=wR. (1.5.2)

We return to the significance of these types of constraints in §2.5 once we first develop a few

more useful tools.

1.6 Spacetime Symmetries

Symmetries turn out to play an important role in later sections, such as when identifying pre-

cisely when additive conservation laws exist. This section spells out several of the symmetries
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that play a role in this way (and some that do not).

In particular our focus here is on the freedom we have to redefine our origin of coordinates,
O, and the orientation of the basis vectors, e;, (see Fig. 1) without changing the component
form of Newton’s laws (1.1.5):

Zq Fra
Ma | Yo | = Fya ) (1.6.1)
Zq Fia

where ¥y = Zq€; + o€y + 24, and Fy = Fpe, + Fyaey + Foqe,.

It is clear that the component forms for Newton’s equations in general do change when
performing a change of origin and/or rotation of basis vectors. For instance the equations
of motion (1.2.19) found above when changing basis from {e;, ey, e.} to {e,, ey, ey} did not
preserve the form (1.6.1) because (1.2.19) does not have the form

".ﬂ.a Fra
ma | 6| = | Foa | - (1.6.2)
¢a Fd)a

The form of the component equations changed in this case because it was important to keep
track of how the basis vectors themselves also changed with time.

Our focus here is on the transformations of reference frame that do not change the
component form of Newton’s laws (1.6.1). These form an important class of redefinitions, of
which there are three different types: translations, rotations and Galilean boosts. The rest of
this section describes each of these in turn.

trajectory

Figure 5. A sketch of the vectors r(¢) and T(¢) describing the same trajectory of a point particle
relative to two different origins of coordinates, O and O, that differ by a relative translation a and a
rotation of basis of unit vectors from e; to €;.
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Translations

Consider first how Newton’s law (1.6.1) changes when we shift the origin of coordinates by
a constant distance a. To this end suppose there is a second origin of coordinates O that is
displaced from O by a displacement a. If the position of a point of a trajectory relative to O
is given by the vector r(t) and the position of that same point relative to O is denoted F(t)
then inspection of Fig. 5 shows that the vectors r(¢) and r(¢) are related by

r(t) = () +a. (1.6.3)

If a is independent of time then # = ¥ and so the left-hand side of Newton’s law (1.3.1)
remains unchanged. It can also be true that the right-hand side remains unchanged, such as
when the forces acting amongst the particles involved depend only on the velocities of these

particles and/or on their relative positions, r, — rp.

Galilean Relativity

A more general class of transformations relating O and O that also preserve the compo-
nent form (1.6.1) of Newton’s laws starts from the observation that translations need not
be completely time-independent if all they must do is leave the acceleration ¥ unchanged.

Translations can also leave the acceleration unchanged if they are linear in time:
r(t) =1(t) +a+ut, (1.6.4)

where both a and u are time-independent vectors. This is just a translation when u = 0
but more generally describes the situation when O and O move relative to one another with
constant relative velocity u. In the special case a = 0 this transformation is called a Galilean
boost.

The right-hand side of Newton’s law (1.3.1) can also be invariant under these trans-
formations. This will automatically be true if the forces involved depend on position in a
translation-invariant way. That is, translation invariance of the form (1.6.3) already requires
F. to depend on r, and ry only through their difference r, — r; and this is automatically
also invariant under (1.6.4). But boost invariance also requires any dependence of forces on
velocities r, to only depend on relative velocities, like r, — 1.

Rotations

When writing down Newton’s law (1.6.1) we did not give much thought about the precise
orientation of the basis vectors e; we used to decompose physical quantities like positions,
velocities, accelerations and forces. Yet we can ask, would the final result (1.6.1) obtained

from (1.1.5) differ if a different orientation were used?
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To explore this consider a new basis, {€,,€,,€,}, that is obtained from the old one,

{esz, ey, e}, by a rotation:
3
éj = Z Rjk er . (1.6.5)
k=1

The requirement that both the old and new bases be orthonormal implies the coefficients R,

must satisfy
3 3
0ij = €; - € = Z RixRjier - e = Z RikRjk , (1.6.6)
kd=1 k=1

which can be expressed as the matrix equation
RR" = R'R=1 or, equivalently R~'=RT, (1.6.7)

where R is the matrix with elements R;; (i.e. ¢ is the row label and j is the column label)
and R” is its transpose with elements Rj; (i.e. j is the row label and ¢ is the column label).
I is similarly the unit matrix, whose elements are d;;. Condition (1.6.7) states that R must
be an orthogonal matrix.

Since both €; and e; form a basis any vector can be written as a unique linear combination
of either of them:

V=Vie,+Vye,+ Ve, =V, 8, +V, &, +V,6.. (1.6.8)

Using (1.6.5) and the uniqueness of the expansion in any particular basis shows that the two
component representations of V are related by

Vi= ZRkin- (1.6.9)
K

This can be written in terms of matrix multiplication using the matrix R, with

V, Ve Ve Ve
Vy, | =R" XN/y or, equivalently Vy =R|V,|. (1.6.10)
V. V. V. V.

The key question now asks whether an equation like (1.1.5) takes an identical form when
decomposed in terms of either e; or €;. Given the above properties of the matrix R it is
simple to see that it is, provided the matrix R is independent of . That is if we know that

the components of position vectors and forces in two frames are related to one another by

i x F, F,
gl=RrR|y| and |E,|=R|F,|, (1.6.11)
Z z ﬁz FZ
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then the same relation also holds for the components of velocity and acceleration because of
the assumption that R;; be time-independent. If in the frame O the component version of
(1.1.5) implies these components satisfy

S
&

(1.6.12)

3
ISEHNSSH
Il
o

Z
mR|j|=R|F,| . (1.6.13)
Z
But multiplication through on the left by R~! = R” then implies

p
ml|ij|l=|F|- (1.6.14)

Comparing (1.6.12) with (1.6.14) shows that the components in these two frames satisfy
precisely the same equation.

This might seem to be a fairly pedantic way to show what seems to be a fairly obvious
observation about the equivalence of various components of a vector equation when compared
using reference frames that differ by a rotation. But this gets the direction of implication
precisely backwards: it is because the laws of physics are equivalent in rotated frames that
we write the laws of physics using vectors, not the other way around. Laws of physics always
have the form vector = vector or scalar = scalar (or tensor = tensor) but never have the form
e.g. vector = scalar. And this is true precisely because it expresses that the laws of physics
are invariant under rotations of the frame of reference.

In §4 we shall find other, more useful, consequences of the invariance of the laws of
physics under frame rotations. In that section we instead regard the rotation as acting on the
trajectory itself rather than on the reference frame, and because rotations are a symmetry
of the laws of physics we will find that rotating the trajectory costs no energy. It is through
arguments like this that we will come to recognize why rigid bodies are characterized by
quantites like spin in addition to their centre-of-mass position.

2 Lagrangian Mechanics

This section describes the most important reformulation of classical mechanics: Lagrangian
Mechanics. This new framework turns out also to be intimately related to a very beautiful
and profound reformulation of the foundations of classical mechanics itself: the Principle of
Least Action.
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2.1 Least-Action Principle

A fundamental starting point is the reformulation of classical mechanics in more geometrical
terms. Doing so naturally leads to a framework that is equally valid in arbitrary coordinates.

The Principle of Least action starts with a conservative system — i.e. one for which the
forces arise as gradients of a potential energy, F' = —VV — and asserts that the correct
classical trajectory is the one that extremizes the value of the action, defined as the time

integral of the difference between kinetic and potential energy:

S:—/dt <K—V> —/dtL. (2.1.1)

The action is so important that the integrand appearing here has its own name: L := K -V

is called the system’s Lagrangian.

2.1.1 Cartesian example

To see how this works consider the Newtonian equations of motion (1.1.5) for a single point
particle in the presence of a conservative force, F = —VV, defined in terms of the gradient
of a scalar potential V (r):

mi = -VV. (2.1.2)

As we saw in §1 the kinetic energy for this system is
K = imi?. (2.1.3)

The fundamental claim is that equations (2.1.2) are equivalent to those obtained by asking
for the trajectory that extremizes the time integral of the difference between its kinetic and

potential energy:
m .o

Ly
Se(r)] = / ar [2e v (2.1.4)
to
subject to boundary conditions where both the initial and final positions are fixed:
r(to) =ro and r(ty) =ry. (2.1.5)

The action (2.1.30) in this formulation should be regarded not as a function of r and t.
Rather, it should be regarded as a functional of the class of paths r(t) that run from rq to
ry in the time interval to < ¢t < t;. For each such path r(t) eq. (2.1.30) can be evaluated
and returns a real number. Different paths give different numbers and so the action is a map
from the space of paths to the real numbers. Notice that nothing in the previous paragraph
says that the path r(¢) has to solve any equations of motion (like for instance (2.1.2)).

The claim to be proven is that the specific path that satisfies (2.1.2) is an extremum (i.e. a
minimum or maximum or saddle point) of the functional S[r(¢)]. More precisely, suppose one
compares the value of S when evaluated at two different paths, r(t) and 1(¢) = r(t) + dr(?),
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that are ‘nearby’ one another in the sense that dr(t) is everywhere small. The path r.(¢) that
extremizes S is defined to be the one for which a Taylor expansion of S[r(t) + dr(¢)] in powers
of dr(t) does not have a term linear in Jdr(t).

This definition of an extremal path is meant to mimic the criterion used when identifying
the minimum, maximum or saddle point of an ordinary function. A point z( is said to
extremize (i.e. be a minimum, maximum or saddle point of) an ordinary function f(x) when
the derivative f'(zp) = 0 vanishes when evaluated at x¢. Equivalently, the Taylor expansion
of

flo+62] - f(2) = [(@) 6z + L f'(2) (62)% + - - (2.1.6)

should start off at quadratic order in dz if x = x( is an extremum. The linear term in the
expansion of a functional about a given path can be thought of as defining what it means to
differentiate a functional, the mathematics of which is called the Calculus of Variations (see
Appendix §A.1 for a whirlwind summary).

Notice that extremizing the action is a geometric criterion that specifies the path itself
rather than its parameterization in terms of a specific set of coordinates. This type of formu-
lation lends itself to a formulation of Newton’s equations of motion that are equally valid in
any coordinate system. And changing coordinates in a scalar function like K or V is much
easier than doing so directly with vector equations of motion like (2.1.2).

To see why the equations of motion can be obtained in this way, explicitly perform the
variation by evaluating S[r(7)] at a pair of nearby trajectories, r(7) and r(7) + dér(7) that
share their initial and final values, and so dr(tg) = dr(ty) = 0. The stationary configuration
is the one for which 65 := S[r + or] — S[r| vanishes for arbitrary choice of dr(7). The action
S[r(t)4dr(t)] can be Taylor expanded in powers of dr(t) and the curve r(t) is said to extremize
S[r(t)] if this expansion has no term linear in dr(t).

To see what it means for S[r(7)] to be stationary under small variations, expand the
integrand in powers of dr and stop at linear order. Stationarity is equivalent to requiring the

term linear in or must vanish for arbitrary choices of dr(7), which requires:

0=68 := /ttde {[%(eréf)-(1'“+51'~)—V(r+5r)} - [%ff—V(r)H

o linear in ér

= /ttf dr [mi--éi'—ér.VV} = [mf.ér}tf _/ttf dr [mervv} o, (2.1.7)

0 to 0
where the last line performs an integration by parts to trade dr for dr. We demand this to
vanish for all possible dr(7) subject to the requirement that dér(t;) = dr(t9) = 0 vanishes
t
at both endpoints. Since this boundary condition makes the surface term [mi‘ . 51'} " vanish

to
in (2.1.7) the vanishing of the term linear in dr(7) requires the coefficient of dr to vanish
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everywhere within the integrand, which the last line of (2.1.7) shows requires®

mi+ VV =0 for all ¢, (2.1.8)

in agreement with the equations of motion (2.1.2).
The quantity premultiplying ér(7) in the last expression of (2.1.7) is called the functional
derivative of the functional S[r(¢)] with respect to the path r(¢) and denoted
08
—— =mi+VV. 2.1.9
5r () + (2.1.9)
Notice that the functional derivative of a functional is a function and not a number, since it
is a function of t.
The variation of S can equally well be done one component at a time. Writing K =

%m(:’v2 + 9% + 2?) and V = V(x,y, z) and repeating the steps taken in (2.1.7) gives

0=468 = {S[a:+5:c,y+5y,z+5z] - S[a:,y,z]}

linear in éz, dy, 62

ty
=~ o624 06y 4 36 2.1.1
[m(aj x4+ yoy + 2 z)LO ( 0)
ty
—/ dr [(mjé—f—a‘/) oxr + (my—l—av> oy + <m2+8v) 52] ,
to Ox oy 0z
and so
38 ov 5S ov 58 ov
 —myp L —  =mi+ — =mi4+ —. 2.1.11
5200 mi + 5 500 miy + 9y and 520 mz + 5 ( )

The condition of extremality is §.5/dz(t) = 65/dy(t) = §5/dz(t) = 0, which again reproduces

the Cartesian components of Newton’s equation (1.6.1).

2.1.2 Polar coordinates

As mentioned earlier, from a purely pragmatic standpoint, rephrasing the equations of motion
as a least-action principle has the advantage that it simplifies the derivation of the equations
of motion in non-Cartesian coordinates.

For example, imagine changing from Cartesian coordinates {z‘} = {x,y, 2} to spherical
polar coordinates {¢"} = {r, 0, ¢}, defined by eqgs. (1.2.12) (repeated here for convenience)

z=rsinfcos¢, y=rsinfsing and 2z =rcosh. (2.1.12)

3Since there are many nonzero functions whose integrals are zero one might wonder why the vanishing of
the integral in (2.1.7) must require that the integrand must everywhere vanish. The reason for this is 65 must
vanish for all possible dr. To establish why (2.1.33) vanishes near a particular time ¢ we simply choose dr(7) to
vanish everywhere except in an arbitrarily small neighbourhood around 7 = ¢t. This argument can be repeated
for all possible choices of ¢ (except the endpoints - more about endpoints in what follows).
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Direct differentiation shows that

@ = 7sinf cos ¢ + 16 cos 0 cos ¢ — r¢sin O sin ¢
§ = 7sin@sin ¢ + rf cos O sin ¢ + r¢ sin § cos ¢ (2.1.13)
4 =7cosh —rfsinf, (2.1.14)

and so the kinetic energy in spherical polar coordinates is given by
K = 3m (@2 4+ 92 + 22) = dm (2 4 r20% + 12 sin0 6?) (2.1.15)
The action in spherical polar coordinates for a particle with a potential energy V' then is

S[r(t),0(t), o(t)] = /tf dr [%m(f’Q +r20% + r?sin® 0 ¢2> — V} : (2.1.16)

to

To find the conditions for extremality for this action we expand

05 = {S[T(t) +0r(t),0(t) +66(), ¢(t) + 5(t)] — S[r(t), 6(¢), ¢(t)]}

linear in 7, 66, ¢

ty . .o . . .
= / dr {m [7'“ 6F + 12060 4+ r?sin® 0 ¢ 6¢ + (7“02 +rsin®6 <Z>2) or +r2¢?sinf cos 50}
to

ov ov ov
S — 50 — —— 1.1
o or 50 00 a¢6¢} (2.1.17)
. , t tr . .
= {m(i’ér+r20(59+r2$in29¢5¢)] f+/ dr m<—¥+r62+rsin29¢2>—a—v or
to to or
+ [—i(mﬂé) + mr2¢'>2 sinf cosd — %‘9/] 00 + [—i(mrQ sin20¢5) — g‘;] 5¢} .

The first term vanishes because of the condition that ér, 40 and d¢ all vanish at ¢t = £y and
t = ty. The remaining terms vanish for all variations only if the coefficients of ér, 660 and d¢
are all separately zero, leading to the following three equations:

. : ov
- o 2 .. 92 2y oV
O—m( 7+ 6~ + rsin 0¢) 5 (2.1.18a)
0= —m<2r7’é + r2§) + mr?¢? sinf cos § — a@% (2.1.18b)
g . 1%
0:—m<2rsm O7¢+ 2r°sinfcos O ¢ + r-sin 9(;5) e (2.1.18c)

In the special case where V' depends only on r these agree with egs. (1.2.19), which were
found with much more effort in §1.
2.1.3 Target-space Geometry

More generally, imagine changing variables from Cartesian coordinates z*(t) to a general set of

coordinates ¢!(t) obtained through a general redefinition of the form z%(t) = f¥[¢!(t)] for some
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set of invertible functions f’. The main restriction at this point is that the transformation is
local in time: the 2%(t) can be computed given only the values of the ¢'(t)’s evaluated at the
same time. The action principle formulated in this more general context has a geometrical
character that helps understand why the equations of motion take the same form for arbitrary
coordinate choices.

In these new coordinates the potential energy is given by V = V(z) = V(q), where
V(q) = V[z(q)] and the potential energy is*

K = gmé;;a'i' = 3mGu(q) ¢*d', (2.1.19)

where the quantity in the kinetic term is given explicitly by

Gri(q) = 0i <§§Z) (gj) : (2.1.20)

The quantity Gg(q) is sometimes called the target-space metric because it is a symmetric
and positive definite matrix and so can be regarded as a geometrical metric on the ‘target
space’ (which is defined as the space in which the functions ¢! take values). It plays the
same role in (2.1.19) as does the metric ¢;; in Cartesian coordinates: Gj; quantifies an inner
product between vectors and so in particular provides the ‘length’ of the velocity vector whose
components are ¢* in the same way that the Cartesian metric d;; does for the velocity vector
with components .

This metric analogy can be made even more explicit by asking how Gi;(q) changes if
one performs another coordinate change from ¢* to ¢" = f"(q), for some functions f7(q).
Performing this coordinate change in (2.1.20) implies the metric in the new coordinates is
related to the old one by

G..(@) = Gula@) (52 (55 2121

which is recognizable as the transformation rule of a rank two covariant tensor under a
general coordinate transformation. Any symmetric and positive rank two tensor can always
be interpreted as a metric.

Returning to our main line of argument, the action written using the coordinates ¢" is

t
$= [ ar|Z Gul@id' - Vi) . (21.22)

to

4From this point on we adopt the Finstein summation convention in which there is an implied sum over
any repeated index. For example 60,V really means > & 8¢"0, V. This notation keeps there from being too
much clutter from summation signs.
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and so the condition 6.5 = 0 reads

0=d5 = [ ar {[FGula+ 80)(d* + 58 +5) V(g +50)

to
_[m kol
[2 Gri(q) ¢"q V(q)} }hnearin 5.
¢ Aok , Mo, k-l r
= / dr [mgkz(Q)q&J + 5561 0rGri(q) "¢ — 0q 8TV(Q)} (2.1.23)
to

t t
— [mgkl(q)q'kéql]to—i—/ dr

to

d
{—dT [mGu(a)d'| + T oG (a)i'd - 8kV(q)} 5q*

where 0, denotes 0/9q".
The equations of motion are found, as usual, by asking this action to be stationary with
respect to arbitrary variations that vanish at the endpoints: d¢%(to) = d¢¥(tf) = 0. The

result written in terms of the coordinates ¢ (rather than x) is

d
0= 2 |[mu@i] - S0 (a)d'd + 0V (@)
= mGr(q) § +mAur(q) ¢'q" + 0V (q), (2.1.24)

where Ag;-(q) is the following combination of derivatives of Gy (q)

Appr = %(&gkr + 0rGr1 — 8kglr> : (2.1.25)

This is another quantity familiar from the theory of differential geometry, called the ‘Christof-
fel symbol of the first kind’ constructed from the metric Gy;.

This can be solved to give an equation for ¢* once the matrix G"* that is the inverse to
Gy is found. That is, given the matrix of coefficients G"* that satisfies GG = 67 (with an

implied sum over the repeated index k), the above equations of motion imply
m(i +Th(a)d'd") + GHav(a) =0, (2.1.26)
where the ‘Christoffel symbol of the second kind’ is defined by
k ._ ks . 1 ks
rf = @Ay i= 65 (0Ger + 0,00 — 0,G1r) (2.1.27)

Eqgs. (2.1.26) provide some insight into how the form of the equations of motion can
remain the same even after performing arbitrary redefinition from ¢* to §" = f"(q). The
equation found in the new variables is again of the form (2.1.26), but built using the new
metric Gy, its inverse Gt and the corresponding Christoffel symbol fgt built from these two
tensors. What is important is that the metric (and its inverse) and the quantities 0,V and
DgF = §F + Fﬁ ¢'q" are tensors under coordinate transformations and so (2.1.26) is a tensor
equation (in which tensors that transform in the same way are equated to one another). As
a result once the equation is true for one set of coordinates it necessarily remains true in any

set of coordinates, because of an argument very similar to the one made for rotations in §1.6.
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2.1.4 Multiple Particles

Another straightforward generalization extends the above to include multiple particles inter-
acting with one another and with external sources through conservative forces, so ), Fo, =
—V.V and F&' = —V,U, where both U and V are functions of the particle positions r,,

with @ = 1,..., N. In this case the Newtonian equations of motion (1.3.1) become:
mele ==V (U+V) . (2.1.28)
As we saw in §1 the kinetic energy for this system is

K =1 mat, (2.1.29)
a

and so the action in this case is

S[r(f)]:[f dr [;Zmafﬁ (U+V)

The equations of motion (1.3.1) are obtained by demanding that S be stationary subject

(2.1.30)

to boundary conditions where both the initial and final positions of each particle are fixed:
dra(to) = org(ty) =0, (2.1.31)

Proceeding as before we find

0=46S:= Z/tf dr {mat‘a <01 — 0rg - Vo (U + V)}
a “to

= !Za: Mg - 6ra]

where the surface term vanishes by virtue of (2.1.31). Requiring this to vanish for all possible

ty
-3 /tf dr [mafa F V(U + V)] Ore,  (2.1.32)
a to

to

choices for dr, for all t and a then implies
Meta + Vo(U+V)=0 for all a and all ¢, (2.1.33)
in agreement with the equations of motion (1.3.1).

2.2 Euler-Lagrange Equations

Now that we have some confidence that the least-action principle properly reproduces New-
ton’s equations correctly it is worth identifying what these equations look like in a more

general context. We therefore generalize the discussion in two separate ways:

e We allow the label ‘A’ of the generalized coordinate by ¢*(¢) to run over both the com-
ponents ¢ = 1,2, 3 of position in space and over the label ¢ = 1,--- | N that distinguishes

particles from one another, so A = {a,i}.
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e We allow the Lagrangian to be an arbitrary function of ¢*(¢) and ¢”(t) (evaluated at
the same time), L = L(q, ¢,t), and do not assume it has the more restricted form given
n (2.1.22). We also allow it to depend explicitly on time (in addition to its implicit
dependence on time through the trajectories ¢*(t)).

These more general forms allow for the possible freedom to redefine coordinates that might mix
up the positions and velocities and might also mix up the coordinates for different particles.
These choices lead to the action

S = /dt L(g,4,1), (2.2.1)

for which the variation is

ty
68 = [ ar{Llg+ 4,4+ 064 - Llg.ql} (222)
to

linear in dq

by oL oL oL ty d (0L oL
= dr | =— 6¢* +5q] [5(1} +/ dT[ <> }5({ ,
/to [Gq dq* ¢4 to t dr ¢4 dg*
where there is an implied sum over the repeated index A. S found in this way is required
to vanish for arbitrary d¢*(7) subject to the boundary condition

5q*(to) = d¢*(t) = 0. (2.2.3)

The form found above for 45 shows that this implies ¢*(7) satisfies the following Fuler-

Lagrange equations of motion:
d (/0L oL
— =] —=—=0. 2.24
i (3) - = 224

Evaluating the time derivative d/dr using the chain rule then shows that the equations

of motion are explicitly second-order in time derivatives:

0L L 0L 5, L OL
852921 T agraqr? T agrar ~ g

~0, (2.2.5)

where there is again an implied sum over B in the terms that involve this index. The partial
time derivative 9/0t differentiates with both ¢* and ¢” held fixed (as opposed to d/d7, which
differentiates both the explicit time-dependence in L and the implicit time-dependence hidden
within ¢*(¢)). Egs. (2.2.4) or (2.2.5) are the forms to be used throughout most of the rest of
these notes.

2.3 Symmetries and Conservation Laws

One of the advantages of the least-action formulation of classical mechanics is the clear answer

it provides for when to expect equations of motion to respect additive conservation laws (like
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conservation of energy, momentum and angular momentum): they are tied to the existence
of symmetries (as this section shows explicitly).

To start things off it is useful to identify the immediate analogs of the momentum and
energy in the case when we use generalized coordinates like ¢*. We seek functions of F(q, ¢, 1)
that are constants when ¢ and ¢ are evolved using the classical Euler-Lagrange equations
(2.2.4). That is, F' should satisfy

dr  OF .,  OF . OF d<8L) oL

+—¢"+ — =0 when q(¢) satisfies — 91 ) "ot

—_— = . 2.3.1
at g T agn ot ar 0. (231

To keep the result additive when including many particles we start by seeking choices for F’
that are linear in the Lagrangian since (as we shall see) it is the kinetic part of L that matters
and this is often additive — see e.g. eq. (2.1.30).

2.3.1 Generalized Momenta

A first guess can be called the generalized momentum, p,, defined by

oL
== 2.3.2
Pa By ( )
Inspection of the equation of motion (2.2.4) shows that this satisfies
dp, oL
—_— = 2.3.3
dt ol ( )

when the equations of motion hold and so p, is conserved for any coordinate ¢* that only
appears in L through its derivate ¢*. Any generalized coordinate that only appears differen-
tiated in L is called an ignorable coordinate, because — as we see in more detail in §7 below —
its influence on the other degrees of freedom can be summarized by the constant value taken
by the corresponding generalized momentum in the equations of motion.”

We have already seen two examples of this. The first of these is the two-body problem
studied in §1.2.1 with a mutual force that depends only on the relative separation r; —ro. In
this case the coordinates are {¢*} = {r1,r2} and the Lagrangian is the N = 2 special case of
(2.1.30):

L= %<mlf§ + mgfg) — V(1 —12). (2.3.4)

This becomes an example of conserved generalized momentum if we change variables to
centre-of-mass and relative positions, {¢*} = {R,r} (see the discussion surrounding (1.2.6)),
in which case

L= %(MRQ + ui@) —V(r), (2.3.5)

°It is worth noting in passing that although the effects of an ignorable coordinate on the evolution of other
variables amounts to replacing their momenta with the conserved constant to which they are equal, this is
only true if it is done within the equations of motion. This is not equivalent to making this replacement in the
Lagrangian itself before deriving the equations of motion.
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where M and p are respectively the system’s total and reduced masses (defined in (1.2.5)
and (1.2.9)). In terms of these variables the variable R enters L only through R and so the

corresponding generalized momentum

P = gfi = MR = myi1 + mats, (2.3.6)
is conserved (compare with (1.2.7)).

This same example also contains the second case of conserved generalized momentum, as
can be seen when the relative position r(¢) is expressed in terms of spherical polar coordinates:
{z(t),y(t),z(t)} — {r(t),0(t), ¢(t)} using (1.2.12). In this case the r-dependent part of L is
given by (2.1.16) with V' = V(r). This shows that the variable ¢(¢) only appears in L through

é and as a result its generalized momentum

oL 2.2 20
= — =r"sin“f 2.3.7
Po= 35 ¢ (2.3.7)
is conserved. Once coordinate are adapted to ensure () = 7 for all ¢ we see that pg

conservation is equivalent to conservation of the magnitude of angular momentum J = |J|
(see (1.2.21)).

This illustrates the power of the least-action formulation: because the equations of motion
(2.2.4) are equally valid for any choice of generalized coordinate we are free to use the freedom
to redefine variables to make as many coordinates as possible ignorable, in which case their

evolution comes down to the conservation of an appropriate generalized momentum.

2.3.2 Energy Conservation

A second very general guess for a conserved quantity is the energy, defined as

oL
-

where the Einstein summation convention is in force so there is an implied sum over the

E: " — L =pauq" — L, (2.3.8)

repeated index A. To see when and why this might be conserved we compute its derivative
with respect to time, using (2.2.4) to simplify the result:

d¢ d fOoL\ ., OL ., oL ., OL ., 0L oL

= g == - — ) ==, 2.3.9

& dt (aq'A>q t g 4 <aq'Aq tord T o ot (2:3.9)
where the second equality eliminates (d/dt)(0L/0¢*) using (2.2.4). We see that E is very
generally conserved whenever L does not depend on ¢ apart from the implicit ¢-dependence
associated with the path ¢(t).

To see why (2.3.8) can be interpreted as energy, evaluate it for the special case of the

two-body Lagrangian given in (2.3.4). Using coordinates {¢”(¢)} = {ri(¢),ra2(t)} we have

oL . oL . oL . . .
B it = o r; + oy g = myt5 + Moty (2.3.10)
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and so
Bt o -f«2> — L =1moi? + i3+ V, (2.3.11)

which is to be compared with the U = 0 limit of (1.2.49).

2.3.3 Noether’s Theorem

There is a very deep reason behind the existence of these conservation laws: each one is as-
sociated with a continuous symmetry. This connection between symmetries and conservation
laws is called Noether’s theorem.

For the present purposes a symmetry is a change of the path ¢*(t) — ¢*(t) that leaves
the action completely unchanged:

Slq(t)] = S[q(t)] for all ¢(t). (2.3.12)

It is important in what follows that the above expression applies for all choices of initial path,

q(t). For example, the action

Sfe(t)] = /t Y ar [4mi — v (Je])] (2.3.13)

0

encountered in earlier sections is invariant under r(t) — —r(¢) for any initial choice of path
r(t). (This particular symmetry under reflection of coordinates is called parity.)

A continuous symmetry is a symmetry for which there is a family of such changes, ¢*(t) —
G *(w, t) for which the the action remains unchanged for all values of a continuous parameter w.
It is conventional to choose the parameter such that the particular choice w = 0 corresponds to
the trivial transformation for which (0, ¢) = g. It is often useful to restrict to transformations
that are arbitrarily close to the trivial transformation, for which w = € < 0, since in this case

the transformation rule can be Taylor expanded in powers of €:

A . ~A A @ 2
0eq” =G (e,q) —q" =€ 5 + O(€7). (2.3.14)
w=0

There can of course be more than one parameter’s worth of symmetries. §1.6 already
provides several examples of continuous symmetries: the three-parameter family of spacetime
symmetries of translation r — r + a; the three-parameter family of rotations r — Rr with
RTR = I and the three-parameter family of Galilean boosts r — r + ut. In these examples
the continous parameters are the three components of the vectors a and u and the three
angles (more about which below) that define any 3 x 3 orthogonal matrix R. When more
than one parameter is available we gather them all into a collection w®, where the index «
runs from 1 to the total number of independent continuous parameters. In this case (2.3.14)
generalizes to

~A
0cq =G (e,q) —¢* = € f3(q) + O(?)  where fi = <gza> : (2.3.15)
w=0
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and there is an implied sum (as always) over the repeated indices ‘a’ and we specialize to the
infinitesimal case w® = €* where each of the €*’s is assumed small enough to justify neglecting
quadratic and higher terms.

Whenever there is a continuous symmetry the action satisfies

Slq] = S[G(w,q)] for all w® and for all ¢g*(¢). (2.3.16)

«

Specializing to a transformation close to the trivial one, w® = €%, and Taylor expanding in

powers of €* leads the leading term of (2.3.16) to be written

0=065[q] := Sla(e, q)] = Slg] = /: dr K;ﬁ) fa+ <§qLA> f‘f}

JIronN L% LY. [ d (oL oL
- () £ [ (3) ()] s

where we assume €* does not depend on ¢ (since any ¢-dependence can be lumped into f2(q))
and integrate by parts to remove the derivative from f&“ The zero in the first equality is a
consequence of the transformation (2.3.15) being a symmetry for which (2.3.16) is true. What
is important is the symmetry condition (2.3.16) implies eq. (2.3.17) is an identity that holds
for all paths ¢*(t) and all parameters €.

The final step is to specialize (2.3.17) to the special case where ¢*(t) = G*(t) satisfies the
Euler-Lagrange equation (2.2.4):

()@,

In this case the integral in the second line of (2.3.17) vanishes and the remainder implies

Qaltr) = Qalto) where Qq(t) = <(§q€‘> fa. (2.3.19)
This is a conservation law — it states that (), remains unchanged from tg to t; — and it is
additive to the extent that L itself is. And it is constructive: once the Lagrangian and the
symmetry transformation (2.3.15) is given eq. (2.3.19) provides an explicit formula for the con-
served quantity @, — called the Noether charge — as a function of ¢# and ¢*. The construction
shows that there is one conserved charge for each independent continuous symmetry.

2.3.4 Examples

The symmetries encountered to this point can now in retrospect be identified as the conse-

quences of symmetries.

e Conservation of generalized momentum p, encountered in §2.3.1 when L is independent
of ¢* can now be seen as a consequence of L having a shift symmetry: L remains
unchanged if ¢* — ¢* + constant.

— 38 —



e Conservation of energy as derived in §2.3.2 can similarly be seen as a consequence of
L being invariant under time translation: ¢ — ¢ 4+ constant, which in particular implies

OL/dt = 0.

e Conservation of linear momentum P is a special case of conservation of generalized
momentum when the generalized coordinate is simply the Cartesian coordinate for
each particle in the system: {¢*} = {#%} where 2% for i = 1,2,3 are the Cartesian
components of the position vectors r, for each particle relative to the basis vectors
e; = {e;, ey, e.}. Here the label ‘a =1,--- , N’ runs over the different particles present.
Conservation of linear momentum therefore follows from the symmetry of translation
invariance, under which all particle positions shift by the same amount: r, — r, + a.
Equivalently, this corresponds to a constant shift R — R 4+ a for the centre-of-mass
R =), mgr, with all relative positions r, — r; held fixed.

e Conservation of p, = mr2¢ for the central-force problem studied in §1.2.1 is also a
special case of conservation of generalized momentum which we’ve seen corresponds to
the conservation of the length J of the angular momentum vector J = r x p. In this
case the symmetry is ¢ — ¢ + constant, which is a rotation about the e, axis (that lies

perpendicular to the plane of the particle’s orbit).

More generally, for a general rotation R, choosing the rotation to be very close to the
trivial transformation corresponds to writing R;; = d;; + ©;; where the components of ©;;
are very small. Expanding the orthogonality condition R"R = I — see (1.6.7) — out to linear
order then implies the matrix with components ©;; must be antisymmetric: ©;; = —0;.

Any 3 x 3 antisymmetric matrix has only 3 independent components, which is the same
as for a vector in 3 dimensions. This is no accident: the matrix ©;; can be related to a vector
© with components Oy by writing ©;; = ), €;jx O, where €, is the Levi-Civita tensor,
which is defined to be completely antisymmetric under the interchange of any pair of indices

and by convention is chosen with €123 = €. = +1 (see Appendix A.3.1). In matrix form this

reads
0 Oy O, 0 ©., -0,
Op 0 Oy | =1-6. 0 06, . (2.3.20)
©.: ©, 0 0, -6, 0

We saw in §1.6 that a rotation of the basis vectors €; = ) j R;je; im;ﬂies the components
of a vector V relative to these bases are related to one another by V; = Zj R;;V; (see
eq. (1.6.10)). For an infinitesimal rotation this becomes 0V; =V, — V; = Zj ©;;V;. In terms
of the vector ® this becomes §V; = > ik €ijk VO, which is just the component version of the
vector equation

oV=Vx0 (passive rotation) . (2.3.21)
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Now comes the main point. Suppose the Lagrangian L(r,r) is invariant under a rotation
where — in the spirit of the Noether theorem’s proof — we actively rotate the particle’s path

(as opposed to passively rotating the basis vectors e; for fixed particle path).6
dr=0xr (active rotation), (2.3.22)

corresponding to an active rotation of r = x; e;, where the three components ©; of @ are
the three continuous symmetry parameters. Then Noether tells us to expect three conserved
charges, Q;, given by (2.3.19), which in this case takes the form

Qi(t) == (3;) f=pif, (2.3.23)

with the usual implied sum over j and where p; are the components of the momentum p.
The components f; can be read off from (2.3.15), which in this case reads

dor! = @ifl-j =102 and so fij =& (2.3.24)
The conserved charge that follows from rotation invariance therefore is
Q; = ejika?kpj = eikjafkpj which is the component version of Q=rxp=J. (2.3.25)

This shows that conservation of the angular momentum vector is a consequence of rotation

invariance.

2.4 Ambiguities in L

There is one symmetry discussed in §1.6 for which we have not yet encountered a conservation
law: Galilean boosts. For instance consider N particles interacting through a potential V'
that is a function only of inter-particle displacements: r, — rp. This is invariant under the
boosts dr, = ut where r, is the position of the a’th particle because the boost cancels in
r, — rp. Boosts also do not change the acceleration 0t, = 0 and so the equations of motion
mely + VoV = 0 are invariant (as claimed in §1.6).

We discuss this case separately here because it turns out not to produce a useful con-
servation law. This section aims to determine why not, and to understand when this occurs

more generally. It also provides an excuse for examining more explicitly how much freedom

5The distinction between active and passive transformations is subtle but important. In a passive rotation
all physical vectors are held fixed but one rotates only the basis vectors with respect to which a vector’s
components are defined. An active transformation instead rotates all vectors, much as one would do if one
were on a rotating object (see §3.2). An active transformation (with basis vectors held fixed) has the same
effect as a passive rotation, but with the rotation in the opposite direction. If the transformation rule for the
components of V under a passive rotation is Vi = Ri;V; (as derived above) then the transformation rule for
components under the same active rotation would be V; — (R™1);;V; = (RT):;V; = R;;V; (and so §V has the
opposite sign).
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there is beyond symmetries to change a system’s Lagrangian without changing its equations
of motion.

Unlike the cases considered above, Galilean boosts are examples of a symmetry of the
equations of motion that are not symmetries of the Lagrangian. Although the potential V'
is invariant, boosts are mot symmetries of the kinetic energy because r, — 1, + u. The

Lagrangian changes under an infinitesimal boost by
SL=L-L=>Y im, [(fa +u)? - rg} =u- ) meta+ O(u?). (2.4.1)
a a

How can a symmetry of the equations of motion not be a symmetry of L7 What is

important is that L changes by a total time derivative

d
L= [u : Za:mara] : (2.4.2)

and so the action changes only at the endpoints

t f

f
58 = dr 6L = [u : Zmara]

to

t
(2.4.3)
to
Because this does not depend on r(t) for ¢ # to, ty it cannot change the Euler-Lagrange
equations obtained by varying r at these intermediate times.
Not having the action be invariant means the first equality in (2.3.17) that started off the
proof of Noether’s theorem does not go through as initially argued. To fix this let us suppose

that under the transformation dg* = € f2 the Lagrangian satisfies

dW, .
0L = EQW for some Wy (q,4q,t), (2.4.4)

and so 0S5 = fttof dr 0L = e*[Wy(ts) — Wa(to)] instead of S = 0 as was previously assumed.
Under these circumstances eq. (2.3.17) is instead replaced by

w0 = [(38) ] [Fors () ()] oo

Once evaluated at a solution to the Euler-Lagrange equation (2.2.4) this still leads to a

conservation law, though one that differs from (2.3.19):

Qa(tf) - Wa (tf) = Qa(tO) - Wa(to) , (2.4.6)
with @, again as given in (2.3.19). The total conserved charge in this case becomes

Qu=Wo= (55 ) 12 . (2.4.7)
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What does this mean for the case of Galilean boosts? In this case we have {¢*} — {z%%}
given by the Cartesian components of the position vectors r, and the symmetry parameters
are the three components of u so we have

W; = Zmaﬂfm and fija = 6f t (independent of a) . (2.4.8)

In this case the Noether charge predicted by (2.4.6) becomes Q; — W; = " [Piat — MaZia)
and so

Q—W:Z(pat—mara>:Pt—MR, (2.4.9)

where M = ) _m, is the total mass, R = M -1y o MaTq is the centre-of-mass position and
P = MR is the centre-of-mass momentum (as defined in §1.3.1).
We see from this that the conclusion of Noether’s theorem is indeed true, since this states
that
P(t)t — MR(t) (2.4.10)

should be independent of ¢. This is indeed a true statement since our assumption that
the potential energy V depends only on position differences r, — r; implies the centre of
mass experiences no external force, so the general solution to the centre-of-mass motion is
that of a free particle: R = Ry + V(¢ — tp) (compare with the g = 0 limit of (1.2.10)).
Consequently P = MR = MV is constant and MR(t) = MR + P(t — t) for all ¢ and so
Pt— MR(t) = Pty — MRy is time-independent, as claimed. This result is not that useful as
a conservation law, however, because it doesn’t really say much more beyond what already
follows from momentum conservation. The extension of translation invariance to include
time-dependent translations (such as boosts) doesn’t add much new by way of conservation
laws, due to the explicit dependence of the ‘conserved charge’ on t.
This section teaches us two things.

e Invariance of the action under a continuous symmetry always implies a conservation
law, though this conservation law is more useful if the symmetry transformation d¢* =
€* f2(q, g, t) does not itself depend on time: Jf2 /0t = 0. Because the conserved quantity
is linear in L/d¢" it is additive whenever the kinetic part of L is.”

e Invariance of the equations of motion and of the action under a symmetry can, but need
not, require the Lagrangian to be invariant, provided the variation of the Lagrangian
is a total time derivative: 0L = dW/dt for some W (q,q). If the Lagrangian is not
invariant then it is important when constructing the conserved charge to keep track of
W —i.e. use (2.4.6) rather than (2.3.19)).

"This statement is cleanest when L = K — V but becomes less clear cut if L is not of this form.
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The second bullet point is part of a broader observation that is useful to keep in mind
when trying to guess the Lagrangian for a given system: there is not a unique Lagrangian
that produces any given set of Euler-Lagrange equations. In particular, two Lagrangians that
differ by a total time derivative — i.e.

dG

— 2.4.11
+ 4 ( )

Ll(qv (ja t) = L2(Q7 q.7 t)

for some choice for G(q,q,t) — produce exactly the same Euler-Lagrange equations (though
can give different conditions for stationarity at the endpoints if 6¢g* is allowed to vary at the
initial and final times).

A second example of different Lagrangians giving the same equations of motion is

L1(g,4,t) = AL2(q,4,t) , (2.4.12)

where \ is some constant. This type of rescaling of L leaves the equations of motion (2.2.4)
completely unchanged. This sometimes can be useful, such as if the Lagrangian is a homo-
geneous function of the variables in the sense that there exist two constants a and b such
that if we scale ¢ — Aq and t — A\® then L — A’L for arbitrary constant \. For example if
K = {mé;;i'i? then

K — M>729K  if we scale ' — Az’ and t — \%t. (2.4.13)

If the potential scales the same way then so too does L and this means that the rescaling is
a symmetry of the equations of motion.

If, for instance V' — A2V, as would be appropriate if V' were purely quadratic in the z!
(such as if V oc r2 where r = /22 + y2 + 22 or any other quadratic combination of positions)
then V scales the same way as does K if a = 0. Rescaling harmonic oscillator positions but
not scaling time is a symmetry of the equations and this is why the period of a harmonic
oscillator does not depend on the amplitude of the oscillation.

Similarly, if V is linear in the position coordinates 2’ (such as is true for the gravitational

force F, = mg, for which V' = mgz) then V. — AV as ' — Az'. This scales the same
1
2
of a constant gravitational field the distance travelled is a quadratic function of time (as it

way as does K if a = 5, and so if a particle is allowed to fall from rest under the influence
famously is — see eq. (1.1.6)).

Alternatively, if V oc 1/r where r = /22 + y? + 22 then V — A~!V, which is the same
scaling as for K if a = % Any periodic solution to the Kepler problem of finding orbits for
an inverse-square force can be rescaled to a new one provided ¢ — \3/2t when z* — Az*. This
is why Kepler’s third law relates the period P and semimajor axis a of an orbit by P o a3/2

(or P? o a?, as it is usually stated).
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2.5 Constraints

An important role in classical mechanics is played by contraints: relationships imposed inde-
pendent of the equations of motion that relate the system variables ¢ and ¢*. One of the
virtues of the least-action principle is the relative ease with which such constraints can be
incorporated into the analysis of motion.

Examples of constraints arise when examining even very simple systems. Examples in-
clude weights connected by ropes on pulleys (in which case the fixed length of the rope relates
the motion of one weight to the motion of the others); a ball that rolls without slipping along
a surface (in which case the constraint relates the distance the centre of mass travels to the
angle through which the ball rolls — see e.g. eq. (1.5.2)); or a bead that is trapped to move
along a wire of a fixed shape. Constraints also arise whenever the motion of a macroscopic
‘rigid body’ is described, in which internal forces are assumed to constrain each constituent
atom not to move relative to all the others so that all that matters is the motion of the centre
of mass and rotation about this centre of mass (more about this in §4).

In each of these examples we understand the constraint to be a phenomenological expres-
sion that in principle could be derived given a better understanding of all of the forces that
act between all of the atoms within the system (rope, ball or bead) of interest. These forces
are complicated but all that matters is that their net effect is to impose a large energy cost
for allowing the atoms to move relative to one another. The potential energy as a function
of the positions of all of the atoms is a very complicated function but within the landscape
of its minima and maxima lies a deep and narrow trough along which the relative positions
of the atoms is fixed.

This picture of the interatomic potential fits well with our intuition about inter-atomic
forces: they are often weakly attractive when the atoms are widely separated (because of
the ability of their internal electrons to adjust in the presence of the electric fields sourced
by the electrons of other atoms) but are strongly repulsive at short distances (because the
Pauli exclusion principle discourages electrons from being too near one another). What is
important is that this potential does not similarly constrain things like centre-of-mass position
or angular orientation, and as we see in §4 there is a good symmetry reason for why this is
S0.

The good news is that the motion of macroscopic bodies does not require a detailed
understanding of these forces because their net effect is to fix the relative positions and/or
velocities of different parts of macroscopic bodies, and this can be described relatively simply
in terms of geometric constraints (provided we know how to handle constraints when analyzing

a system’s equations of motion).
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2.5.1 Holonomic constraints

In §2.1.3 above we used the Lagrangian formalism to rewrite the 3N components of the
positions r,(t) of N particles in terms of an equal number of generalized coordinates ¢* (with
A =1,---,3N) and arrived in this way at Euler-Lagrange equations expressed using the
more general coordinates. Having an equal number of coordinates was required in order for
the transformation between r, to ¢* to be invertible.

But the discussion above about constraints suggests that the requirement that we use
3N generalized variables is too strong, since often constraints arise as consequences of the
properties of interactomic forces. There may be more than one such a constraints and each
one reduces the number of independent variables needed to describe the system. In the case
of a rigid body this reduction is draconian: one might start with an Avogadro’s number of
atoms but be left only with six independent variables (centre-of-mass position and angular
orientation) once the constraints are taken into account.

Consider a set of N, constraints the form
ca(q1’q27,.. ,qN,t):ca(q,t):Oa (2.5'1)

with a = 1,..., N.. One can often solve these equations to eliminate N, of the variables
q* = q*(q,t), leaving the system described by a reduced set ¢* with v = 1,...,3N — N,
unconstrained generalized coordinates. The number of unconstrained variables left after doing
so is called the number of degrees of freedom in the system. If the holonomic constraints ¢*
do not depend on time they are called natural. When they are time-dependent they are often
called forced constraint.

It must be said that it is not always possible to frame constraints as a set of implicit
conditions like (2.5.1) (as is discussed in more detail in §2.5.3 below). When it is possible the
constraints are said to be holonomic. For simplicity we start off here assuming the constraints
are holonomic in this way.

It helps to keep the discussion concrete by explicitly thinking through a simple example,
so first a pause to work through an example with a forced holonomic constraint.

Worked example: Bead on a rotating circular wire

Consider a small bead of mass m free to move without friction along a circular wire of radius R. This
provides a well-known simple example of a forced holonomic constraint if the wire is made to move.
We here work through the case where the circular wire rotates with constant angular speed w about
a vertical axis that is also a diameter of the circular wire (see Fig. 6).

For this system the constraints are easy to express if we use spherical polar coordinates, (r, 6, @),
for which the z axis ( = 0) is chosen to be the vertical axis of rotation. We choose the direction
of this axis such that # = 0 points down. The Lagrangian for a point particle of mass m in polar
coordinates is as given in §2.1.2, with kinetic energy K = %m(rz + 1262 + 2 sin20¢2). In these
coordinaes the potential energy of the mass due to the Earth’s gravitational field is similarly V' = mgh
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Figure 6. The geometry of a bead of mass m free to slide along a circular wire with radius R, with
the wire rotating with angular speed w about a vertical axis that is also one of its diameters.

where h = r(1 — cos ) is the height above the bottom of the circle. In the absence of constraints the
Lagrangian for the motion of the bead in these coordinates therefore is

L= %m(i‘Q +r20% 4+ r?sin? 0 ¢2) - mgr(l — cos 9> . (2.5.2)

To this must be added the constraint that the bead move along the wire, which fixes the radius
to be constant: r(t) = R for all t. The value of 6 describes where the bead is on the circle and so
is an unconstrained generalized coordinate. The value of ¢ sets the plane of the circular ring. If the
circular wire rotates about the z axis with angular speed {2 then the constraints are:

r(t)=R and ¢(t) =9, (2.5.3)

These constraints are simple enough to be explicitly solved so that r and ¢ can be eliminated as
independent degrees of freedom: r(t) = R and ¢(t) = Q¢, where we shift the origin of ¢ so that
¢(0) =0.

This leaves 6(t) as the only unconstrained degree of freedom and evaluating the Lagrangian
L(r,0,¢) at the solution to the constraints allows the identification of the Lagrangian L.(f) =
L(R, 6,0t) effectively governing the evolution of 6:

Lo = 1mR2[6? + Q% sin? 0] - ng(1 — cos 9) . (2.5.4)

The generalized momentum for 6 then becomes

0L,

Po= s =mR%4, (2.5.5)

while the Euler-Lagrange equation for 6 obtained by demanding f d7 L. be extremized is
6= <§22 cosf — %) sinf. (2.5.6)

Eq. (2.5.6) shows that the character of the motion depends strongly on the relative size of the
parameters Q2 and g/R. Time independent solutions can only arise when the right-hand side of this
equation vanishes, and when Q2 < g/R this only happens when § = 0 or § = 7 (see left-hand panel of
Fig. (7)). Of these only # = 0 is a stable configuration because in this case small deviations 66 from
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Figure 7. Plots of the right-hand side of eq. (2.5.6) in the parameter range Q? < g/R (left panel)
and in the parameter range Q? > R (right panel).

equilibrium generate accelerations 6 with the opposite sign (as appropriate for the restoring force in
an oscillation). For # near 7 the signs of § and (§ — 7) agree (indicating instability).

These physically make sense because the bead is unstable when at the top of the wire (6 = =)
but oscillates stably when displaced from the bottom of the wire (6 = 0). For small deviations 0] < 1
near § = 0 eq. (2.5.6) approximately becomes

é:(n?-%)e+0w%, (2.5.7)
which has the same form as a simple harmonic oscillator (see §5 for more on harmonic oscillators)
i =—wx (2.5.8)

for which the general solution is z(t) = A cos(wt 4+ b) where A and b are integration constants and w
is revealed to be the angular velocity. Consequently (2.5.7) describes simple harmonic motion with

o=y -0. (25.9)

This frequency approaches the frequency of a simple pendulum as £ — 0 but vanishes when Q = g/R

oscillation angular frequency w given by

(indicating the onset of an instability).
For Q2 > g/R two new things happen (see the right panel of Fig. 7). First, # = 0 becomes an
unstable stationary point, just like 8 = 7. But two new stable equilibria also arise at 6 = 6, with

g

R (2.5.10)

cosf, =

Eq. (2.5.6) implies small oscillations, 8 = 0, + 66, around this point are approximately described by

66 = —0%sin® 0,60 + O[(660)?], (2.5.11)
and so have angular frequency
. g°
w=Qsinf, =1/0% — TR (2.5.12)
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When Q > g/R we have 0, — 7

with the bead at the same height as the circular wire’s centre. By contrast, the oscillation frequency
(2.5.12) vanishes when Q — g/R from above (at which point 8, — 0 and the stable minimum at ¢ = 0

and w — Q corresponding to oscillations about an equilibrium

re-emerges for Q% < g/R).

The method used in the above example explicitly solves the constraint equations to
eliminate some of the variables so that the remaining variables are all unconstrained. The
good news is that the Euler-Lagrange equations for these remaining unconstrained variables,
¢*, have the same form — eqgs. (2.2.4), or (d/dt)(0L/8¢") = OL/dG" — we've been studying all
along, provided that their Lagrangian is computed from the original Lagrangian by eliminating

the constrained variables
L[g,q,t] = Llq(4,4),4(4, 9),1] - (2.5.13)

The equations remain unchanged because eliminating the constrained variables does not
change the fact that the Lagrangian is a function of the new variables and their first deriva-
tives (with, for instance, no dependence on higher derivatives) and so satisfies the same
assumptions that led to (2.2.4).

However, as mentioned earlier, it is not always possible to formulate constraints in a way
that can be solved this explicitly, so it is useful to have another way to proceed that does not

rely on the ability to solve the constraints by brute force.

2.5.2 Method of Lagrange Multipliers

An important alternative approach to constrained problems is called the method of Lagrange
Multipliers. A variant of this technique is often used when minimizing ordinary functions, as
is briefly summarized in Appendix §A.2.

Suppose we wish to extremize an action S[g(t)] subject to a collection of NN, constraints
c*(q,q,t) =0, with a = 1,..., N.. As always, the idea is to trade this for a different problem
for which all extremizations can be done without constraints, but in this case to do so despite
not being able to solve the constraints explicitly. The method of Lagrange Multipliers tells
us to proceed as follows: first, one keeps all of the original variables ¢ (i.e. temporarily ignore
the constraints). Then one adds a new dynamical variable A\, (¢) for each constraint. The new
variables A, (t) are called Lagrange Multiplier fields.

The main idea is this: the solution to the extremal problem for the original constrained
action is the same as the solution to the related problem of extremizing a slightly different
action: "

Sta(0. 0] = [ a7 [Llg.dor) + doc (0. 7). (2.5.14)
0
without imposing constraints at all. Here L(q,q,t) is the original Lagrangian ignoring the

constraints and there is the usual implied sum over . The point is that S is to be varied
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with respect to all of the ¢’s and with respect to A%. Because the action is linear in A% the
extremal equations obtained by varying them are very simple: they just impose the desired
constraints ¢“(q, ¢,t) = 0. The variation of the ¢’s now receives contributions from both S|g]
and from the ¢* but the arguments of Appendix §A.2 show why the result agrees with the
result found in the constrained problem.

To see how this works it is again worth examining in detailed a simple example.

Worked example: The Atwood Machine

Consider the example of an Atwood’s machine involving two masses that are connected by a taut rope
of length ¢ that is wrapped around a frictionless pulley whose axis is horizontal (so the masses are
hand suspended under the pulley) — see Fig. 8. The mass of the rope and pulley are neglected so
gravity can be regarded as acting only on the two masses and we can ignore the kinetic energy of the
rotating pulley.

m,
m,

Figure 8. The geometry of the Atwood machine: two masses suspended by a rope of length ¢ wrapped
around a pulley of radius R whose axis of rotation is horizontal.

In this case the masses are free to move vertically as the pulley rotates, so each has a position
variable, y;(t) with ¢ = 1,2, measuring its height above a reference point, which we take to be the
height of the centre of the pulley (which we can also take to be the zero of the potential energy, which
is, after all, only defined up to an additive constant). Adopting the convention that positive y means
‘down’ — as in the figure — then the potential energy for each mass is —m;gy; (up to an additive
yi-independent constant), where g ~ 9.8 m/s? is the acceleration of gravity at the Earth’s surface.

The kinetic energy of each of the masses is similarly %ml y? , so the total kinetic and potential
energies are

K = gmigi + gmogs and V =Vo—migy — magys, (2.5.15)

where V; is an arbitrary constant. The Lagrangian for the entire system would then naively be
L =K —YV and so

L= %(mﬂﬁ + mzyg) + (m1y1 + mzyz)g V. (2.5.16)
This is ‘naive’ because it ignores the fact that the masses are tied together by the rope and so cannot
move independently of one another (for a taut rope). Since the rope has a fixed length ¢ the positions
of the two masses must satisfy the constraint
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where R is where the radius of the pulley. This system is simple enough that we can solve it explicitly,
first by explicitly solving the constraint and second by using the method of Lagrange multipliers.

The constraint (2.5.17) is trivial to solve: yo = —y; + £ — 7R and so 2 = —g;. From here on in
we use these to eliminate yo from L and we denote y; simply by y for notational convenience. The
lagrangian (2.5.16) then becomes

L= 5(m1+ma)g® + (m1 —ma)gy — Vo, (2.5.18)

where Vj is another constant (whose value is not needed).
With these choices the generalized momentum is

oL .
Pi= gy T (m1 +ma)y (2.5.19)

and so the Euler-Lagrange equation (2.2.4) defining the extremum becomes

dp OL .. mp — ma
— ——=0 or §= (ml+m2>g (2.5.20)
This agrees with the result found by applying F = ma to each mass though does so without having to
first identify the magnitude T of the tension on the rope. The masses experience constant acceleration
whose value can be much smaller than g if the two masses are close to being equal (which in practice
makes it much easier to measure the value of g more precisely).

Next solve this model using the method of Lagrange multipliers, to verify that it gives the same
solution. In this case we introduce one Lagrange multiplier field A(¢) and replace the Lagrangian
(2.5.16) with the new one:

Lyew = %(mﬂﬁ + mﬂ)g) + (mlyl + m2y2>g - A <y1 + y2> ; (2.5.21)

which drops the irrelevant additive constant in L. We now vary yi1, y2 and A without imposing any
constraints among them, demanding f d7L,ew be extremized. This leads to three conditions:

oy1: —mji+mig—A=0 (2.5.22a)
Oy :  —mals +mag—A=0 (2.5.22b)
oA : y1 +y2=0. (2.5.22C)

Egs. (2.5.22a) and (2.5.22b) provide an interpretation for A\. These equations express Newton’s
2nd Law in the vertical direction for the two blocks if A is the tension on the rope. Writing (as before)
y1 = y and using (2.5.22¢) to find yo = —y the remaining two equations can be solved for § and A.
The ¢ expression that results is

(m1 +ma)§ + (m2 —mq)g =0 (2.5.23)
in agreement with (2.5.20). The value for A found by eliminating § between (2.5.22a) and (2.5.22b)
similarly determines the rope’s tension

2
A= 1y (2.5.24)
mi + mo

in agreement with the standard result.
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Although it is good to see explicitly that new techniques agree with old ones, the Atwood
machine is such a simple system that finding its solution using Lagrangian multipliers is like
swatting flies with an anvil. The method of Lagrange multipliers really comes into its own in

situations where solutions to the constraints are not available (where it works equally well).

2.5.3 Nonholonomic Constraints

This section clarifies how it can be that some constraints are not holonomic, since these are
not just academic oddities and can arise in very simple systems. Perhaps the simplest is in
the description of a systems whose surfaces roll without slipping relative to one another.

The description of rolling without slipping involves geometrical constraints — see the
discussion in §1.5 — because the no-slip condition requires the surfaces of the two objects
instantaneously not to move relative to one another at the point of contact. This implies a
relation between the speed of motion of the centre of mass and the angular speed with which
the rolling object turns; a constraint (or constraints) linear in the generalized velocities — see
e.g. eq. (1.5.2).

In general a constraint linear in the generalized velocities has the form

falq)d* = glq,t), (2.5.25)

for some coefficient functions f,(q,t) and g(q,t). At first sight this seems very much consistent
with the holonomic form ¢(g,t) = 0 given in (2.5.1), which when differentiated with respect
to time gives
aach i+ % =0. (2.5.26)
However — as was also argued in another context in §1.4 (see the discussion below eq. (1.4.7))
— for general choices for f# and g it is not in generall true that there exists a function ¢
satisfying
;QCA = f, and ((89;'; = -y, (2.5.27)
because a necessary condition for this is for the following integrability conditions to be satis-
fied:
Ofs  Ofs ofs  Og
@ = a—qA and el —@ .

When (2.5.28) no longer holds then there does not exist a function ¢ = ¢(g, t) of the various

(2.5.28)

generalized coordinates for which (2.5.25) is equivalent to (2.5.1).
For the constraint (1.5.2) describing the case of a cylinder rolling on a flat surface we have
v = wR where v = § and w = 6 are the rates of change of linear and angular displacement

and R is the cylinder’s radius. In this case the coefficients f, and g are constants and so
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(2.5.28) holds. This means that (2.5.26) can be integrated to obtain a constraint of the form
¢(q,t) = 0 that directly relates the coordinates, which by inspection is given by

c=s(t)—so+6(t)R=0, (2.5.29)

where sg is an arbitrary integration constant. So the constraint describing cylinders rolling
without slipping over a plane is holonomic.

The same is not true, for example, for a sphere rolling along a plane. In this case the
constraints again relate how the marble rotates as a function of where its centre of mass moves
in the plane, but with the new ingredient being that the direction of the motion is not fixed.
The freedom to roll the sphere in any direction means that there is not a unique relationship
between the position of the sphere and its angular orientation. This can be seen most simply
because the sphere can be moved in a closed path such that its centre of mass returns to its
initial position but the sphere arrives with a new angular orientation. This means there is
does not exist a function that specifies angular orientation as a function of position (as would
be possible if the constraints were holonomic).

2.6 Non-conservative Forces

Although at a fundamental level all forces do seem to be conservative it is nonetheless true
that non-conservative forces do arise at a macroscopic level and this makes it useful to extend
the least-action principle to incorporate these as well.

To this end suppose we have a point particle of mass m with position r(¢) moving in the

presence of a non-conservative force F, so Newton tells us that
mi=F. (2.6.1)

For this system we can ask what the variation of the time-integral,

I:= /dtK(t), (2.6.2)

2

of the kinetic energy K = %mi‘ is, with the result

ty ty ty ty
5/ dt K[re(t)] :/ dt mi - 6 = [mr-ar} / dt mi - or. (2.6.3)
t t t

0 0 to 0
Comparing this to (2.6.1) shows that 6] = —6W where

ty
oW = dt F-or (2.6.4)

to
is the virtual work done by the applied force F if the particle were moved through the virtual
displacement dr. The displacement and work are called ‘virtual’ because dr here is the
deviation between two paths in the integral (as opposed to the ‘real” work done by the force
as the particle moves along its real trajectory from r(t) to r(t + 6t)).
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2.6.1 Generalized Action Principle

We see that the way to formulate the action principle for non-conservative forces is to assert
that 61 + 6W = 0 where I and JW are respectively defined by (2.6.2) and (2.6.4). (Notice
that (2.6.4) defines 0W rather than W itself, but this is all that is needed.)

As usual, the result is much more useful when extended to multi-particle systems and
expressed in terms of a more general set of generalized coordinates ¢#. In this case we write
ro(t) = ry[q(t)] where the index a on r, runs over the different particles and the index A on
the generalized coordinate ¢ runs over the pair {ai} where a labels the particle and i = z,y, z

labels the components of vectors. In this more general formulation varying the kinetic integral

I gives
oK _ Y (U d (0K\ , 0K
I =|—§a¢? - — —_— A 2.6.
o [aq'A(Sq ]t0+/to dt{ dt(an>+an:|5q (2.6.5)
and using or, = (0r,/0q*) d¢* implies
ty
oW = dt F, 6q” (2.6.6)
to

where as usual there is an implied sum over the index A and the generalized force is defined
by

Fa 5:ZFa'5Fa:ZFa'SZZ. (2.6.7)

Combining these extensions to more particles and more general coordinates implies that
the action principle 61 + 6W = 0 subject to the conditions dq*(tg) = dg*(ty) = 0 gives the

following generalized equations of motion in the non-conservative case

d <3K> _OK £ (2.6.8)
dt \ 9¢4 oq*

It is important to recognize that the generalized force components J, are not simply the
components of the applied force written in curvilinear coordinates. For example for motion
in a plane described by polar coordinates x = rcosf and y = rsinf the kinetic energy of a
particle would be K = $m(4? + §%) = im(i? + r26?) and so (2.6.8) specializes to the two

equations

%(mr) =mré® + F, (2.6.9a)
%(mﬁ@') =Fp. (2.6.9Db)

In this case the left-hand side of (2.6.9b) gives the rate of change of the component of angular
momentum perpendicular to the plane of motion and so Fy is the net torque on the particle
in this direction due to the applied forces, 7 = r X F (as opposed to the component of F in
the ey direction).
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As mentioned earlier for general non-conservative F, (and so general nonconservative
F4) there need not exist a quantity Wg(t)] whose variation gives the above expression for
0W. But sometimes there is, most notably in the special case when the applied forces are

conservative, and so F, = —V,V for some potential energy V = V(ry,...,ry). In this case
we have 3 v
_ _ Tq A _ A
5W_%:Fa.5ra_—za:vav <an)5q =35 dq (2.6.10)

which implies both F, = —9V/d¢* and §W = —§V. Consequently the equations of motion
(2.6.8) reduce to

d (0K _OK oV (2.6.11)
dt \ 9¢4 dg*  Og*

in agreement with the Euler-Lagrange equations (2.2.4) if L = K — V' (because 9V/9¢* = 0
ensures 0L/0¢* = 0K /04¢").

But (2.2.4) can also sometimes apply even if the applied forces are not conservative. In
ov. d [V
F,.=——" 4+ - [ 2.6.12
=t () (2612
for some function V(q,q) of both position and velocity then it is still true that (2.6.8) is

particular, if it is true that

equivalent to (2.2.4) once we make the identification L = K — V. This is not just an empty

loophole, as the following important example makes explicit.

2.6.2 Charged Particles in Electromagnetic Fields

Consider a collection of particles with positions r,(¢), masses m, and electric charges ¢,
moving in the presence of electric and magnetic fields E and B. In this case the forces

experienced by the particles due to the electromagnetic fields are given by
Fo = qa (E + i X B) (2.6.13)

where there is no sum here over the particle label a. We wish to show that this force is a
particular example of (2.6.12) for which F, is not simply the gradient of a potential but the
equations of motion can still be written in Euler-Lagrange form (2.2.4) for some choice of
Lagrangian L.

To this end it is useful to write the electric and magnetic fields in terms of the electrostatic

potential ® and the vector potential A, with

0A
E:—V‘P—E and B=V x A, (2.6.14)
but we do not assume ® or A to be independent of time. For future purposes recall that
(2.6.14) does not uniquely define the potentials ® and A because the electric and magnetic

fields remain unchanged if the potentials are changed by a gauge transformation

A—-A+Vyxy and ¢ — ¢ — 0, (2.6.15)
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for an arbitrary function .

Consider the following function defined at the position of the various charged particles:
V= an{@[ra(t),t] —Tg - A[ra(t)7t]} . (2.6.16)
a

This function satisfies

ov 0P 0A, . 04, . 0A,
= {a — Tq — Ya — Za y 2.6.1
0xq 4 [8% o 0xq Y Oz, : (“)xa} (2.6.17)
and similarly for 0V/0y, and 0V/0z,. It also satisfies
oV ov oV
:_aAa:’ 7.:_0,A d . :_(J,Az, 2.6.1
I CIEE e B P (2.6.18)

where in all of these partial derivatives t is held fixed. The last equations also imply

d oV dA, d oV = dA, d fovy  dA,
dt (aj:a) - _qaﬁu dt (aya> = _Qaﬁ and T (8z'a> = qaﬁ7 (2.6.19)

where A[r,(t),t] has both explicit time dependence and implicit time-dependence through its

dependence on the positions of the (possibly moving) particles ry(t), so

dAfr,,t] O0A . 0A . OA | 0A
@ " + xaT% + ya@ + 2’a872a . (2.6.20)

Combining the above expressions shows that

8V+g oV _ 8@_.8A$_,8Ay_,8142
dt T 0, o O0zq Ya 0z, ‘

e O, “ 9z,
9A,  OA,  9A,  OA,
—qq a a o 2.6.21
g [(% e, Ty, 17 8za} (2.6.21)

0P n 0A, Y 0A, 04, ny 0A, 0A;
= —_ J— Z —
Yo" \oza "0t ) TV Oy " Oya ) T\ Owa 024
= Ga |:Ea: + Ya B2 — Z"aBy] —r
which is just the x component of the force law (2.6.13) once (2.6.14) is used. Repeating
this exercise for the y and z components verifies that the motion of a charged particle in an
electromagnetic field provides an example of a nonconservative velocity-dependent force for
which (2.6.12) applies and so the equations of motion can be described by a Lagrangian.
We see in this way that the Lagrangian describing a collection of charged particles inter-
acting with electromagnetic fields is:

L=K-V=Y [%mai'Q + qa(—<I> Yy A)} , (2.6.22)
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where for each term of the sum the fields are evaluated at the positions of the corresponding
particle. Notice that the electromagnetic fields introduce a linear dependence on r, and as a
result the expression for the generalized momenta in this type of system become modified:

oL .
Pa = aT = Mglq + QaA(raa t) . (2'6'23)

Notice that (2.6.23) is not invariant under the gauge transformation (2.6.15) and so is not in
itself physical, though the velocity 1, is.
The conserved energy in this case is similarly

FE = za: Py - gfa — L= Za:(gmafﬂ + qadﬁ)) , (2.6.24)

and so is independent of A. Although F is also not gauge invariant the integral [dtE is
because under (2.6.15) E shifts by a total time derivative.

Worked example: Charged particle in a constant magnetic field

Consider the case of a charged particle with mass m and charge ¢ moving in a constant magnetic field
B and vanishing electric field E = 0. For this type of field we can choose
=0 and A=IBxr. (2.6.25)

-2

It is convenient to work with cylindrical polar coordinates {p, ¢, 2} which is obtained from Carte-
sian coordinates {z,y, z} using

x=pcosey and y=psing, (2.6.26)
and so the kinetic energy becomes
K= %m@? F? 4 22) _ %m<p2 + 027 z«?) . (2.6.27)

In this basis the vector potential has components

A=Ae, +A e, +A e, (2.6.28)
where e, = e, cos ¢ + e, sinp and e, = —e, siny + e, cosy and its curl is given by
104, O0A 0A 0A, 1 /0(pA,) OA
A== - = =2 _ i 2 AT 2.6.2
VA <p dp 3z)ep+<3z ap)e¢+p< dp o ) © (2.6.29)

In particular the choice A = %B X r corresponds to
A,=A.,=0 and A, =1Bp, (2.6.30)

since when this is used in (2.6.29) it gives B=V x A = Be,.
The Lagrangian for the charged particle obtained for the charged particle from (2.6.22) then is

L= %m(ﬁQ + 0% + 22) + LqBp?p. (2.6.31)
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Because z and ¢ only appear in L differentiated they are both ignorable coordinates and so their
equations of motion state that their generalized momenta are constants. For motion parallel to the

. d (oL .
b= (az) —mi=0 (2.6.32)

and so the particle does not accelerate in this direction and so simply remembers its initial conditions:
Z(t) =29+ Zo(t - to).
For motion in the ¢ direction the equations of motion state

magnetic field this states

. d oL - d 2 . 1 2\

and so even though the angular momentum in the direction of the magnetic field, mp2¢, is not constant
there still is a conserved quantity (2.6.33). Integrating we find
p? (mgb + %qB) —J. (2.6.34)
The radial equation is p, = 9L/0p where p, = OL/0p = mp, and so
mp = mpp* + qBpp. (2.6.35)

The radial equation shows that p can be a constant for all times but only if the angular speed
satisfies
. 9B
p=—— (constant p) , (2.6.36)
m
whose magnitude w, = |¢B/m| is known as the cyclotron frequency. For this choice the integration
constant J is given by
J=J.=—-1¢Bp’ (constant p) . (2.6.37)

In general the motion of p is found by eliminating ¢ using (2.6.34), which allows the radial
equation to be written

. o J J
mp = pp(me + ¢B) = % (pz - %qB) <p2 + éqB) ) (2.6.38)

Multiplying this through by p allows it to be expressed as a conservation law, dE/dt = 0, where

. . 1 [J?
E= %me + Veg(p) with Veg(p) := 5 (/)2 + tiBQpQ) . (2.6.39)
For any finite energy E the motion is restricted to a limited range of r because the potential Veg(p)
— see Fig. 9 — climbs to infinity both as p — 0 and as p — co. The potential has a minimum when

p* = p2i, i= [2J/qB]|, at which point

Vet (Pmin) = (2.6.40)

2m

qQBQpIQnin _ qBJ
dm ’

The energy is bounded below by this value and describes circular orbits with p = 0 when E =
Vett (Pmin)- For larger values of energy the radius is not zero but it oscillates around the circular value
between the two turning points, p4, defined by the condition Vg (ps) = E.
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Figure 9. Sketch of the effective potential appearing in (2.6.39) governing the radial motion of a
charged particle in a constant magnetic field.

Part of what makes the description of this motion complicated is that we have not yet made any
particular choice about where the origin of polar coordinates should be. For a constant magnetic field
there is no preferred origin of coordinates within the x-y plane and so we are always free to choose
our coordinates in a convenient way. In particular, we can always choose the origin of coordinates so
that the initial radial velocity is zero p(tp) = 0. Having done so we are also always free to move the
origin closer to or further from the particle’s initial position and thereby can adjust p(tg) to take any
value we like.

A particularly convenient choice is to choose the initial radius to be pg = p(t9) = pmin, in which
case J/p3 = %qB. The sign of ¢y and J can also be changed by placing the origin the same distance
away from the initial position but on the other side of the object and so it is always possible to arrange
the initial conditions so that J/p3 = —qu and so g = —gB/m. But these choices then ensure that

= 0 for all time (compare with (2.6.36)). This conclusion is also clear because the choice py = pmin
guarantees E = Veg(po) and Vz(po) = 0 and so conservation of E and expression (2.6.39) imply p
must vanish.

With the convenient choice of origin we learn both p = 0 while £z and ¢ = —¢B/m are constants
for all ¢: the particle moves along a circle (if 2 = 0) or along a helix (if 2 # 0). The radius of the
circle (or helix) is an initial condition and corresponds to the initial choice of linear velocity since
vo = |poo| = wepo. The apparently more complicated behaviour of p for other choices of coordinates
are simply the more complicated description of uniform circular motion to be expected if one doesn’t
choose coordinates whose origin lies at the circle’s centre.

3 Noninertial Reference Frames

We normally work in an inertial frame when analyzing a system’s motion because inertial
frames are the only ones for which Newton’s second law is true. But nobody can stop you

from translating the results found in an inertial frame over to another non-inertial one, and
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there can be circumstances where this is genuinely useful to do (such as in our discussion of
polar coordinates in §1.2.1). Prominent among these are situations where we wish to describe
circumstances using coordinates adapted to observers located on the surface of the Earth,
because the Earth rotates about its axis and also orbits the Sun (which in turn orbits other
things).

The following sections consider in turn two possible sources of non-inertial reference
frame: (i) when the origin of coordinates moves with varying speed relative to an inertial
frame, or (i7) when the basis vectors e; rotate in a time-dependent way (for fixed origin). For

now we do not combine both at once, but this is done later on in §4.

3.1 Accelerated reference frames

Consider first the situation where the origin of coordinates for a reference frame O is displaced
relative to an inertial reference frame O by a time-dependent vector a(t) (see Fig. 5) but
without changing the orientation of the basis vectors e;. In this case vector addition shows
that the position r(t) and () of a particle relative to these two reference frames are related
by

r(t) =1(t) + a(t). (3.1.1)

We know that in the inertial frame Newton’s laws state that
mi =F (3.1.2)
where F is the net force applied to the particle. This implies T satisifies
mr=F —ma, (3.1.3)

showing how the acceleration of reference frame appears as a fictitious force Fg. = —ma,
when written on the right-hand side of the equations of motion.

How does one determine whether any particular force appearing in Newton’s laws is
fictitious in this way? A smoking gun that is useful to keep track of is the proportionality of
the force to m. This is generic for any fictitious force because it is being designed to produce
a specific acceleration: the acceleration that defines the non-inertial frame.

As mentioned above, we know in practice that we cannot be in an inertial frame when
sitting on the surface of the Earth because of the Earth’s rotation, its orbit around the Sun,
the Sun’s orbit within the galaxy and so on. So why do Newton’s laws seem to apply so well
in practice in everyday experience?

To answer this we can estimate the size of each source of fictitious acceleration we should
be experiencing (and can compare them to the acceleration of gravity, g = |g| ~ 9.8 m/s? as
a useful benchmark. To do so we use the useful formula from elementary physics courses for
the centripetal acceleration a. = v?/r = Q?r of an object moving in a circular orbit of radius

r when moving with speed v (or angular speed Q = v/r).
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e Earth’s rotation: Taking the Earth’s rotation period to be 1 sidereal day (around
86,000 seconds) implies Qo ~ 7.9 x 107°/s so using the mean radius of the Earth of
around Rg ~ 6400 km implies a. ~ 0.03 m/s?. Consequently a./g ~ 3 x 1073.

e Earth’s orbit around the Sun: Taking the orbital period to be 1 sidereal year
(3.1556 x 107 seconds) implies Qo1 =~ 1.99 x 1077 /s and using the radius of the orbit is
Rps =1 AU= 1.4960 x 10® km gives a. ~ 0.0059 m/s2 and so a./g ~ 6 X 10~

These estimates show that two things help make Newton’s laws work well in practice, even
for physicists trapped on the surface of the Earth. First, the fictitious accelerations implied
by the Earth’s motion are very small. The largest (due to the Earth’s rotation - more about
which below) is a correction that contributes less than a percent of the acceleration due to
gravity. The fictitious acceleration due to the Earth’s motion about the Sun is in principle
only a bit smaller.

The second reason is specific to motion due to gravity, and so is relevant to the Earth’s
orbit around the Sun but not to the Earth’s rotation. It arises because approximately con-
stant gravitational fields only affect how the centre of mass of a group of objects moves and
completely drops out of Newton’s Laws for their relative motion (along the lines seen in
§1.2.1 — see the discussion following eq. (1.2.8)). From this perspective it is only tidal forces —
i.e. the change in e.g. the Sun’s gravitational field across the Earth — that matter in practice
for describing the motion of objects on the Earth’s surface, but these are suppressed by an
additional factor of Rg/Rggs ~ 4 X 1075 relative to the orbital accelerations described above.

3.1.1 Principle of Equivalence

The force of gravity itself, F, = mg, is also proportional to m: should this also be regarded
as a fictitious force?

The first reaction to this question is to answer ‘yes’. We sit on the surface of the Earth
and the Earth is both rotating about its axis once a day and travelling in an orbit around
the Sun, which itself follows an orbit inside our local galaxy. We certainly do not move at
constant velocity and so we cannot be in an inertial reference frame. We should expect to be
seeing fictitious forces.

The second reaction to this question is to answer ‘no’. We can — and will, in §3.3 —
compute the fictitious forces associated with the Earth’s rotation and will argue why these
are likely to be the largest non-inertial effects. Although fictitious forces exist they do not
have the property of universally pointing down, and so are not responsible for the force F.

The third reaction to this question is to answer ‘yes’ again. Although it goes beyond the
scope of these notes to show in detail, the synthesis of relativity with gravity contained in
General Relativity shows how gravitational fields are described by the curvature of space and
time and freely falling trajectories provide the analogs of locally inertial frames. These frames
are described by geodesics in the curved geometry of spacetime. On the Earth’s surface we
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are not freely falling because the Earth itself stops us from following gravity’s urgings to fall
towards its centre and this provides another reason why our reference frame is not inertial.
(A bit more about this point of view is given in §6.2.2 below.)

From this point of view we would not be inertially moving even if the Earth were not
rotating or moving at all. In the end the force F, can be regarded as a fictional force, due
to the non-inertial motion implied by being held at rest at the Earth’s surface and thereby
being kept from freely falling. This situation is described by Einstein’s ‘elevator’ thought
experiment meant to emphasize the ‘principle of equivalence’: the behaviour of bodies on
the Earth’s surface in the presence of the gravitational force F, = mg is identical to what
would be seen inside a windowless elevator in empty space (without the Earth) that is pulled
upward with an acceleration a = —g (c.f. eq. (3.1.3)).

Sometimes this thought experiment is taken to mean that there is a sense in which gravity
really is not a force at all, but this is very misleading. It is true that the effects of a constant
gravitational field g can be mimicked by accelerating one’s reference frame by a constant
acceleration @ = —g. But the gravitational field outside of the Earth is not a constant - in
reality it is given by a radially pointing inverse-square law: F = —(GMm/r?)e,, and so for
a spherical Earth it points at the Earth’s centre. This means it points in slightly different
directions at different points above the Earth’s surface. It is this differential change in the
gravitational field — what are called ‘tidal forces’ — that are not fictious forces, and so are
described by the gravitational field.

3.2 Rotating Reference Frames

This section describes the rotating non-inertial reference frames that are the most practical
use for observers riding a rotating celestial orb. A first step in this direction was already
done when discussing rotation symmetries in §1.6 and §2.3.4 in which it was shown that an
infinitesimal rotation R;; = d;; + ©;; defines a vector ® through the relation ©;; = €;;1,0y
(where €5, is the Levi-Civita symbol, some of whose properties are described in §A.3.1).

In matrix form — see (2.3.20) — this says

0 Ouy O 0 ©. -6,
O 0 0,.|=]|-0. 0 o, ]. (3.2.1)
0., 0.y 0 0, -6, 0

Some physical intuition can be developed by comparing this to the rotation matrices describ-
ing e.g. rotations through an angle §6 about the z-axis:

1 0 0 00 0
Ry =10 cos(60) sin(d0) | ~I+ |0 0 60| +0O[(60)%], (3.2.2)
0 —sin(d0) cos(60) 0—06 0
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which agrees with R;; = 0;; + O;;+(higher order) and (3.2.1) for the special case ©, = 6
and ©, = ©, = 0. Nonzero ©, and O, are similarly related to infinitesimal rotations about
the y and 2 axes.

More generally, any infinitesimal rotation is defined by a rotation axis (which specifies a
direction n, for some unit vector n) and an infinitesimal rotation angle © and these together
are the information incorporated in the vector @ = ©n. We here adopt the right-hand rule
for which the vector n points along the thumb if the fingers of the right hand are moved in
the direction of the rotation. As shown in detail in §2.3.4 such a rotation transforms a specific
vector V to V + 6§V where

SV=0xV. (3.2.3)

This is particularly clear for the position vector itself, r, measured from an origin of
coordinates chosen to lie on the rotation axis. In this case r = © x r has the right magnitude
(0r = O rsinf, where 6 is the angle between ® and r) and (using the right-hand rule for the
cross product) points in the correct direction (perpendicular to both r and ©), as shown in

Fig. 10. But it is equally true for any vector, as its derivation in §2.3.4 makes clear.

Figure 10. The geometry of the rotation of a vector r about an angle and axis defined by the rotation
vector ©.

If the above infinitesimal rotation occurs over a small time d¢ and the infinitesimal rotation
is written ® = 06 to emphasize its small size then the limit Q@ = limg;_,0(060/0t) defines
the instantaneous angular speed of the rotation and Q = limg;_,0(®/dt) is the rotation’s
instantaneous angular velocity, with Q = |Q|. If the vector V already has an intrinsic time
dependence, which we denote by partial derivatives 9V /0t, then the addition of the time-
dependence due to the rotation implies its total rate of change is

dv 0V
—=—4+0 . 24
T 5 +Q2xV (3.2.4)
In particular, a vector satisfies
dVv
Fra QxV (pure rotation) . (3.2.5)
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if and only if the vector V has no intrinsic time dependence in a rotating reference frame
with angular velocity €.

Worked example: Charged particle in a constant magnetic field (again)

As a simple example of the above discussion consider a charged particle of mass m and charge ¢ that
is free to move in a region containing a constant magnetic field B (see also the worked example below
(2.6.23)).

The Lorentz force acting on such a particle is given by F = gv x B, where v(t) is the particle’s
instantaneous velocity. Newton’s second law is to be solved for the particle’s motion, and for the
Lorentz force this gives

d
m d—: =qv xB. (3.2.6)
This can be immediately solved because it has precisely the form (3.2.5) for the special case where
B
Q=-2. (3.2.7)
m

This implies that v must be a constant if written in a rotating reference frame whose angular velocity
is given by (3.2.7). The motion therefore consists of helical motion about an axis parallel to the applied
field B with angular frequency w. = ¢B/m, precisely as was found previously (see the worked example

below (2.6.23)).
* * *

3.3 Motion at the Earth’s Surface

Consider now the motion of an object O that moves near the Earths’ surface and whose
position vector relative to the Earth’s centre is r. We wish to compare how this motion
appears to two observers; one of which is inertial and the other of which rotates with the
Earth’s rotation. Because we wish only to follow the effects of rotation (as opposed to the
translational motion described in §3.1 above) we imagine both observers to define their origins
of coordinates at the Earth’s centre.®

Because O is carried along by the Earth’s rotation its velocity dr/dt satisfies (3.2.4):

v::j;.:g;.—i—ﬂxr, (3.3.1)
where Or /0t describes any time-dependence of the object’s position due to other causes besides
the rotation of the Earth. To identify the fictitious forces due to Earth’s rotation seen by an
observer with coordinates adapted to the Earth’s surface we differentiate (3.3.1), assuming
the Earth’s angular velocity €2 is time-independent. This gives
dv 0 <dr) Q dr 9%r Jr

ar dr _ 97T Ha
at “w T T

=z QX (er), (3.3.2)

in which the second equality uses (3.3.1) again. The final result is also what is obtained if we

apply (3.2.4) directly to v.

8We return to simultaneous combinations of translational and rotational motion in §4.
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Suppose the particle situated at O moves subject to gravity, F;, = mg, and some other

mechanical force F. In the inertial frame at the centre of the Earth Newton’s Law states

dv
— =F 3.3.3
m Y = F + me, (333)

and so using (3.3.2) in this implies the motion as seen by an observer using coordinates

adapted to rotate with the Earth has an apparent acceleration

?r F or
ﬁ_a+g—ﬂx(ﬂxr)—2ﬂx§. (3.3.4)

This reveals two €)-dependent fictitious forces due to the Earth’s rotation. The one
quadratic in £ and depending on particle position r is called the centrifugal force while the
one linear in Q and proportional to the apparent particle velicity dr/dt is called the Coriolis
force.

Numerically, the Earth’s angular speed is 27 radians per sidereal day (86,164 seconds),
and so Q = 7.292 x 1075 /s. Neglecting deviations from spherical shape the Earth’s mean
radius is Rg = 6,371 km and so the relative size of the mass-independent accelerations in
(3.3.4) are

g=9.807Tm/s*,  Q%Rg =0.03388m/s*,  Qu=7.292x10"° m/s’ (1;’1/8) . (3.3.5)

Centrifugal and Coriolis effects are clearly subdominant to g, but can be important in some

circumstances.

3.3.1 Centrifugal force

The centrifugal force can be rewritten using the vector identity (A.3.14) to give

—Q x (Q X r) =0’r— (Q-1)Q =0%(e, — e, cosh)
= Q%rsinf(cos pe, +sinpe,) (3.3.6)

= O?rsinf(sinfe, + cosfey),

where we write {2 = (e, where e, points up the positive z axis towards the North Pole in
coordinates with origin at the Earth’s centre and the equator in the z-y plane. It is also
convenient to use spherical polar coordinates, {r, 0, ¢} in this frame, with basis unit vectors
given explicitly as in (1.2.13), (1.2.14) and (1.2.15). In terms of these the particle at O is given
by r = re, so the angle ¢ describes the particle’s longitude and 6 describes its co-latitude
(0 =90° — ¢, if £ is the latitude). Eq. (3.3.6) then follows, and shows the centrifugal force is
perpendicular to the axis of rotation and directed radially away from the axis.
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Worked example: Plumb bobs and the local vertical

A simple implication of the fictitious centrifugal force on Earth is its role in causing a mass suspended
from a rope to not point precisely in a vertical direction. For a static mass rotating with the Earth
eq. (3.3.4) predicts the force of the rope acting on the mass must balance the sum of the gravitational
and centrifugal forces: F = —m|g — Q x (2 x r)].

Using spherical polar coordinates described above we have g = —ge,, while 2 = Qe, and

r = Rge,. The rope hangs in the direction —F and so is proportional to the ‘effective’ gravitational
acceleration:

gt =g+ Qr — (Q-1)Q = (—g+ 2Ry sin’0) e, + Q*Rg sinfcosbey, (3.3.7)

which uses (3.3.6) to simplify the right-hand side. This shows geg has both vertical and horizontal
components (respectively defined as pointed towards the Earth’s centre and tangent to its surface in
a Southerly direction) of size

Jo = —Zeff € =g — QQR@ sin? 0 and gh = Beff - €9 = QQR@ sin 6 cos 6. (3.3.8)

The rope therefore hangs at an angle £ from the vertical, towards the south by an angle

€ ~ tang — 9h _ Q2Rg sinf cosd N O%Rg
B g g—QPRgsin’0

sinf cos 6. (3.3.9)

This vanishes at the North and South Poles and at the equator, and is at its largest at 45° latitude,
where it is 0.002 radians (or about 7 minutes of arc). Since £ changes sign once 6 > 7 the rope hangs
a bit to the south of vertical in the northern hemisphere and a bit north of the vertical in the southern
hemisphere.

The total magnitude of the apparent acceleration of gravity is

ot = \/92 — (29 — Q2Rg)N2Rg sin? 0 ~ g — Q*Rg sin® 0 + O[(Q*Rg)? /9], (3.3.10)

and so in particular g = g at the North and South poles but geg ~ g — Q?Rg at the equator. This
implies a difference of about 3.4 cm/s? between the pole and the equator (in the idealization of a
perfectly spherical Earth). In reality the Earth is slightly oblate and bulges out at the equator, which
amplifies the difference of gog between poles and equator to more like 5.2 cm/s%.

* * *

3.3.2 Coriolis force

The Coriolis force is only relevant for moving objects due to the explicit factor of dr/0t in
its definition. To explore its implications we revisit the hanging plumb bob, but now allow it

to oscillate about its equilibrium position.

Worked example: Foucault’s pendulum

Suppose we take the plumb bob described above and displace it from its equilibrium position and let
it oscillate. In that case the motion is described by (3.3.4)

r F Or
w:Eng_Qx(er)—ana, (3.3.11)
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where the tension F acts to keep the motion in an arc of radius L (the pendulum’s length) in a vertical
plane. The pendulum’s equilibrium position satisfies

%—i—g—ﬂx(ﬂxro)zo, (3.3.12)

and for small deviations from equilibrium the motion of a long-enough pendulum is parallel to the
Earth’s surface to good approximation, with restoring force

F 2
E—l—g—ﬂx(ﬂxr)_—w (r—rg), (3.3.13)

where standard arguments show why w? ~ g/L (see for instance the arguments leading to (2.5.9) for
the bead on a rotating wire, in the limit where the wire’s rotation goes to zero).
Defining s :=r —ro ~ z(t) e + y(t) ep, eq. (3.3.11) becomes
?s 9 Os
— ~ — -2 x —. 3.3.14
oz~ Y ot (3:3.14)

When evaluating € x ds/0t we use
e.Xe. =e4sinf, e, Xxey=eycos and e, xe,=—(e, sinf + ey cosh) (3.3.15)
and so when 0s/0t = (0x/0t) e + (Oy/0t) eg we have
—2Q x % =20 [Z(sin@o e, + cos by eg) — % cos Oy e¢} . (3.3.16)

The vertical part of this just changes the value of the tension on the supporting pendulum string and
so can be ignored for the present purposes.
The remaining two equations in the horizontal (i.e. eg and ey) directions are

0%z 9 Oy

— ~— —2Qcosby — 3.1

9 wx cos Oy ot (3.3.17a)

0%y 9 Ox

— ~ — 2Q — 3.1

92 wy +2Qcos by 5 (3.3.17b)
To solve this write 3 = x + 4y so that (3.3.17a)+i (3.3.17b) implies

0? . 0

a—tg ~ —w?3 4 2i Qcos by a—‘z . (3.3.18)

This has as solution 3 = Cy ¢!+ + C_ e'®-! where Cy are integration constants and both w. satisfy

w? — w? + 2iw Qcoshy = 0 and so

we = Qcosby Vw2 + Q2 cos? by ~ +w + Qcos by + O(Q%/w), (3.3.19)

where the approximate equality assumes w > Q (as is the case for most pendula). Therefore 3 =
(Cy et 4+ C_ ™) 050 and so choosing ¢ = 0 to correspond to z(0) = y(0) = 0 implies 3(0) =
Ci 4+ C- =0, so 3(t) = Ce s gin(wt), where C is real if the initial velocity is in the ‘@’ or ey
direction and is imaginary if the initial velocity is in the ‘y’ or ey direction.

For real C' we have

x(t) = 2C cos(Qt cos Op) sin(wt) and y(t) = 2C sin(2 cos Op) sin(wt) . (3.3.20)

— 66 —



When w > Q this describes rapid oscillations with frequency w along a line that is initially in the x
or e, (East-West) direction but slowly rotates with frequency € cosfy: the famous Foucault rotation
due to the Earth’s rotation.

3.3.3 Free fall near the Earth’s surface

Consider next a projectile that moves under the influence only of gravity, and so in the frame

rotating with the Earth satisfies (3.3.4) in the form
O Qx(ﬂx ) 20 x & (3.3.21)
— =g r)— —. 3.
o2~ 8 ot

In the absence of fictitious forces this would have experienced only the acceleration of gravity

and so move along the parabolic trajectory
r(t) =1+ vo(t —to) + 2 g(t — t)? (no fictitious forces) . (3.3.22)

How does this trajectory change due to the fictitious centrifugal and Coriolis forces?

A good approximation to the answer can be found if we recognize that the fictitious
forces are small so the solution to (3.3.21) does not differ too much from (3.3.22). The means
that we can to good approximation on the right-hand side replace r with rg ~ Rg e, in the
centrifugal force and replace dr/0t with vo+g(t —to) = vo — g(t — to) e, in the Coriolis force.
With these choices (3.3.21) becomes

gi; ~gug— 20 x vy —2Q x gt —tg), (3.3.23)
where
g =g — N X (Q X ro) = (—g+ Q?Rg sin® 6y) e, + Q? Ry sinfy cos Oy e , (3.3.24)
and
—Qxg=g0e, xe, =gNsinbye,. (3.3.25)

Integrating (and assuming the motion changes the elevation negligibly relative to the
Earth’s radius and the latitude and longitude do not change appreciably) then gives

)
a% ~ Vo + [geﬁ 20 % VO] (t —to) — Q x g(t — to)? (3.3.26)

and
e v+ vo(t — fo) + § [ — 20 x vo (t — 10)? — 12 x g(t — 10)*. (3.3.27)
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Worked example: Particle dropped from rest

Consider for example the special case of a particle dropped from rest at a height h < Rg above the
Earth’s surface, so vog = 0 and rg = (Rg + h)e,. In this case (3.3.26) and (3.3.27) become

or
5 = ger(t —to) — Q x g(t —t)?
= (—g+ Q®Rg sin? 0y) (t — tg) e, + Q>R (t — to) sin by cos O eg (3.3.28)

+9Q(t — to)? sin ey
and
r o~ 1o+ sgen(t —to)? — 3 x g(t —to)®
[Ro+h+ 3 (=g + 9% Ra sin® 6 ) (t — to)? e + 30 Res (¢ — to)? sin 6 cos b 9
+29Q(t —to)® sinbp ey . (3.3.29)

These show that an object dropped from rest does not land immediately below the dropping
point. The centrifugal force also pushes the object in the North-South plane and the Coriolis force
pushes it in the Fast-West plane since eg points south and ey points east. Given that the time taken
to fall through the distance % is to a good approximation given by

2h 2h
t—to = \/ = (3.3.30)

g — Q2Rg sin6y,  \ ¢

the distance from the landing point to the point vertically under the drop point is

d Q’R d 20 [2h
ZS ~ ; € sinfycosfy (south) and ’;LW ~ = " (east). (3.3.31)

Because cosfy changes sign by passing through zero at the equator we see that centrifugal force
pushes the object towards the south in the northern hemisphere and towards the north in the southern
hemisphere. By contrast, the Coriolis force pushes the object towards the east in both hemispheres.

* * *
When the initial velocity is not negligible vo = v.o T + vgg €9 + Vg0 €4 and so
QA xvg=0N [v¢0 sinf e, 4+ vy cos B ey — (vyo sinb + vy cosb)ey (3.3.32)

which shows that intial motion in the East-West direction gets deflected into the North-South-
vertical plane while motion in the North-South and vertical directions get deflected into the
East-West plane. In this case egs. (3.3.26) and (3.3.27) become

or

a2VO+[geH_QQXVO}(t_tO)_QXg(t_tO)Q

= [oro+ (—g + O2Re sin® Oy + 20,40 sin 00) (t— to)}er (3.3.33)
+ |:Ugo + (QzR@ sin 6 cos Oy + 2v40§2 cos 90> (t— to)] e

+ [%0 — 2(UT0 sin 6 + vgg cos G)Q(t —to) + g Q(t — tg)? sin 00] e
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and
r ~ ro—i-vo(t—tg)-i-%[geff—?fl X vo}(t—tO)Q— 19 x g(t —to)?
- [R@ v (t — to) + %(—g + Q%R sin? 0 + 20400 sin 00) (t— to)ﬂ er (3.3.34)
+ ['Ugo (t—to) + %(QQR@ sin 6y cos fp + 2vS2 cos 90> (t — to)ﬂ e
+ [vd,o(t —tp) — (Uro sin 6 4 vgg cos G)Q(t —t0)® + 29 Q(t — t9)® sinfy ey .

Worked example: Sharpshooter’s aim

For instance suppose a sharpshooter fires a high-velocity bullet (vy = 1000 m/s) that is initially
horizontal (so vrg = 0). In what direction must the shot be taken in order to hit a target a distance d
away that is due East of the shooter? In this case setting v,o = 0 implies the components of (3.3.34)

become
r(t) ~ Ro + h+ %(—g + Q% Rg sin® 0y + 204502 sin 90) (t —to)? (3.3.35a)
so(t) = vy, (t — to) + %(Q2R@ sin 6 cos By + 2v40€2 cos 90> (t —to)? (3.3.35Db)
$¢(t) = vgo(t — to) — vao cos Ot — to)* + 29 Q(t — to)? sin by . (3.3.35¢)

Since QRg ~ 500 m/s a high-velocity bullet travels fast enough that Coriolis effects are small relative
to the initial velocity for the entire length of the bullet’s free fall. As a result the time taken to travel
the distance s4(T) = d is approximately T = ¢ — tg ~ d/vg. To hit the target the North-South
component vgg of the initial velocity must be chosen so that sg(7') = 0, which requires

Voo —% (QR@ sin 6y + 2v¢O)QT cos Oy (3.3.36)
and so the shot must be an angle « south of east where
QRgsindy\ Qd Qd
tana = 20 ~ (1 + @blno) — cos g ~ — cos b (3.3.37)
U¢0 21)4)0 ’U¢0 U¢0

Notice that because cosfy < 0 in the southern hemisphere the aiming point there must be slightly

north of the target.
* * *

3.4 Orbital Lagrange Points

As a last application of rotating reference frames let us consider the motion of a three bodies
mutually interacting through Newton’s Law of universal gravitation. In this case the full
problem does not have simple solutions — indeed it was the study of this problem that led to
the discovery of chaos and chaotic evolution (more about which in §8) — so numerical methods
are usually applied.

A situation for which analytic progess is possible is the situation where the third body is
much less massive than the other two. In this case the larger two bodies to a first approxi-
mation move along the two-body orbits discussed in §1.2.2 and the third body moves within
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the time-dependent potential provided by the other two bodies. We explore this motion here
in the special case that the larger two bodies move in a circular orbit and the third body also
moves in the same plane (a not unusual situations, say, if the bodies are the Sun, a planet and
an asteroid). We choose to number the bodies in order of decreasing mass: my > mg > msg.

In this kind of situation it is useful to adopt coordinates that rotate with the same angular
frequency as the orbit of the two larger bodies, which for a circular orbit of radius a is given

by (c.f. eq. (1.2.41))
27 GM
Q= =\ 5 (3.4.1)
To this end we adopt coordinates with origin at the centre of mass of the two more massive
bodies, and with a z-axis perpendicular to the orbital plane so all three particles satisfy z = 0
for all time. Because the reference frame rotates with the orbital frequency 2 we can choose
the x-axis to point always at the two heavy bodies. The distance from the centre of mass to

each of the two massive objects is

xr1 = ﬂ = 7m2a and T = ﬂ - mia ) (342)
mp  mi+ me ma  myp+ me

for all time. The positive z-axis points to the second object (the planet) and the negative
axis points to the largest object (the Sun).
We denote the coordinates of the third body in the orbital plane by (z,y, z), but choose

the x- and y-axes to rotate about the z-axis with angular speed €2, so Z = z and

T = wcos(Qt) + ysin()
—xsin(Qt) 4+ y cos(Qt) . (3.4.3)

<<
I

The kinetic energy for motion of particle 3 in the rotating frame then becomes
. . . . 2
K = 1lmg (332 Ty 22) = Ling [(aé — Q)%+ (5 + Q3)% + 52] = Ly (f X f) . (3.4.4)

and so

%Is—m3<f'+ﬂ><f'> and %I::ms[f‘XQ—QX(QXf)}' (3.4.5)

Varying the Lagrangian L = K — V then gives the equations of motion

(i(?}?)—g?—mg(f‘—i—ﬂxf')—mg[fxﬂ—ﬂx (Qxf)}%—%‘ézo (3.4.6)

in agreement with (3.3.4) (with g = 0) where the applied force is F = —9V/0r.
In the present instance the potential energy of the light particle due to its attraction to

the heavier particles is

V= _Gm1m3 _ Gm2m3 ’ (3.4'7)
713 723
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where 7;; = |r; — r;| is the distance between particle i and particle j. For motion in the z-y
plane the distances appearing in the potential become

2 2
~ mo ~ ~ mi ~
T%B = |:$ + (W) (1:| + y2 and T%Z& = |:x - <TTL1+TTL2> a] + y2’ (3.4.8)

and so the equations of motion for the coordinates (Z,y) of the third object in the orbital
plane reduce to

mg.% = 2mgﬂgj + mgQZi‘ — a‘f
ox
msy = —2mz0x + mzQg — g‘f : (3.4.9)
Y

We seek static solutions to these equations. Such solutions are called Lagrange points
and are points where the gravitational and centrifugal forces all precisely balance so that a
particle that starts there at rest remains in the same position relative to the two massive
bodies, with all three bodies rotating together with a common angular frequency €.

The above equations in this case reduce to

10V @& G
e ol Lo e R R e L e L
ms O s mi + mo T5s m1 + mg
1 0V G G
_ ( my 7;12> 7 (3.4.10b)
13 723

025 = — =
4 ms3 82/
The simplest examples of Lagrange points lie along the same axis that connects the two
massive objects (for which y = 0). In this case the second equation is trivially satisfied while
the first equation reduces to

. m bl m
Q% — Gy (m1+2m2> ¢ v <m1+1m2) ¢
= 1 3 -
vl m e m
P Gm)d ()

This equation has three solutions for z, as is most easily seen graphically by showing how

5 + Gmy (3.4.11)

the right-hand side has three branches that are each crossed once by the straight line that
represnts the left-hand side (see Fig. 11). There is one solution each in the regimes: to the
left of both massive objects; to the right of both massive objects; in between the two massive
objects.

In the Earth-Sun system the solution in between the Sun and the Earth is conventionally
called L1; the solution further from the Sun than the Earth is called L2 and the solution on
the far side of the Sun from us is called L3. L1 is a useful place to place satellites that monitor
the Sun since (unlike for orbits that circle the Earth) the Sun is never obscured by the Earth.
L2 is a useful place for placing satellites that observe the rest of the Universe because there

the Earth always obscures the Sun (keeping it from interfering with measurements). Because
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RHS

LHS

Figure 11. Plot of the left-hand side (LHS) and right-hand side (RHS) of eq. (3.4.11) vs Z, showing
why it has three solutions.

L3 is always hidden from us by the Sun it would be a perfect place to put something you’d
like people on Earth never to see.
There are also solutions that do not lie along the line connecting the two massive sources.

In this case dropping the common factor § from (3.4.10b) implies

- Gm1 Gmg

0= — (3.4.12)
i3 33
and using this in (3.4.10a) to eliminate Q2 then implies
G G
Ty 2T (3.4.13)
13 723
and so 113 = ro3. But using this in (3.4.12) then implies
02 — G(m13+ m2) _ G(m13+ ms) (3.4.14)
13 23

and comparing this with Kepler’s third law Q% = G(mj + m2)/a® — see eq. (1.2.42) — then
shows 713 = 193 = a so the three bodies must lie at the corners of an equilateral triangle.
That means the third body lies at the same radius from body 1 as does body 2, but leads it
or follows it in this orbit by 60°.

These two solutions are conventionally called L4 and L5. Although a use for these has not
yet been found for artificial satellites in the Earth-Sun system, asteroids tend to accumulate
at L4 and L5 for the Jupiter-Sun system; a class of asteroids known as Trojan asteroids.
These seem to be roughly as numerous as are the asteroids in the regular asteroid belt, and

the identification of these regions as static points helps understand why this is so.
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4 Rigid Bodies

To this point we have discussed systems involving many atoms in a general way, mostly
celebrating how Newton’s Laws are recursive in the sense that they take the same form when
written in terms of a system’s microscopic constituents (such as its underlying atoms) or in
terms of macroscopic subsets of constituents (like billiard balls colliding or the Sun moving
around the Earth). This section — and §5 to follow — now ask in more detail what can be said
about the motion of specific macroscopic objects individually.

We here start the process with the discussion of rigid bodies: bodies defined by the
condition that all of their constituent atoms have fixed relative distances, as expressed by the

holonomic constraint
Tab = |Tq — Tp| = cap for all pairs (a,b), (4.0.1)

where for each pair the quantity ¢y is a fixed number. Intuitively this seems like it should be
a good description of many everyday objects, everything from a rock to any other type hard
place. But it is also clearly not a good description of all the bodies we see around us, such as
cats, drops of water and other more malleable objects whose atoms move more freely relative
to one another (more about e.g. fluids in §9). So it is worth starting by stepping back and

asking why rigid bodies are interesting enough to deserve such detailed attention.

Why Rigid Bodies?

A useful way to organize how to think about matter in bulk (and physics more generally, as
it happens) is to think about the relative scales that appear in any physical system. Nature
famously serves up for study objects with a wide variety of sizes and shapes, running from
subnuclear particles on the smallest of length scales up to clusters of galaxies on the largest.
At any given time we are limited in the resolution of what we can see; for much of history
we were as ignorant about smaller objects (like microbes or atoms or nuclei) as we now are
about things that are smaller still (current measurements cannot resolve objects smaller than
10720 m).

But even if we can measure the size of something small we might not care what the
internal degrees of freedom are doing if our only concern is with the overall motion of an
object’s centre of mass. What is meant by ‘small’ here is of course relative, since it might be
the size of the Earth that is regarded as small when describing its orbit about the Sun, or
our entire galaxy might be small when asking about the average motion of matter within the
observed universe. The process of ignoring internal degrees of freedom when thinking big is
sometimes called ‘coarse graining’.

For the present purposes what is important is that there are two different reasons why
it might be a good approximation to ignore the internal degrees of freedom of a macroscopic

object. One is that the object’s linear size (e.g. its radius) is smaller than the minimum length
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scales of interest, such is the case for the Earth when describing its orbit. In this case an
error comparable to the Earth’s radius Rg ~ 6.4 x 103 km only matters for an orbit of radius
1.5 x 10® km if we want to know orbital properties with a precision better than 0.004%. In
this regime the object’s centre of mass contains all of the useful information about its motion.

But a logically independent reason to be able to ignore internal degrees of freedom arises
when the size of an object is not negligible but the transfer of energy into internal degrees of
freedom is small enough to be ignored.’ This situation can arise if the energy associated with
the motion of the centre of mass is much smaller than the energy needed to make a significant
number of constituents move relative to one another, such as for the collision of two balls on
a pool table. From this perspective it is the nature of the interatomic forces that make the
motion of a billiard ball more resemble a rigid body than does the motion of an equal-sized
drop of water.

Rigid bodies describe the ideal in which internal forces are so strong that internal degrees
of freedom experience no relative motion at all. They are relevant in practice because this is a
good approximation for the very common situation where energy transfer to internal degrees
of freedom is negligible. And they are worth detailed study because their motion differs in
interesting ways from simple centre-of-mass movement (as anyone knows who has seen the

motion of a spinning ball or a gyroscope).

4.1 Kinematics of Rigid Body Motion

The first step is to describe rigid-body motion — ‘kinematics’ — and the next step is to ask what
Newton’s Laws say about how this motion evolves given a set of applied forces — ‘dynamics’.
We start here with kinematics. In particular, how many generalized coordinates are needed
to describe rigid-body motion?

For a body consisting of N atoms there are 3N degrees of freedom to which egs. (4.0.1)
impose a total of %N (N —1) constraints. The net number of degrees of freedom cannot simply
be the difference of these two numbers because for large N there are many more constraints
than there are total degrees of freedom. But clearly not all of the constraints are independent
because the position of any particular atom is uniquely specified once its relative displacement
is known from any 3 noncollinear atoms.

So the positions of all atoms can be inferred from the constraints once one knows the
positions ri, ro and rs of just three noncollinear atoms. But even the 9 coordinates needed to
specify these three atoms are not independent because they remain subject to the constraints
T19 = C12, 13 = €13 and ro3 = ca3, suggesting that 9 — 3 = 6 generalized coordinates should
suffice to describe rigid-body motion (regardless of how large N is).

9Tt can sometimes happen that the detailed motion of internal degrees of freedom can still be ignored even
when they absorb significant energy, such as when this transfer can be parameterized in terms of an ‘effective’
description, like a frictional force or a heat capacity.
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The need for six coordinates can also be seen more constructively: three coordinates are
needed to specify the position, rq, of the first atom. Then two more coordinates are needed to
specify the position of the second atom because it must be located somewhere on the surface
of a sphere of radius r13. The third atom’s location then takes only one more coordinate
because the constraints force it to reside on the intersection of two spheres, one of radius 713
centred on particle 1 and another of radius 723 centred on particle 2. This means that particle
3 lies on a circle of revolution obtained by rotating about the axis defined by the positions of
particles 1 and 2, with known radius.

Three of the six degrees of freedom required to describe rigid body motion are the three
components of the object’s centre of mass (as defined in (1.3.4) and (1.3.5) and repeated

again here for ease of reference)
1
R = i Zmara where M = Zma. (4.1.1)
a a

We can imagine this to be the location of the first of the three noncollinear reference atoms
described above (relative to which the constraints (4.0.1) uniquely determine the positions of
all other atoms). To this we must add three rotation angles (two describing the direction of
particle 2 from particle 1 and the third describing the direction to particle 3 from the axis
connecting particles 1 and 2).

The need for three spatial position variables and three rotation angles also makes sense
from another point of view. We have seen that spacetime symmetries — translations in space
and time, rotations and Galilean transformations — play an important role in classical me-
chanics, with each symmetry corresponding to a conservation law. In particular conservation
of linear and angular momentum seem to indicate that nature’s laws are invariant under
spatial translations and rotations.

From this point of view rigid bodies are very generally described by a centre-of-mass coor-
dinate because we can generate many solutions to the equations of motion just by translating
any particular solution, provided that this solution is not itself translation invariant. Any
configuration obtained by translating a particular solution must also be a solution because the
equations being solved are assumed to be translation invariant. For example the expression
for the orbit for two particles orbiting one another fixes e.g. the orbital radius but leaves the
centre of mass of the orbiting pair completely unspecified, and it is this centre of mass that
changes when the original solution is translated. The solutions to translation-invariant equa-
tions cannot be unique: they must contain a separate solution for each possible translation
and this is why centre of mass position is always one of the coordinates needed to describe
the behaviour of any finite-sized objects (including rigid ones).

Precisely the same reasoning applies for rotations if the solution to rotation-invariant
equations are not themselves rotation invariant, and this is ultimately why finite sized bodies

(including rigid ones) also involve three angular coordinates. What is unique about rigid
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bodies is that the six coordinates implied by translation and rotation invariance are the only
ones required to describe the motion. Part of the utility of rigid body motion is that the
degrees of freedom involved (centre of mass position and angular orientation) are actually

generic to any finite-sized object.

4.1.1 Instantaneous Angular Velocity

The next step is to characterize the angular variables as precisely as eq. (4.1.1) does for the
centre of mass variables. Assuming the first reference atom is placed at the centre of mass, the
other two can be taken to lie along two perpendicular directions seen from the centre of mass,
and so define two orthogonal unit vectors €] and €/, pointing in these two directions. The
third vector required to form a left-handed orthonormal basis is then defined by e} = €} x €.
In this case any rotation of the rigid body about its centre of mass is described by an active
rotation, R;j e/, of the basis {e}} = {e], e, e3} relative to a fixed reference orthonormal basis
{ei} = {es,ey,e.} defined in an inertial reference frame instantaneously at rest relative to
the centre of mass. This makes the rotations describing rigid-body rotations take the general
form described in §2.3.4.

trajectory

€

Figure 12. Illustration of the coordinate systems used when describing rigid body motion. The basis
e; is inertial and the basis €} is attached to the body’s centre of mass and moves with it.

To make things even more concrete it is useful to specialize temporarily to infinitesimal
rotations. Consider therefore a rigid body with centre of mass position R. Denote the position
of a point on the body relative to the body’s centre of mass by s and denote the position of
this same point relative to an inertial observer at O by r (see Fig. 12), so r = R + s. From
the above arguments a small change dr can be regarded as a small displacement dR of the

body’s centre of mass plus a small rotation ds = d¢ x s about the centre of mass:

dr=dR +d¢ x s, (4.1.2)
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where 6¢p = nd¢ points in the direction of the instantaneous axis of rotation'® and has

magnitude equal to the size of the rotation about this axis (compare with eq. (2.3.22)).
Dividing (4.1.2) by the time dt taken to move through this displacement shows that the

velocity of the point v, the velocity of the centre of mass, V, and the angular velocity €2,

whose definitions are d iR d
Py . @

dt’ Todt oAt

vV =

(4.1.3)

must be related by
v=V+Qxs. (4.1.4)

This shows how the velocity of any particular point on a rigid body can be expressed in terms
of the position s of the point relative to the centre of mass and two global velocities V and
Q that describe the motion of the body as a whole. Consequently the quantities V and €2
provide the six velocity components needed to describe rigid-body motion. Notice that €2 is
not assumed to be time-independent a priori (unlike in §3.3) and §4.3 below is devoted to

deriving its equations of motion.

4.1.2 Moments of Inertia

Knowing the connection between the velocity v of a specific point on a rigid body and the
generalized velocities for rigid-body motion allows the kinetic energy to be expressed directly
in terms of V and €. Eq. (1.4.3) (repeated here for convenience using the notation of this
section) states
K=Y 1mavl=5MV?+ Eq (4.1.5)
a

where (as in Fig. 12) r, = R + s, and we separate off the internal energy, Eiy, associated
with the time derivative of s,, but this time label it Ey to emphasize that for rigid bodies

the only internal motion possible relative to the centre of mass is a rotation:
2
o= Y 3mast = bma (2xs4) (4.1.6)
a a

where the last equality uses (4.1.4), in the form s, = Q X s,.

Simplifying using the vector identity (A.3.15) allows the internal energy to be rewritten
2
Et =Y $ma (Q X sa) =3 ma [Q2s§ (- sa)Q} =100 (4.1.7)
a a

where the last equality factorizes out the a-independent components €2; of 2 and lumps the

sum over a into the symmetric 3 x 3 coefficient matrix I;;:

I = Zma ((5,~j S?L — Sai saj> . (4.1.8)

ONotice that it is only infinitesimal rotations, R;; = d;; + ©;; in the notation of §2.3.4, that define an
instantaneous axis of rotation through ©;; = €;jxn, d¢. There is no similar uniquely defined vector for a finite

3D rotation R;; that is not close to the identity matrix.
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Eq. (4.1.8) defines the moment of inertia tensor — sometimes just ‘inertia tensor’ — which can

be written out explicitly in matrix form (not to be confused with the unit matrix I) as

Iy Imy Iy, yg + Zg —ZaYa —TaRa
I= |1y Iy I | = Zma ~Tala T2+ 22 ~Yaza | (4.1.9)
Iy Izy I, a —ZTaZa —Yaca -1‘(21 + yg

which denotes the components of s, by s, = x4 e, +ya e, + 24 €.

In terms of the matrix I the internal energy (4.1.7) can also be written
1 T
Bin = 527192, (4.1.10)

and this shows how to make contact with the notion of moment of inertia encountered in
elementary mechanics classes. In these a body’s moment of inertia is defined relative to a
specific rotation axis. If an object is rotated with angular velocity €2 about an axis passing
through the centre of mass in the direction defined by a unit vector n then the energy of
rotation is written E,o; = %3 02 where J is the moment of inertia about this axis. Comparing
this with (4.1.10) using € = Qn shows that J is related to I;; by

3:Iijnm]~ :nT]In. (4.1.11)

Expression (4.1.9) shows that the moment of inertia is additive, much as is the total
mass M =) mq. This is useful, particularly when one does not know explicitly where each

individual atom is and instead only knows their mass density p(x), defined by

p(x,t)dV = p(x,t) &3z = Z M, (4.1.12)
acedV

where dV = d%z = da dy dz is the volume of a very small parallelipiped centred on the point
X, whose sides in the three spatial directions have length dz, dy and dz, respectively. It is
imagined here that these sizes, dz;, are infinitesimally small compared to the spatial resolution
available for a particular application but very large compared to the typical spacing between

atoms. This definition ensures that integrating p(x, t) over the volume of a macroscopic object

A3z p= mg =M. 4.1.13
|ateo=3 (11.13)

aeX

X gives its mass:

Since dz; is at the limits of the spatial resolution available the sum appearing in (4.1.9) can
be evaluated as an integral where all of the atoms within the same parallelipiped are taken

to share the same position, so

p(x)z;x;dV = Z MaTiq Tja (4.1.14)
acedV
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and therefore the inertia tensor of a macroscopic body X can be written in a much more

useful integral form
1ij = / &’z p(x) (5@- x* — x; :cj) : (4.1.15)
X

where x is the position of a point in body X relative to its centre-of-mass position.

In general the tensor I is not diagonal — as (4.1.9) also shows — though the values taken
by each of the components /;; (and in particular the off-diagonal ones) are frame-dependent
inasmuch as they take different values when one rotates to a new set of basis vectors e; —
e; = R;je;. We saw in §2.3.4 that under such a (passive) rotation the components of any
vector — and in particular the vectors 2 and s, — transform to ﬁz = R;j); and Tjq = Rij Tjq-
This implies the matrix elements I;; after such a rotation differ from those before rotating by

a similarity transformation:
fij = Ry Ry, or, in matrix form, I=RIR". (4.1.16)

Like any real symmetric matrix there always exists an orthogonal similarity transforma-
tion, S, satisfying STS = SST = I, for which

71 00
SIST=|102Z, 0 is diagonal. (4.1.17)
0 0I5

Then eigenvectors of the matrix I and are called the principal axes of inertia and because
they are obtained by a rotation .S they are orthogonal. The basis vectors obtained by this
particular rotation, €; = S;;e;, provide a privileged reference frame in terms of which the
inertia tensor is diagonal and so is particular simple. This frame moves with the rigid body
and has an orientation adapted to the body’s shape, and so is called the body frame.

The diagonal elements (or eigenvalues) of the matrix I are called the principal moments
of inertia. Unlike the individual components I;; in some random reference frame, the princi-
pal moments are invariant under rotations and so can be regarded as intrinsic properties of
the rigid body. Physical properties are often simplest when expressed in terms of the prin-
cipal axes. For instance the rotational kinetic energy is a particularly simple function of the
components €27, 29 and Q3 of € in this frame since (4.1.17) allows (4.1.7) to be written

Erot = %(Il Q+1,05+ 1 Qg) (4.1.18)

The definitions of the principal moments imply that no principal moment can be larger

than the sum of the other two principal moments:

T <Io+13, Io<ITi+7Z3 and I3<T1+1I,. (4.1.19)
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This is most easily seen by specializing (4.1.8) to coordinates that are aligned with the prin-
cipal axes of inertia. In this case the agreement of (4.1.9) with the diagonal form (4.1.17)
shows that

=% m, (;ega +5c§a) =Y m, (;&%a +;@§a) and Ty = m, (:&%a +:@§a) (4.1.20)
a a a

(where the hats on Z;, are meant as reminders that these expressions only holds when the
coordinates are adapted to the principal axes of inertia). In particular, eqs. (4.1.20) imply
T+ I =Y, ma(23, + 23, +233,) > Ty = >, ma(2?, + £3,) (and similarly for the other
pairs of sums of Z;’s).

The more asymmetrical an object is the more the principal moments differ from one

another, motivating the definitions:

e Spherical top: a rigid body with three equal principal moments: Z; = Zo = Z3. This
is the most symmetric situation because in this case the inertia tensor is proportional
to the unit matrix and so is diagonal in any reference frame. Any choice of orthogonal

basis vectors is in this case forms a principal axis.

€3

Figure 13. Example of a spherical top.

e Symmetrical top: a rigid body for which 7y = 7y # Z3. In this case the choice of
principal axes is again not unique because an arbitrary rotation in the 1-2 plane does
not change the diagonal form of I;;. This is what would be expected for an object with
an axis of rotational symmetry, though complete cylindrical symmetry is not required
because invariance under any discrete rotations except 180° about a fixed axis suffice

to imply I; = Is.

o Asymmetric top: a rigid body where all three principle moments have different values.

This is the generic case.

Computing [;;

Since the inertia tensor plays such an important role in rigid-body motion it is worth pausing

to describe in more detail how it is in practice computed. Once given a rigid body’s shape
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€3

€3

I < I3 I > I3

Figure 14. Examples of a symmetrical tops. These examples differ in the relative size of I; and I3.

&
4

A

Figure 15. Example of an asymmetrical top.

there are two steps required to compute I;;. First one finds the position of the centre of mass
and then one performs the sum in (4.1.8) (or the integral in (4.1.15)).

This calculation is much simpler if the rigid body’s mass is distributed symmetrically. For
instance, if the body has a symmetry of reflection about a plane then the centre of mass and
two of the principal axes must lie in this plane, with the other principal axis perpendicular
to this plane.

A special case of an object with this kind of reflection symmetry is a planar object
for which all of the atoms lie in a plane, in which case we may choose the principal axis

perpendicular to be the 3 direction so that #3, = 0 for all atoms. Then expressions (4.1.20)

imply

I, = Zmaa?%a, Iy = Zmai‘%a and I3 = Zma(ﬁa +23,) (planar) (4.1.21)
a a a

and so for planar objects Zg = Z; + Zo.

Another useful special case is the situation when an object is effectively one-dimensional:
all atoms are lie along a single line. Such an object is called a rotor. Since this is a special
case of a cylindrically symmetric situation two of the principal moments must be equal. Since
it is also a special case of a planar object one of the principal moments should also be the
sum of the other two. Choosing the atoms to lie along the 1 direction implies o, = %3, = 0
and so (4.1.20) implies

Ty=0, Ty=TI3=)» mad}, (rotor), (4.1.22)
a

— 81 —



which clearly does have two equal principal moments and satisfies Z3 = Z; +Zs. The vanishing
of 7, expresses that there is no meaning to rotations about the line along which the atoms
lie.

Worked example: Moment of inertia two small massive objects separated by a
fixed distance

Consider the special case that all of the atoms of a rotor are crammed into two objects, A and B, of
negligible size and masses
MA:Zma and MB=Zmb, (4.1.23)
acA beB

separated by a distance L. Then the centre of mass is located on the line connecting bodies A and B
at a distance R, from A and a distance Ry from B, so R, + R = L and M,R, = MzR;. Solving
for R, and Ry implies R, = MzL/M and Rz = M,L/M where M = M, + Mp.

Choosing the line between the bodies to be the 1 direction we know from (4.1.22) that Z; = 0
and the other two principal moments share the common value

M, MyL?
7 "2 2 2 _ MaMpL™ oo
Iy =13 = ga MeEi, ~ MAR% + MgR; = L =plL*, (4.1.24)

where the approximate equality uses the negligible size of each body to write &1, ~ R, for all a € A
and #1, ~ Rp for all a € B. The final equality uses the definition (1.2.9) of the reduced mass, p, of
two bodies.

Worked example: Moment of inertia of a water molecule

Consider a water molecule, HoO, consisting of two H atoms separated from an O atom by a distance
. The angle between the two H-O bonds is 6 ~ 105° (see Fig. 16). What is the moment of inertia of
the molecule assuming the O atom has mass M and the H atoms have mass m and that the size of
the atoms can be neglected?

Figure 16. Sketch of a water molecule with two bonds of length ¢ separated by an angle 6 ~ 105°.

Because this is a special case of a planar system we can choose the plane defined by the atoms to
be perpendicular to the third principal axis, in which case (4.1.21) implies Z3 = Z; +Z. Furthermore,
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the reflection symmetry of the molecule within the 1-2 plane about the line midway between the two
H atoms passing through the O atom (the vertical direction in Fig. 16) implies the other two principal
axes lie perpendicular to this reflection plane (call this principal moment Z;) and parallel to it (call

this principal moment Z5).

[4
2

is the perpendicular distance to each H atom measured from the line of reflection symmetry. This

The principal moment Z; then is given by Z; = 2ma? where m is the H atom’s mass and = £sin

gives

0
T, = 2mf?sin® o (4.1.25)

The principle moment Z, is given by Zp = My2 + 2my? where M is the mass of the O atom
and y denotes the vertical distance from the centre of mass to each of the two types of atoms. These
satisfy yo + yu = Kcosg and My, = 2myy, from which we infer y, = 2mfcos g/(M + 2m) and
yu = Mlcos & /(M + 2m), leading to

2mM (2 9
Ty = ——— cos® —. 4.1.2
2T Myom 2 (4.1.26)
Planarity then implies
Ty = T4 To—2me? (1— 2" o2 ! (4.1.27)
soT R M+ 2m 2/ o
* * *

Worked example: Moment of inertia of a uniform density rectangular parallelip-
iped with sides of length a, b and c.

Consider next a rigid body with the shape of a rectangular parallelipiped with sides of length a, b and
¢ (see Fig. 17. The volume of such an object is V' = abe. If its mass is M and its mass density, p, is
constant then p = M/V = M/(abc).

a

C

Figure 17. Sketch of a rigid parallelipiped whose sides have length a, b and c.

The symmetry of the problem implies the centre of mass sits at the object’s geometrical centre,
which is half-way along each side from any corner. The principal axes of inertia are also parallel to the
sides of the parallelipiped, which we take to define the x, y and z axes (with the origin at the centre of
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mass). With these assumptions the expression for the moment of inertia tensor is found using (4.1.15),
which in the present instance becomes

a/2 b/2 c/2
I = / dx/ dy/ dz p[éij (22 + >+ 2%) -y :(;j] . (4.1.28)
—a/2 —b/2 —c/2

As expected I;; = 0 if i # j because the result is proportional to the integral f_aﬁQ xdx =0 (or its
counterpart in the y or z direction). The diagonal elements are

I, =1 M /2d /b/zd/C/Qd (y* + 2%) M(b2+2) (4.1.29)
=y = — T p Y z (y z2°) = — c’), 1.
! abe J_as2 —b/2 —c/2 12
and similarly o o
Ty =1, = E(a2 +¢?)  and  I3:=1.= E(a"’ +0?). (4.1.30)
* * *

Exercise 4.1: Show that the principal moments of inertia of a uniform sphere of

mass M and radius a are

I1 =T, =TIy =2 Md®. (4.1.31)

Exercise 4.2: Show that the principal moments of inertia of a circular cylinder

of mass M, radius a and height h are
Ty =T, = iM(a®+ §0?) and Ty =} Ma?, (4.1.32)

where the axis of the cylinder is taken to lie along the 3 direction.

Exercise 4.3: Show that the centre of mass of a uniform cone of base radius
a and height h lies a distance %h from the cone’s tip. Show that the principal

moments of inertia of such a circular cone of mass M are
T =Ty = $M(a®+1h%) and Ty = Ma?, (4.1.33)

where the axis of the cone is taken to lie along the 3 direction.

Exercise 4.4: Show that the principal moments of a uniform ellipsoid with mass
M and semi-axes a, b and ¢ are
L=iM(PP+) L=1iM(a®+) and Ty=1M(a®+8%), (41.34)

where the axes of the ellipsoid are taken to lie along the 1, 2 and 3 directions.
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4.1.3 Angular Momentum

For later purposes it is also useful to express the angular momentum in terms of the angular
velocity €, where the angular momentum J is computed relative to the origin of coordinates
(which is not assumed to be the rigid body’s centre of mass). Writing r, = R + s, in the
definition (1.4.8) gives:

J:Zmaraxva:Rmeava—i—M (4.1.35)
a a

where the first term can be written
L:=RxP=MRxR (4.1.36)

where P = )" m,v, = MV is the centre of mass momentum, and so represents the ‘orbital’
angular momentum due to the overall motion of the body’s centre of mass.

The second term, M, of (4.1.35) is the ‘intrinsic’ angular momentum associated with the
rigid body’s rotation about its own centre of mass, and is given by

M::Zmasa X Vg = Zmasa X (V—i—ﬂxsa) :Zmasa X (Q xsa)
S [0 (s )s)] (4.7

where the second equality of the first line uses (4.1.4) to eliminate v, in terms of the centre-
of-mass velocity V and the velocity € x s, due to rotation around the centre of mass and
the third equality of the first line uses the identity ) mqas, = 0 (see eq. (1.4.4)) to drop the
term involving V. The second line follows after using the vector identity (A.3.14) and shows
how M is in general not parallel to €.

Eq. (4.1.37) also shows the components of M are linearly related to the components of
Q. and the matrix that appears in this linear relation is one that we have seen before: the

moment of inertia tensor defined in (4.1.8). That is, in components (4.1.37) states
M; = I;;);  which in matrix form becomes M =1€2. (4.1.38)

These expressions allow eq. (4.1.7) for the rotational kinetic energy to be rewritten
By =39 M. (4.1.39)

Although M is in general not parallel to €2 there are a few specific situations where they
can be parallel. For a generically shaped object this happens if the rotation axis is parallel
to one of the principal axes of inertia (i.e. it is parallel to an eigenvector of the matrix I).
In this case I = Z 2 with eigenvalue Z and so the angular momentum becomes M = Z (2,
which is parallel to €2 as claimed.

For a spherical top (for which I;; = Z;; is proportional to the unit matrix) it is true
that every direction is a principal axis and so M is always parallel to €2, regardless of the
direction of €.

,85,



4.2 Rotation not about the centre of mass

To this point we have seen that an infinitesimal rotation defines a direction d¢, in terms of
which we define the instantaneous angular velocity € = limg; 0 0¢p/dt. But a in infinitesimal
rotation contains more than just a direction: it also defines a line of points — the rotation’s
axis — about which an object pivots and so whose atom’s do not move at all during the
rotation.

We have also seen that the general motion of a rigid body can be regarded as instanta-
neously being a combination of the translation of the centre of mass plus a rotation about the
centre of mass, and because of this we have considered only rotation axes that at any given
instant pass through the object’s centre of mass. This section extends the discussion of the
kinematics of rotation to the often useful situation when the axis of rotation is not restricted
in this way.

To this end, suppose we go back and repeat the arguments leading to eq. (4.1.4) (repeated
here for ease of reference)

v=V+Qxs, (4.2.1)

but this time compare v for the same point to the velocity V' and angular velocity € for
rotations relative to a reference point O that also moves with the body but is displaced from
the centre of mass by an amount a.

In this case r = R’ +s’, where R’ = R +a is the position of O’ and s’ is the position r as
seen by an observer using O’ as the origin of coordinates. The same argument made in §4.1.1

then implies the velocities and angular velocity measured in this new frame are related by
v=V' + Q' x¢. (4.2.2)

where V' = dR//dt is the velocity of O" and Q' = d¢’/dt is the angular velocity for the
rotation ds’ = d¢’ x s’ about O’. We do not assume that Q' is the same as the angular
velocity € for the observer at the centre of mass. We wish to compute what €' is relative to
Q.

To do so notice that on one hand O’ is just another point on the rigid body and as a
result its velocity V' must also satisfy (4.2.1):

V =V4+Qxa, (4.2.3)

where a is the displacement of O’ relative to the body’s centre of mass. But since O’ is
displaced from the centre of mass by a fixed vector a then s = s’ + a, which when used in
(4.2.1) implies

v=V+Qx(s+a). (4.2.4)

Comparing this with (4.2.2) and using (4.2.3) gives the answer we seek:

Q' =Q. (4.2.5)
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We see in this way that the instantaneous angular rotation of a system of coordinates
fixed to move with the rigid body is the same regardless of the origin about which the rotation
1s measured. In that sense the angular velocity € can be regarded to be a property of the
body, much like the centre of mass velocity V (but unlike the instantaneous velocity v of any
particular point of the body).

It can sometimes happen that the motion v can be regarded as a pure rotation relative
to some position O'. In particular if it happens to be true at some instant that V- = 0
(i.e. they are perpendicular) then (4.1.4) shows that v-€ = 0 is also true for the instantaneous
velocity of any point on the body. The converse is also true: if there is a point for which
v - Q = 0 then (4.1.4) shows it is also true for V and so must be true for the velocity for
all points on the rigid body. In this case because V - £ = 0 there must always exist a b
such that V. = —Q x b. Consequently the reference point O’ displaced from the centre of
mass by b (that possibly might not lie inside the body) has a velocity that vanishes because
(4.2.3) implies V' = V+ Q x b = 0. Eq. (4.2.2) together with (4.2.5) then imply the velocity
relative to this frame is v = © x s’: that is to say there is a frame within which the motion
is instantaneously a pure rotation.

A similar argument in the case where V and €2 are not orthogonal shows that a frame can
be chosen for which V and € are parallel and so the motion is instantaneously a combination

of a rotation about some axis together with a translation along that same axis.

4.2.1 Moments of Inertia for Displaced Axes

The quantities V' and © provide an alternative six velocity components needed to describe
rigid-body motion, though they are often less convenient because in general )" mgs, # 0
(unlike for displacements s, relative to the centre of mass) and so expressions like (4.1.5) and
(4.1.6) for the kinetic energy need not cleanly divide up into contributions from V' and Q
separately.

But some problems involve objects rotating about axes that do not pass through their
centre of mass, and for which the various forces in the problem hold the axis fixed (so V' = 0).
In this case it does not matter that the kinetic energy is not just a sum of a V’-dependent
piece and and a Q-dependent piece, and it can be useful to work in a more general reference

frame. In such a case the kinetic energy is again quadratic in the components €;:
2
Erot = 5 Y ma(8)2=13"m, (Q X s’) — 1100, (4.2.6)
a a

where

L= _ma [%’ CAREE wfw-] : (4.2.7)

The momentum of inertia tensor I/ j about a point displaced relative to the centre of mass

by a can be related to the moment of inertia tensor I;; for rotations through the centre of mass
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since direct use of the definitions together with s, = s, + a and the property > mgs, = 0
shows that

Iy = L + M |58 — aiay] (4.2.8)
where (as usual) M = ) m,. This expression can be useful, particularly if I{j is easier to

compute than I;;.

Worked example: Moment of inertia of a uniform density rectangular parallelip-

iped computed relative to one of the corners.

For the rectangular rigid body with sides of length a, b and ¢ shown in Fig. 17 we can compute the
moment of inertia tensor [;; relative to one of the corners rather than the centre of mass.

In this case the problem below eq. (4.1.27) gives the moment of inertia relative to the centre of
mass in rectangular coordinates adapted to the symmetry axes of the body:

Iy Iwy Iy M b? + c? 0 0
I= |1y Iyy Iy | = D) 0 a?>+c¢2 0 . (4.2.9)
Ly Ly I.. 0 0 a®+0b?
The displacement vector from the centre of mass to one of the corners is
a— %(aem+bey+cez>, (4.2.10)
and so
1 b2 +c? —ab —ac
{5ija2 - aiaj} =1 —ab a*+c*  —be . (4.2.11)
—ac  —bc a®+v?
Therefore eq. (4.2.8) evaluates to
Los Ig’gy I, %(b2 +c?) —iab —iac
U= |11, I, | =M| —jab $(a®+¢*) —jbe . (4.2.12)
I, I, I, —sac —3bc  3(a® +b?)

These expressions become the standard result from elementary mechanics for a uniform rod of
mass M and length L in the limit that b — 0 and ¢ — 0 with a — L and M fixed. For instance the
moment moment of inertia is J = I, = I, = 1—12M L? for rotations about an axis perpendicular to
the rod, passing through its centre of mass, but is 7' = I, , = I} | = %ML2 for rotations about an axis
perpendicular to the rod’s endpoint.

Exercise 4.5: Show by direct integration that the principal moments of inertia
of a circular cone of mass M, base radius a and height h when taken about the
point at the tip of the cone are

T =T, = gM(h2 n ia2) and T, =3 Ma?, (4.2.13)

where the axis of the cone is taken to lie along the 3 direction. Verify that this
satisfies (4.2.8) when compared with the result (4.1.33) evaluated about the centre

of mass.
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4.3 Dynamics of Isolated Rigid Bodies

The next step is to describe how the position and rotation of a rigid body responds to
applied forces. At one level things are particularly simple for rigid bodies: only six degrees of
freedom are needed to completely describe their motion and so only six equations of motion are
required to predict how they move. These are conveniently given by the equations expressing
conservation of linear and angular momentum.
That is, the general expression for the motion of the centre of mass goes back to eq. (1.3.3),
which states
P =F2¢, (4.3.1)

where P = MV is the rigid body’s total linear momentum and F{ is the sum of all of the

external forces acting on it. Conveniently — as argued at length in §1.3.1 — internal interatomic
forces cancel out in this expression and so play no role in the evolution of R.
The corresponding evolution equation for the angular degrees of freedom are those given
in (1.4.9), which state
J =7 et (4.3.2)

where
T =3 (ra— 1) x Fop and 758 =Y 1, x OO (4.3.3)
a>b a
respectively are the net torques due to the internal and externally applied forces. If in-
11 (

teratomic forces all come from rotation-invariant laws of physics™ (as all current evidence

suggests they should) we know from Noether’s theorem — c.f. §2.3.3 — that angular momentum

must be conserved for isolated bodies and so the net internal torque 72t must vanish, leaving

J =7t (4.3.4)

Both (4.3.1) and (4.3.4) are necessarily written in an inertial frame (which in particular
cannot be the rotating body frame that moves with the rigid body). All torques and angular
momenta are computed relative to the body’s centre of mass.

In this section we restrict to the case of isolated rigid bodies and so temporarily assume

Ft = 730 = 0, returning to the more general case in later sections.

4.3.1 View from an Inertial Frame

In the absence of external forces the centre of mass does not accelerate and so moves with a
constant velocity. Since the focus here is on the rotational motion there is no loss of generality
in choosing an inertial frame for which the centre of mass does not move, in which case the

body’s only angular momentum is the intrinsic angular momentum: J = M (compare with

1This includes, but is not restricted to, central forces like Coulomb’s law, for which each term in the sum

in 7% separately vanishes.
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the general case, (4.1.35)). In situations where the rigid body moves in complicated ways we
imagine choosing the inertial frame to be instantaneously at rest relative to the rigid body,
with axes instantaneously aligned with body frame bases (such as the principal axes).

With these assumptions (4.3.4) implies

M =0, (4.3.5)
whose implications we seek for the body’s angular motion around its centre of mass. Clearly
M is constant in an inertial frame. It is tempting to argue that because M = 1€ the
instantaneous angular velocity €2 must also be constant, but this is in general not true.

The fallacy in this argument lies in the assumption that I;; cannot change in time in the
inertial frame. Although the rigidity of a rigid body does ensure that the components fij of
the inertia tensor are time-independent when expressed in terms of body axes that move with
the object, it in general does not ensure I;; remains constant in the inertial frame because the
boundaries of the object generically move in this frame as the object rotates. (For instance
for a rod rotating about its centre of mass in the x-y plane the components I, and I, are
different when the rod is parallel to the x axis from what they are when the rod is parallel to
the y axis.)

Alternatively, the time dependence in an inertial frame is given by a time-dependent
rotation: I;;(t) = Rim(t) Lnn Rjn(t) — or equivalently I(t) = R(t)TR(t) for some rotation
matrix R(t), where fij are the time-independent elements of the inertia tensor computed in
a frame that moves with the rigid body. But this means that the eigenvalues, Z;, of I;;(t)
must remain time-independent even as I;;(t) varies with time in an inertial frame. To see
why notice that under a rotation I(£) = R(t) I R”(t) and a vector transforms as u(t) = R(t) 1,
and so I(¢)u(t) = R(¢) 11 and so the eigenvalue condition

fij uj =7Zu; becomes Ijjuj=7ZTu;, (4.3.6)
after a rotation with the eigenvalue Z unchanged.

So the motion implied by M = 0 need not be as boring as one might have thought because
it can allow €(t) to depend on time. Conservation of kinetic energy K = %Q - M then shows
that if €2 does evolve it does so with a fixed dot product with M.

Spherical Top

In the special case of a spherical top all three principal moments of inertia are equal: Z; =
Iy = 13 = I. Because the eigenvalues of I;; are frame-independent they must also be time-
independent because I;; is time-independent in a ‘body’ frame that moves with the rigid body.
It follows that in this case M = Z €2 in any frame and so M and €2 are parallel at all times,
where € defines the axis of rotation passing through the body’s centre of mass.

In this case €2 must also be a constant vector and so the rotation axis points in a fixed

direction with a constant angular speed. In the absence of external forces a spinning sphere
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just sits there spinning at constant angular speed with its rotation axis pointed in a fixed
spatial direction. The stability of this type of rotaional motion is the underlying fact behind
gyroscope design.

Rotation about a Principal Axis

There is a special case where more asymmetric objects move just as simply as do spherical
tops: when the rotation axis is chosen to be one of the body’s principal axes.

Suppose we work in an inertial frame and €2(¢g) is chosen initially parallel to one of the
eigenvectors of I;;(tp) at that time. If Z, is the corresponding eigenvalue — which, as argued
above, must be time-independent — then the angular momentum at this initial time is

M;(to) = 1ij(t0)$2;(t0) = L8 (to) , (4.3.7)

so M is also parallel to the same principal direction (and so is parallel to the same eigenvector
of Iij.

But time evolution of the system is found by rotating it using the matrix R(t) whose
instantaneous angular velocity is €2 (we see in more detail how R(¢) and €2 are related to one
another in §4.4). This rotation does not alter the eigenvalue condition Z;; M; = Z, M;, which
is basis independent, so the solution to M = 0 is to have Q(t) to remain parallel to the same
principal axis for all time, and so (4.3.7) remains true for all ¢.

The argument does not depend on which principal axis was used so if any rigid body is
initially spun about any principal axis then €2 is constant and the body rotates at constant
angular speed about this axis, with a fixed direction in space.

Symmetric Top

The story is more interesting when less symmetrical objects are initially spun about axes
that are not aligned with a principal axis. To explore this in more detail consider first a
symmetric top, for which only two principal moments of inertia are equal. In what follows we
denote the body’s principal axes by €;(¢) and choose the labels i = 1,2, 3 in such a way that
T1 = Iy # I3, so é3 points along the symmetry axis in cases where the object is cylindrically
symmetric. Because €2 is not initially chosen to lie along one of the principal axes it must
have a component both parallel to the symmetry axis and a component perpendicular to it.

Some useful conclusions follow directly from conservation of energy and angular momen-
tum. These imply that M and M - 2 are both time independent in an inertial frame. Recall
also that rotational scalars like |[M| and M- Q are frame independent, so both [M| and M - 2
must also be time-independent in the body frame. The principal moments Z; and Z3 are also
time-independent, and these facts allow some inferences to be drawn about the components
of € in the body frame.

To see why, start with the general relation (4.1.38) evaluated in the body frame:

Q=01&1 + Qe+ 0363 andso M =1 (Ql e+ Oy éz) + I3 Q3 é3, (438)
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where the expression for M uses the symmetric-top result Z; = Zo. The constant values for
|M|? =72 (Q% + Q%) +Z303 and M- Q = T4 (Q% + Q%) + Z303 therefore imply

Q3 and Q% :=Q? + Q3 are both time-independent. (4.3.9)

From this it follows that M3 = Z3Q3 and |2| are also both time-independent. Finally, time-
independence of || and M - Q = |M||Q2] cos ¢ together imply that the angle ¢ between M
and (2 is time-independent. Similarly the angle ¥ between M and €3 is also independent since
M - é3 = M3 = |M|cos?.

Q1 and €29 are not themselves separately time-independent, however, and this can most
easily be seen by making a convenient choice for the body frame axes (which are not uniquely
defined because the condition Z; = Zs means any two perpendicular directions in the 1-2 plane
are principal axes). Although it is tempting to try to choose the principal axes €1(t) and éx(t)
so that éx(t) is aways perpendicular to €2, this cannot be done if € moves in the body frame
(as it in general does, as it turns out). But we can arrange Q(t) to be perpendicular to €9
at any particular instant in time, if we keep in mind that € and é- in general will not stay
perpendicular as time evolves.

At an instant where € is perpendicular to &3 egs. (4.3.8) simplify to

Q=011 +0Q3e3 andso M =710 ¢é +7I303¢e;3, (4.3.10)

which shows that all three of M, €2 and és are coplanar at this instant. Because the instant
chosen was arbitrary these three vectors must be coplanar at all times. To understand how
the symmetric top moves in the inertial frame it is useful to focus our attention on those
atoms that lie along the symmetry axis of the body, for which s,is x €3. The velocity for
any atom that sits on the symmetry axis is given in the rest frame of the centre of mass by

(4.2.1), which in this instance becomes
Vaxis(t) = Saxis(t) = Q(f) X Saxis(t) . (4.3.11)

Expression (4.3.11) would have vanished if € had been parallel to the symmetry axis,
but it instead now is the equation for circular motion — see e.g. eq. (3.2.5) — and so shows
that each point of the symmetry axis has a velocity that is instantaneously perpendicular to
the plane containing €2, M and s,yis o< €3. This means any point on the symmetry axis traces
out a circle in the plane perpendicular to M, as illustrated in Fig. 18: in the inertial frame
the vector é3(t) precesses about the direction of M.

The upshot is the direction €3(t) in the inertial frame does not point in a fixed direction
(when M and € are not parallel). It instead changes direction with time as the axis of
symmetry of the symmetric top precesses about the direction of M. Because M, Q2 and é3
must all be coplanar this means that 2 must also precess around M with the same angular
speed as eé3. That is,

Q(t) =aM+ beés(t) (4.3.12)
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Figure 18. Procession of an isolated symmetrical top.

for some a and b. Comparing this with (4.3.8) implies

1 (I — I3)M3 (Il —Is) Q
— 5.

a=— and b=

_ 4.3.13
7 1113 ( )

In particular, both a and b are constants.

The precession velocity is found by using (4.3.12) in (4.3.11), and using the kinematics
of circular motion. For a point on the axis a distance ¢ from the centre of mass we have
Saxis(t) = £ €3(t) and so (4.3.12) with (4.3.11) together give

IMsin ¢

) 14 .
Vaxis +=— |saxis(t)| =/(Q, = E|M X e3<t)‘ = 7 )

(4.3.14)
which uses the definition (4.3.9) for ©, and denotes M := |[M]| while ¥ is the time-independent
angle between M and €3. We see that a point on the symmetry axis a distance ¢ from
the centre of mass moves in a circle of radius rays = £sin® with constant speed vayis =

(M sind/Z; and so its angular speed is

Qpr = ==, (4.3.15)

4.3.2 FEuler’s Equations

Part of what made the above discussion of precession cumbersome was an underlying tension
between the simplicity of Newton’s laws in an inertial frame and the simplicity of the prop-
erties of the rigid body — like its principal axes and time-dependence of I;; — when expressed
in a frame that moves with the object’s motion.

This suggests re-examining the problem to see if it is easier using a body-centred frame.
The key step for doing so is eq. (3.2.4) (repeated for convenience here)

dX  9X

= O xX. 4.3.1
T 8t+ X (4.3.16)
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that expresses the rate of change dX/dt of an arbitrary vector X as seen in an inertial frame in
terms of the rate of change 90X /0t seen in a reference frame that rotates with an instantaneous
angular velocity Q. When applied to the angular momentum M — for which dM/dt = 0 in
an inertial frame — this implies the evolution of M for an isolated rigid body becomes

oM

T+ QX M=0. 4.3.17
5 TR ( )

once expressed in a rotating body frame.

A great advantage of a body frame is the components I;; are time-independent (for a
rigid body) and so M can be eliminated to give an evolution equation involving only €2.
This is simplest if evaluated using a body reference frame that is adapted to the rigid body’s

principal moments, in which case

Ilaagil + (Ig — IQ)QQQ3 =0 (4318&)
Q

Igaat? (T — T5)0 Q3 = 0 (4.3.18b)
Q).

1388; (T — )00 =0, (4.3.18¢)

a set of equations called FEuler’s equations for an isolated rigid body. We next use these to
reproduce the discussion given above for the evolution of rigid bodies with differing amounts

of symmetry.

Spherical Top

The most symmetric example is the spherical top, for which 7y = Zo = Z3 = Z and so
egs. (4.3.18) reduce to the statements that the components of angular velocity in the principal
basis are constants:

o 00y 003

% - o - o =0 (spherical top). (4.3.19)

The angular velocity vector €2 therefore points in a constant direction relative to the axes
that rotate with the rigid body. Using 0€2/0t = 0 in (4.3.16) applied to X = Q then implies

d€2/dt = 0, in agreement with the earlier result.

Rotation about a Principal Axis

Another simple situation is the case where the rigid body need not be symmetric but the
rotation is initially chosen to be along one of the principal axes. (We choose it here to be &;
for the sake of argument, but the argument is the same for either of the others.)

If Q9 = Q3 = 0 and ©Q; = w at an initial time ¢ = tp then eqgs. (4.3.18) show that
09;/0t = 0 for all three angular velocity components at this time as well. This ensures that
the initial values do not change and so 2o = Q3 = 0 for all time and ; = w for all times.
This reproduces our earlier findings that an arbitrary rigid body initially rotated about one of
the principal axes produces a constant angular velocity that remains along the same principal

axis for all times.
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Symmetric Top

For a symmetric top only two of the principal moments are equal, which we choose to be
Ty = Iy # I3, so €3 is the top’s symmetry axis. In this case egs. (4.3.18) reduce to:

o0 o0
Ila—tl (T3 — 71003 =0, Ila—j +(T) — T5)U Q3 =0, (4.3.20)
and 50
T3—2 =0. 4.3.21
T ( )

Equation (4.3.21) tells us the rotation rate about the symmetry direction, €23, is constant.
Using this in egs. (4.3.20) then gives a pair of coupled linear equations that can be decoupled
by using the second one to eliminate 92 /Jt in terms of €:

08y
— =w 4.3.22
VLR ( )
where I T
w::< 5 1)93. (4.3.23)
7y

Plugging (4.3.22) into the time derivative of the first of equations (4.3.20) gives an evolution
equation involving €2y alone:
0%
ot?

This is the equation of a simple harmonic oscillator and so it has general solution

+w?Q; =0. (4.3.24)

Q1(t) = A cos(wt +9), (4.3.25)
where A and § are integration constants. Using this in (4.3.22) then gives
Qy(t) = A sin(wt 4 9),, (4.3.26)

where a third integration constant must be chosen to vanish in order to satisfy the first of
egs. (4.3.20).
Combining all components the body-frame form of the rotation vector is

Q=A [cos(m) &, + sin(wt) éQ] +Ose;, (4.3.27)

where we choose our basis so that €y is orthogonal to € at the initial time (which we choose
to be at to = 0). Comparing to earlier sections then shows that A% = QF + Q% = Q2. The

corresponding angular momentum is then
M=MWTZ [cos(wt) €1 + sin(wt) é2:| + 7503 €3, (4.3.28)

and so
M- Q=707+ 7305 and M? =70 + 7303, (4.3.29)
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and (compare with (4.3.12) and (4.3.13))

Q

M (T,-T
+(1 3

M
- Qe =— —wes. 4.3.
Il Il ) 3 €3 Il wes ( 330)

This is the body-frame version of what we found for the inertial frame in §4.3.1 (with
somewhat more effort). In the inertial frame we saw that M is fixed and € precesses around
it with frequency w. The body’s symmetry axis also precesses about M so that all three
directions remain coplanar for all times. In the body frame the principal directions define
the natural basis vectors and these remain unchanged in time. In particular the symmetry
direction is fixed because it is one of the principal axes. Relative to this frame {2 precesses
about the symmetry axis but in the opposite direction from what was found in the inertial
frame. M does so as well. This apparent evolution of M in the body frame is not inconsistent

with conservation of M because of eq. (4.3.17). The pictures in the two frames agree.

Asymmetric Top

The equations of motion for an asymmetric top can be approached in a similar way, starting
from (4.3.18). Although the solution in the general case is more complicated in this section we
start by exploring evolution that is close to a simple case: rotation along one of the principal
axes. A motivation for doing so is to study the stability of these simplest solutions.

We start with rotations that are close to but not exactly about the symmetry axis es.
To this end we write Q3 = Q + w3 (t), Q2 = wa(t) and Q) = wy(t) where the w;’s are all much
smaller than the constant value 2. Because they are small we Taylor expand egs. (4.3.18) in
powers of w; and keep only the leading (linear) term. This leads to the following approximate

evolution equations:

0 0
Zl% + (Ig — IQ)OJQQ ~0, IZ% + (Il — Ig)le ~0, (4331)

together with 73 dws /0t ~ 0. The last of these implies ws is a constant which can be absorbed
into © (which allows us to take ws = 0).

Differentiating the first equation and using the second one to eliminate dws /0t (or using
the same type of argument to derive an equation involving only wy) then shows that y = wy (¢)
and y = wo(t) must both solve the equation

&y (Zs — I»)(Zs — Th)

2 +vy=0 where v:= 1.5 02, (4.3.32)

This has oscillatory solutions y = Asin(At + ¢) — with integration constants A and ¢ — if
v = A2 > 0. But it instead has non-oscillatory exponential solutions y = Ae 4+ Be ™ if
v=-\<0.

The v > 0 case corresponds to oscillations about a stable solution and the v < 0 case

describes the exponential departure from an unstable solution. We see from this that if 73 is
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either the largest or the smallest of the three principal moments then a small perturbation
away from constant rotations about the symmetry axis és produces an angular velocity €2
that just precesses about a stable zeroeth order solution. But if Z3 is neither the largest or
the smallest eigenvalue then small perturbations start to evolve away from the unstable initial
rotation. Repeating the above arguments for perturbations about an initial rotation about
the é; or &, directions leads to the same conclusion: rotation about the principal axis for the
largest or smallest principal moment is stable but rotations about the middle-sized principal
moment is unstable. It is the existence of instability that suggests that evolution in general
can be fairly complicated.

4.3.3 The Poinsot construction

Returning to the full evolution equations, (4.3.18) provide a system of nonlinear differential
equations whose solution describes general rigid-body motion in the absence of applied forces
(or in the presence of forces if these apply no net torque). Although nonlinear these equations
admit several integrations because the energy and angular momentum are both conserved,
and this allows the problem of the free top to be reduced to quadratures, much as was the
case for the two-body problem of §1.2.1 with a central force.

The integrals involved are elliptic integrals and are not that illuminating about the physics
of what is going on, but there is a geometrical formulation — the Poinsot construction — that
makes some features of the motion easier to visualize. The starting point for this line of
thought is to interpret geometrically what the conservation laws for kinetic energy, K, and

for the magnitude of angular momentum, M = |M|, express:
2K = T103 + 103 + 1303 and M? =T2Q% + 1202 + 7203 . (4.3.33)

Both of these can be regarded as the equation of an ellipsoid in the three-dimensional space

whose coordinates are the €2;’s, as may be seen by writing them as

— — =1 .3.34
<2K>Ql+(2K>QZ+(2K>Qg , (4.3.34)
called the inertia ellipsoid, and
T? 73 73
(ﬁ) 0F + </\31> Q3 + (/&) Q=1. (4.3.35)

The point of this observation is this: the evolution of €;(t) can be thought of as being
inscribed within two ellipsoids, and so the motion that is traced out must lie on their inter-
section. It is convenient to label the principal axes so that Z; > Zo > T3, in which case ()3 is
in the direction of the longest axis of both ellipsoids and €2 is in the direction of the smallest
for both. Fig. 19 shows what the curves of intersection look like when drawn on the inertia
ellipsoid for various values of M.
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Figure 19. Illustration of the intersection of the two ellipsoids described by egs. (4.3.33). Figure
taken from Classical Dynamics (lecture notes by David Tong, found here).

What is noteworthy is the resulting trajectories — called polhode curves — trace closed
curves on the inertia ellipsoid and as a result the motion is periodic (as opposed to chaotic).
For motion very close to one of the principal directions the polhode curves are small circles
if they are close to either the largest or smallest axes of the ellipsoid (i.e. for the ©; and Q3
directions), corresponding to the oscillatory solutions found perturbatively in (4.3.32) when
v > 0. But when €2 points almost along the {29 axis they are crossed lines, corresponding to
the unstable solutions to (4.3.32) found above when v < 0.

4.4 Euler enters the chat (again)

To this point we have had much to say about the angular velocities appearing in rigid-body
motion but have had almost nothing to say about how to describe angular positions. This
section rectifies that, providing an explicit parameterization of an arbitrary finite rotation
R;;. Having explicit position coordinates is useful because it opens up the ability to use
Lagrangian methods as is useful when treating rigid bodies subject to nonzero external forces
and torques.

4.4.1 FEuler’s theorem

Before constructing a general rotation there is a side-issue to resolve that might otherwise be
bothersome: we know from explicit construction that rotations are described by orthogonal

matrices, since (for example) a rotation about the z, y or z axis by an angle # has the form

1 0 0 cosf 0 sinf cosf sinf 0
R,=10 cosf sinf |, R,= 0 1 0 or R,= | —sinf cosf 0],
0 —sinf cosf —sinf 0 cosf 0 0 1
(4.4.1)
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each of which is easily seen to be orthogonal. But how do we know that an orthogonal matrix
must be a rotation?

Strictly speaking they do not, since taking the determinant of RR" = I shows that
det R = £1. But rotations are continously connected to the identity transformation (which
has determinant 1) and so rotations all must have determinant equal to unity. But any orthog-
onal transformation with determinant —1 — what are called improper transformations — can
be obtained from those with determinant +1 - not surprisingly called proper transformations
— by multiplying by a specific matrix

~10 0
P=|o0-10|, (4.4.2)
0 0 —1

which implements a reflection in all three spatial directions (a transformation called parity).
So the more precise question is whether or not all 3 x 3 orthogonal matrices with unit de-
terminant are rotations about some axis. Orthogonal transformations with unit determinant
make up what is called the group of ‘special’ orthogonal matrices — or SO(3) for short — to
distinguish them from the generic O(3) group of 3 x 3 orthogonal matrices.

Euler’s theorem provides the answer: they are. This seems plausible because orthogo-
nality, RTR = I, provides a symmetric matrix’s worth of conditions on the 9 elements of a
generic real 3 x 3 matrix. Since a symmetric 3 X 3 matrix has six independent elements this
suggests SO(3) is a 9 — 6 = 3 parameter set of matrices, in agreement with the freedom to
rotate about each of three independent directions shown in (4.4.1).

But there is more to the argument than just counting parameters. Any rotation can be
written in the form (4.4.1) if we adapt the coordinate directions so that one of them lies along
the axis of rotation. We must show that any element of SO(3) can be written in this way.
This will always be possible if and only if the eigenvalues'? of the matrix are {1,¢% e~} so

we must think through the implications of the eigenvalue condition
Ru = \u, (4.4.3)

for orthogonal matrices.
The first thing to observe is that any eigenvalue of a unitary matrix must satisfy A = e*®

for some real a. This follows because Uu = Au implies

u'u = u'UTUu = |\?uu (wheneverUTU = 1), (4.4.4)

12 A square matrix M can always be diagonalized by a unitary transformation so long as it commutes with
its adjoint: MTM = MM (what is called a normal matrix), so in particular any real orthogonal matrix can
be diagonalized in this way. There is no guarantee the transformation that does so must be real and so also
there is no guarantee the eigenvalues must be real.
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and so |A| = 1. This result is also true in particular for orthogonal matrices, since these are
unitary. It also follows that any real eigenvalue of a unitary matrix must be +1.
The second thing to observe is that any eigenvalue A of R must satisfy the condition

det(R — AI) = 0, which for 3 x 3 matrices is a cubic polynomial in A with real coefficients:
AN+ N2+ esh 44 =0. (4.4.5)

But because the coefficients ¢; are real it follows that if A is an eigenvalue then its complex
conjugate A* must also be an eigenvalue. This means that at least one of the three eigenvalues
must be real. This same conclusion also follows because the left-hand side of (4.4.5) necessarily
changes sign at least once as A is taken from —oo to +0o through real values, since for large ||
its sign is dominated by the cubic term alone. We use the fact that at least one eigenvalue is
real together with the freedom to relabel the eigenvalues to ensure A3 = A3. It might happen
that a second eigenvalue is also real, but if it is then they all must be real.

The third thing to observe is that the product of eigenvalues is the determinant and so
the condition det R = 1 implies AjA2A3 = 1. First suppose all three eigenvalues are real. In
this case they must all be either +1 or —1. Since their product is +1 they are either all equal
A1 = A2 = A3 = +1 (in which case R is the unit matrix), or two of them are —1 and one is +1.
Either case is a special instance of {1, et e*ia}, either with # = 0 or § = 7. Alternatively, if
one eigenvalue is complex — say A\; = €'® — then we must have Ay = e** for the same a and
S0 M A2A3 = A3 = 1. This also agrees with {1,¢?, e}, with § = a.

These arguments show that any SO(3) matrix — i.e. those for which R"R = I and

det R = 1 — is necessarily a rotation about some axis.

4.4.2 Euler Angles

It is useful to have an explicit convention for how to label an arbitrary 3 x 3 rotation, and
Euler angles provide a convenient way to do so.® We choose the following product of the

matrices in (4.4.1):

cosy siny 0 1 0 0 cos¢p sing 0
R(0,¢,v) = | —sin) cosp 0 0 cosf sinf —sing cos¢ 0 (4.4.6)
0 0 1 0 —sinf cosf 0 0 1

cos¢cosp —cosfsingsiny  sin¢gcosyp + cosfcospsiny  sin b siny

= | —cos¢siny — cosfsin¢cosy — sin¢siny + cos b cos ¢ cos) sin @ cos P

sin @ sin ¢ —sin 6 cos ¢ cos 6

If the rotation takes (e.g. the inertial basis) {e;, ey, €.} to (e.g. the body frame basis)

{é1, €2, €3}, then the above convention his corresponds to doing so in three steps. First we

13Beware that not all definitions of Euler angles in the literature are exactly the same (though they are

equivalent to one another). So be sure of your conventions before lifting any formulae from books!
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rotate through an angle ¢ about the initial e, direction, arriving at an intermediate basis
{€], €}, e = e,}. Next we rotate through an angle 6 about the new axis €}, arriving at
a second intermediate basis {e] = €/, e}, e4}. Finally we rotate about the axis €4 in this
newest basis to reach the final frame {&;, é2,€3 = e4}. The last rotation does not undo the
first rotation because they are around different ‘2’ axes.

The idea is that any 3-dimensional rotation can be decomposed in this way, so we can
use the angles {6, ¢, 1} as a set of coordinates describing an arbitrary 3-dimensional rotation.
In particular we can use these angles as a function of time {0(t), ¢(t), 1 (t)} as a way to label
the orientation at any instant of a rigid body relative to a fixed frame that instantaneously
moves with the same position and velocity as the rigid body’s centre of mass at that instant.

In terms of Euler angles the body frame is given by €; = R;;e;, which using (4.4.6)

becomes

&1 = (cos¢pcostp — cosfsin¢psiny) e, + (sin g cosp + cos b cos psiny) e, +sinfsiny e,
€y = —(cos ¢sint + cosfsin ¢ cos 1)) e, + (—sin ¢ siny + cos b cos pcos ) e, + sinf cos e,

€3 = sinfsinge, —sinflcospe, + cosfe, . (4.4.7)
Inverting gives the inertial basis vectors in terms of the body frame: e; = Rj; €; and so

e, = —(cos ¢sin + cosfsin ¢ cos 1)) €1 + (cos ¢ cos ) — cos fsin psin 1)) & + sin fsin ¢ €3
ey, = (sin¢pcosp + cosf cos psiny) & + (—sin ¢ sin ) + cos 0 cos ¢ cos 1)) € — sin 6 cos ) €3

e, = sinfsiny é; + sinf cos ) &y + cosf és3 . (4.4.8)

In order to make contact with the previous sections we must obtain an expression for the
components of the body’s angular velocity € in terms of the derivatives 6, qu and 1/) This is
not done simply by differentiating R(¢) since the vector €2 is defined in terms of the matrix
A when we write R = I + A for rotations close to the identity transformation. To determine
how it is defined we go back to the definition of how R(t) is related to the motion of a point
P with position vector r(¢) somewhere on the rigid body. This can be expanded in either

inertial or body frames, with

r(t) =z(t)e, +y(t)e, + 2(t) e, (inertial frame) (4.4.9a)

=7I1€; (t) + T9 €9 (t) + I3 ég(t) (body frame) , (4.4.9b)

where 21, &2 and Z3 are the coordinate distances from P to the centre of mass (and so are
time-independent, though the basis vectors €;(t) depend on time) while x(t), y(t) and z(t)

describe the position of P relative to a time-independent inertial frame {e;,e,,e.}.

Writing the body-frame axis relative to the inertial frame as

él(t) = Rij (t) ej N (4.4.10)
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which also implies €; = R;;(t) €, we see that

This is to be compared with the expression (3.2.5) for the velocity vector for a point moving
in the body frame
r=Qxr= €kji Qjﬁ?i ék (4.4.12)

leading to the expression €;; ); = (RRT)”g and so
Qi = ek (RRT) i (4.4.13)

where (RRT)j;, = —(RR")y; follows'* from differentiating the condition RR” = I.

The hard way to compute €2 is to explicitly differentiate R and then use the result in
(4.4.13). Simpler is to use that € points in the direction of the axis about which the rotation
takes place and has magnitude given by the amount of angular change, and to recognize that
the 2’s for successive rotations simply add to one another if the rotations are infinitesimal.
It then follows from the definitions of the FKuler angles that

Q=de.+0e, +é3, (4.4.14)
where the vectors e, and €] are related to the body-frame axes &; by
€| =cosyé; —sinyé& and e, =sinfsiny & +sinfcoshéy + cosheés. (4.4.15)
Combining everything gives the desired expression for 2 in the body frame:
Q = (6 cosy) + ¢ sinfsineh)é; + (¢ sinfcosy) — O sinep) & + (Y + ¢ cosf) &3.  (4.4.16)
An identical argument gives € in the inertial frame, which replaces eqs. (4.4.15) with
€] =cos¢e; +singe, and €3 =sinfsinge, —sinfcospe, + cosbe,, (4.4.17)
and so the result for the angular momentum in the inertial frame is
Q = (6 cos ¢+ sinfsinp)e, + (—1h sinfcos ¢ + 0 sinp) e, + (¢ + 1 cosf)e,. (4.4.18)

Now that we have generalized coordinates we can write down the lagrangian describing
rigid body dynamics. The simplest starting point when doing so is an isolated system for
which there are no net forces or torques. When doing so it is most convenient to adapt the
body frame to align with the body’s principal axes. In this case eqs. (4.4.7) or (4.4.8) show

that e, - €3 = cosf and so 0 gives the direction of the body frame’s Z3 axis relative to e,.

YExplicitly: 0 = (d/dt)(RRT) = RRT + RR” = RR™ + (RR™)7.
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4.4.3 Lagrangian for an isolated rigid body

In the absence of applied forces and torques the Lagrangian is just the kinetic energy, L =

K= %Iij ;€2;, and so for coordinates adapted to the principal axes this becomes
L= %(L 024+ T, 02+ Ty Qg) (4.4.19)
=3 {11(9' cos ) + ¢ sin 0 sin h)? + Ty(¢ sinf cos ) — 0 sinh)? + Z3(¢h + ¢ C089)2:| .
The three generalized momenta are p, = dL/9¢*, which for this Lagrangian becomes

Py = Il(é costh + ¢ sin #sin ) cos ¥ —Ig(q.ﬁ sinf cosv — 0 sin ) sin ¢
= T11 cos ) — Tofdg sin (4.4.20a)
Py = Il(é costh + ¢ sin #sin ) sin 0 sin ¢ +I2(¢ sinf cosv — 0 sin 1)) sin 0 cos ¢
+ Z3(¢ + ¢ cos ) cos O
= 71Q1 sin 0 sin ) + Zos sin 0 cos ¥ + L33 cos 6 (4.4.20b)
Py = T3t + ¢ cos ) = T3, (4.4.20¢)

so the Euler-Lagrange equations p, = 0L/0q* then read

Py = Il(é cos b + ¢ sinfsin 1/1)q5 cos fsin ¢ (4.4.21)
+Ig(¢ sin 6 cos) — 0 sinw)cb cosf cosp — I3(¢ + ¢ cos 9)q§ sinf,

Dy = (T1 — To)( sin 6 cost) — 0 sin ) (¢ sin O sinty + 6 cosv)), (4.4.22)

and
Py =0. (4.4.23)

These equations show that ¢ is generically an ignorable coordinate, inasmuch as its equa-
tion of motion is a conservation law: py is time-independent. The corresponding symmetry is
¢ — ¢+ constant, which (4.4.6) shows amounts to a rotation about the e, axis. The general

arguments of §2.3 show that this corresponds to the component
pp=M.=e.-M (4.4.24)

of angular momentum.

Since we know angular momentum M is conserved for an isolated top when measured in
an inertial frame there is no loss of generality in adapting our inertial frame basis vectors so
that e, points in the same direction as does M. With this choice ps can be interpreted as
the total angular momentum, M = |M]| and then (4.4.17) shows that 6 can be interpreted as
the angle between M and the body axis es.
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4.4.4 Symmetric top revisited

Eq. (4.4.22) also becomes a conservation law when Z; = Z,, the case of a symmetric top. This
section specializes this example in more detail since results can then be compared with the
discussion in §4.3.1 and §4.3.2.

In the special case Z; = Z, the Lagrangian (4.4.19) reduces to

L=3T1(0% + ¢* sin® 0) + Z3(¢) + ¢ cos 9)2} , (4.4.25)

and so the three generalized momenta of (4.4.20) simplify to

po =110, pe =11 ¢ sin? 0 + Z3(¢ + ¢ cos ) cos 0 (4.4.26)
and
Py = Ig(w + (f) COS 9) = IgQg s (4.4.27)

with Euler-Lagrange equations
po = (I1 — I3)¢? sinfcos O — Tyt sinf  and  py = py = 0. (4.4.28)

In this case both ¢ and 1 are ignorable coordinates, whose equations of motion express
conservation laws. As mentioned earlier, shifts of ¢ correspond to rotations about the e,
axis, leading to the identification of ps with the component of angular momentum in the e,
direction in the inertial frame, and so py, = M = |M]| if we choose e, to point in the same
direction as M.

Shifts of ¥, on the other hand, correspond to rotations about the body-frame é3 axis, as
can be seen by inspecting (4.4.6), with conservation of py, corresponding to the conservation
of the component ]\/4\3 = &3 - M of angular momentum obtained by projecting onto the é3
axis. In §4.3.1 this conservation was used to conclude that the angular velocity, {23, about
the symmetry direction €3 must be constant, and eq. (4.4.27) shows that this conclusion also
follows from py, = 0 in the Lagrangian formulation.

Since both |M]| and é3 - M are constants it follows that the angle between M and é3 also
does not depend on time. But in the case where we choose e, parallel to M we know — see
the discussion below eq. (4.4.24) — that the coordinate 6 is the angle between M and é3 and
so it must be true that in this frame 6 is time-independent: § = 0. Eqs. (4.4.26) and (4.4.27)
then show that (;5 and w are also time-independent.

Finally, = 0 implies pp = 0 and setting pg = 0 in the evolution equation (4.4.28) gives
[(I1 ~T3) cos — I;»,ﬂ(b sinf =0, (4.4.29)

from which we conclude (assuming $sin 0 #£ 0)

)= (Il _ I3> ¢ cosf. (4.4.30)
13
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Using this and 6 = 0 in expression (4.4.16) then implies the body-frame angular velocity is
o . . 7 .
Q = ¢ |sinfsiny &1 + sinf cosp & + 7. cosfeés| . (4.4.31)
3
The angular momentum therefore is
M = Ilq'ﬁ(sin 0sin 1) €1 + sin 6 cos Y €3 + cos ég) =Tide,, (4.4.32)

where the last equality uses (4.4.8). This verifies that M is a constant vector pointing in the
e, direction.

Eq. (4.4.31) describes precession within the body frame — precisely as found in §4.3.2
— because integrating (4.4.30) shows that € is time-dependent due to its dependence on
Y (t) = o + Qprt, where the precession velocity is

. I, — T . 1, — T
Qpr:¢:< 113 3)(]5(:059:( 11 3)93, (4.4.33)

1

in agreement with (4.3.13). The last equality uses (4.4.31) to trade ¢ for Q3.
The behaviour of €2 in the inertial frame is found by converting the basis vectors using
(4.4.8) and (4.4.7), leading to

. T, — T .
Q:¢[ez+< lz 3>cos¢9é3] =de. + Qb3

= Qprsinf (sin pe, — Ccoso ey) + ((;5 + Qpr cos 9) e,, (4.4.34)

In this frame the time-dependence of €2 arises through the dependence on ¢(t), and (4.4.32)
shows that the precession rate in the inertial frame is ¢ = M/Z; (compare with (4.3.15)).

4.5 Dynamics with Applied Forces

We next ask about evolution in the presence of external applied forces, in which case the
equations of motion become (see (1.3.3) and (1.4.9) and we assume rotation invariance so
that the net torque due to internal forces vanishes):

P=F and M=, (4.5.1)

where P = MR is the body’s total momentum and M is its angular momentum about the

centre of mass as defined in (4.1.37), while
F=)F and 7=>) s, xF" (4.5.2)
a a

are the total externally applied forces and the torques to which they give rise. Here s, = r,—R

so the torque is computed here relative to the position of the centre of mass.
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To separate issues we imagine that the net force applied is zero (F = 0) but the net
torque is nonzero (7 # 0) . In this case having F = 0 ensures that the centre of mass does
not accelerate — see for instance (1.3.3) — and so we can (and will) adopt an inertial frame in
which the centre of mass does not move. The situation where the net force vanishes but a

nonzero net torque exists is called a couple.

4.5.1 Slowly varying forces

In general the calculation of the net external torque involves summing over the torque that
is applied by external forces atom by atom, but for many practical examples this sum can
be simplified. This is true in particular if the force is the result of a field that does not vary
appreciably in strength across the size of the rigid body.

Electrostatic force

For instance for electrostatic forces due to an electric field that is approximately constant
across the body we have a total force

F/=q,E andso F’=) F/=QE, (4.5.3)
a

where @ := >, ¢, is the body’s total charge. The net torque about the centre of mass due
to such a force is
7= s, xFI =Dy xE, (4.5.4)
a

where

DQ = ZQG Sa (455)

is the net electric dipole carried by the rigid body. Notice that because g, can have either
sign it is possible to have D, # 0 even if the body itself is electrically neutral so @ = 0.
Notice also that Dg would vanish because of the identity > mgs, = 0 if all of the atoms in
a body had the same charge-to-mass ratio (i.e. if v = ¢,/m, were the same for all a).

When the body is not electrically neutral (so @ # 0) we can interpret

D 1
Ry i=—2==) ¢s 4.5.6
Q Q Q ; aSa ( )
as an effective ‘centre of charge’ for the rigid body. In this case expression (4.5.4) says the

net torque applied can be computed ‘as if’ the total electric force F¥ = Q E were applied at
the point r = Rg,.
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Gravitational force

Another approximately constant force often relevant for bodies near the Earth’s surface is
the force of gravity: F§ = m,g. In this case the net force applied to a rigid body is

F&=> m.g= Mg, (4.5.7)

where (as usual) M = )" _m, is the total mass. This force can never vanish because mq > 0
for all atoms, but it can easily be balanced by other applied contact forces.
The net torque about the centre of mass on a rigid body produced by gravity then is

T8 = (Z o Sa> xg=0, (4.5.8)

which vanishes due to the identity ), mqsq, = 0. More generally, the torque applied by
gravity relative to an origin displaced from the centre of mass is

Zra><F§:Zmaraxg:MRxg+Zmasa><g:MRxg, (4.5.9)
a a a

where r, = R +s,. This shows how the force of gravity acts on the rigid body as if the total
force Mg were applied to the centre of mass, and so in particular it does not apply a torque

if this torque is taken about the centre of mass.

Magnetic force

The magnetic force acting on each atom due to a magnetic field B is F}' = ¢, 14 X B, so when
the magnetic field is approximately constant across a rigid body the total magnetic force is
given by

Fil =Y ga(ia x B) = xB=QRxB+D,xB, (4.5.10)

D aa(R+3,)

where D, is defined in (4.5.5). Again this decomposes into the Lorentz force law for the
entire object, using the total charge and centre of mass velocity, plus a contribution from the
rate of change of the charge distribution within the centre-of-mass frame.

The net torque applied by a magnetic field similarly is

™ = "ga[re X (fa x B)] =m x B, (4.5.11)

where

m =) ga(re X ia). (4.5.12)

Notice that m can be nonzero even if the total charge @ = >, o vanishes.
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These expressions simplify considerably in the special case that the charges in the body
all share the same charge-to-mass ratio: v := q,/m, = Q/M is independent of a. In this case

the last term in the total force expression (4.5.10) vanishes because
D aSa=7) maSe =0 (4.5.13)
a a

(and the same for its time derivative) by virtue of the definition of the s,. The net torque

also simplies because the identity (4.5.13) implies (4.5.12) becomes

_y - : Q (
=3 g . )] = ol % 80) = 77 (L+M), (4514
m ;q [(R+s)x(R+s)] QRXR—F;Q(S X $q) 2\t (4.5.14)
where the last equality uses the definitions (4.1.36) and (4.1.37) of ‘orbital’ and ‘intrinsic’
angular momentum:

L=MRxR and M=) mgs, X . (4.5.15)

Contact forces

The other kinds of forces commonly encountered for rigid bodies are the contact forces briefly
discussed in §1.5. These have their microscopic origins in short range interatomic forces that
act between atoms in each of two bodies once these bodies are brought into close enough
proximity to one another. For the present purposes what matters is that these forces come
with an effective point of application that describes the point to which the total force found
by summing over all atoms should be applied if it is to generate the same contribution to the

net external force and torque.

4.5.2 When the axis of rotation is fixed

The simplest type of applied force problem for a rigid body assumes there is a fixed axis of
rotation about which the body can potentially pivot. This axis is not itself allowed to pivot
and so the angular velocity and acceleration are constrained to lie along a fixed axis. The
angular behaviour then becomes a one-dimensional problem for which only the magnitude
Q(t) = |Q(t)] is of interest.

As an illustration of this kind of system consider the example of a compound pendulum.

Worked example: Motion of a compound pendulum

Consider a compound pendulum consisting of a rigid body of mass M and inertia tensor I;; that is
constrained to pivot about an axis (labelled A in Fig. 20) and subject to the force of gravity, F&, which
we’ve seen can be regarded as having magnitude Mg and being applied at the object’s centre of mass
(denoted by C' in the figure) that lies a distance ¢ from the axis. What is the reaction force Q applied
at the pivot axis needed to enforce the condition that the body is only free to pivot about the axis A?
What is the motion for small displacements from equilibrium? Assume all internal forces are rotation
invariant so that all internal torques vanish.
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Figure 20. Illustration of the compound pendulum that is free to turns about an axis at which a
reaction force Q keeps the pendulum from doing anything but pivot.

We adopt coordinate directions e, and e, as indicated by ‘z’ and ‘y’ in the figure. With these
choices e, = e, X e, points up out of the page. The force of gravity then is F& = Mge, and
the reaction force Q is whatever it must be to ensure that the centre of mass moves only in an
angular direction about the axis. Writing R = {(cos ¢ e, + sinpe,) =: e, where e,(¢) is the radial
unit vector (and only ¢ depends on time) ensures R = (¢ (—sinpe, + cospe,) =: Ldes, where
ey = de,/d¢ satisfies e, - €, = 0 and ey - ey = €, - e, = 1. Notice that with these definitions
dey/d¢p = —cospe, —singpe, = —e,. The centre of mass acceleration then is R=1/¢¢ ey — 04?2 e, and
so the equation of motion

P=MR=F+Q (4.5.16)

implies
Q = MR — F% = M{$(—sinpe, + cospey,) — M§*(cos p e, + singey) — Mge,
-M [E(gzb sin¢ + ¢ cos o) + g} e, + Mf(qﬁ cos ¢ — ¢ sin p)ey. (4.5.17)

At the equilibrium position R =0 and so ¢ = ¢ = 0, in which case Qeq = —Mg e, points directly up.
To describe oscillations about the equilibrium position we require the angular equation

J=7=R xF®=/(cospe, +singe,) x (Mge,) = —Mglsinge,, (4.5.18)

since Q exerts no torque about the axis. Here J = MR x R + M is the total angular momentum of
the rigid body — see eq. (4.1.35) and (1.4.9) where the internal torques are zero. The motion of the
centre of mass contributes

L= MR xR = Mle, x (lpey) = M*pe., (4.5.19)

which uses e, x e, = (cospe, +singe,) x (—sinpe, +cospe,) = (cos? ¢ +sin ¢) (e, x e,) = e,.
The angular velocity of the rigid body’s rotation about its centre of mass is = gz'Sez since a
rotation through an angle d¢ about the axis A implies a rotation about the centre of mass by the same
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angle parallel to the z axis. The internal angular momentum for the rotation about the centre of mass
therefore is

M = jq-bez where J = I;jjnyn; = I, for rotations about the n = e, direction. (4.5.20)

Combining everything we have J = L + M = (M{? + j)d-)ez and so J = (M2 + j)éez. Using
this in (4.5.18) then implies ¢(t) satisfies

(M?* +3)p = —Mglsing. (4.5.21)

An alternative way to derive this equation is to use Lagrangian methods for the variable ¢. In this
case the potential energy due to the gravitational force is V' = —M gl cos ¢ and the kinetic energy is
(compare to (4.1.5) and (4.1.7))

K = JMR? 4 L 1;0,0; = 1 (M£2 +73) (4.5.22)

— 2
leading to the lagrangian

L=K—V-— %(Mﬁ n 3) &2 + Mglcosd, (4.5.23)

for which (4.5.21) is the Euler-Lagrange equation (d/dt)(0L/d¢) = AL/d¢.
For small oscillations we can approximate sin ¢ ~ ¢ in which case (4.5.21) becomes the harmonic

oscillator equation
.. Mgt

whose angular frequency w approaches the simple-pendulum value y/g/¢ in the limit 3 — 0.

4.5.3 When only one point on the rotation axis is fixed

More challenging is the description of rotational motion in the presence of applied forces when
the direction of the rotation axis can change. For simplicity our interest remains the case
where the applied forces provide a couple: the net forces balance but the torques do not.
For this reason we imagine a reaction force can act on the rigid body, but this time only at
a single point on the rotation axis (rather than along its entire length, as was done in the
previous section where the axis direction was held fixed).

To this end we describe the motion of a symmetrical top with mass M supported at a
point and subject to the torque applied by the gravitational field: the heavy symmetrical top
(see Fig. 21). We take the point of support and the centre of mass both to be on the symmetry
axis and separated by a distance . We use a body frame é; attached to the rigid body and
aligned with its principal axes, with €3 corresponding to the principal moment Z3 and the
plane perpendicular to €3 corresponding to the two equal principal moments, 77 = Z,.

We use Euler angles (1,0, ¢) to describe the rotation from the inertial frame {e,,e,,e.}

to the body frame {é;,é2,€3}, in the same way as is done in §4.4.4, and so can again use
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Figure 21. Illustration of the heavy top supported at its base and moving under the influence of the
torque due to gravity, drawn here as a force applied to its centre of mass C. The Euler angle 0 gives
the angle between the symmetry axis of the top and the vertical.

(4.4.7), repeated here for ease of reference:

&1 = (cos¢pcostp — cosfsin¢psiny) e, + (sin ¢ cos ) + cos b cos psiny) e, + sinfsinye,
€y = —(cos ¢sint + cosfsin ¢ cos 1)) e, + (—sin ¢ siny + cos b cos pcos ) e, + sinf cos e,

€3 = sinfsinge, —sinfcospe, + cosbe, . (4.5.25)
In terms of these bases the expressions for € are (4.4.16) and (4.4.18), which read

Q= (0 costp + ¢ sinfsin1h)é; + (¢ sinfcostp — 0 siny)) & + (Y + ¢ cos ) é3 (4.5.26a)
= (0 cos ¢ + 1 sinfsin ¢)e, + (—) sinfcosd + 0 sing) e, + (¢ + 1) cosh)e,. (4.5.26b)

We choose e, to point in the vertical direction in the inertial frame and so these expressions
imply that 6(¢), which gives the angle between é3 and e,, is also the angle between the
symmetry axis and the vertical.

The kinetic energy for a symmetric top in these coordinates is given in §4.4.4, and is
K=17,(9} + 03) + L 750} = L : (6 + 4% sin?0) + L1 T5(4) + ¢ cos6)?. (4.5.27)

Since 0 is the angle between the symmetry axis and the vertical the gravitational potential
energy is given by V = Mg{ cos 8, leading to the Lagrangian

L= %[11(92 + ¢? sin? ) + Z3(v + ¢ cosB)?| — Mgl cos . (4.5.28)
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Formal integration

Because the potential depends only on 6 the Lagrangian depends on ¢ and v only through
their time derivatives (making them ignorable coordinates). The means two immediate inte-
grals of the equations of motion are conservation of py = dL/ 9 and py = OL/ Ao (compare
with (4.4.26) and (4.4.27)). Conservation of p, corresponds to the symmetry of rotations
about the top’s symmetry axis, €3, and so states that the component of angular momentum
in this direction — and so also {23 — must be constant:

_9L _
v

where a is an integration constant (and the factor of Z; on the right-hand side is a conventional

Py T3() + ¢eos ) = I3Qs = Tha, (4.5.29)

choice made for later convenience).
Conservation of py similarly corresponds to the symmetry of rotations about the vertical,
e,, and so states that the component of angular momentum in this direction must also be
constant:
Py = Zz = (Zy sin? 0 + T3 cos? 0)¢ + T34 cos O = T1b, (4.5.30)
where b is again an integration constant and the factor of Z; is again conventional.
The utility of egs. (4.5.29) and (4.5.30) is that they allow ¢(¢) and ¥ (t) to be completely

solved for once 6(t) is known. Explicitly, (4.5.29) can be solved for 1), leading to
T3tp = Tra — T3¢ cos b . (4.5.31)

Using this to eliminate ¢ from (4.5.30) then implies

. . b— 0
Tidsin® 0 + Thacosd = I1b  and so ¢ = ,(172(:(;8 (4.5.32)
sin
Using this in (4.5.31) then gives
. Tya b—acosf
= | —— 0. 4.5.
(% T < Zd > cos (4.5.33)

It remains to find # and this is where another immediate integral of the motion comes in:
energy conservation. The time-independent of L implies this system is invariant under time

translations and so implies
E=K+V=1L17(6* + ¢* sin?0) + L T3 (4) + ¢ cos6)? + Mgl cos b (4.5.34)

is also time-independent. This can be made into an expression involving only 6 once gb
and 1) are eliminated using (4.5.32) and (4.5.33). In particular doing so implies the term
%1—3(¢ + ¢ cos0)? term is just a constant — indeed (4.5.29) shows it equals $I303. So for
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the purposes of solving for 6 it is convenient to combine this constant with £ by writing
& =E — 17,03, allowing (4.5.34) to be rewritten

£ = 17,(6% + ¢*sin? ) + Mgl cosd . (4.5.35)

Once qﬁ is eliminated using (4.5.32) the energy expression implies the following condition
must be satisfied by 6(¢):

02 sin? 0 = (o — Bcosf)sin® 0 — (b— acosh)?, (4.5.36)

where a and 3 are the following combinations of parameters:

>0. (4.5.37)

Eq. (4.5.36) can be integrated to give 0(t) and when doing so it is useful to change
variables to u(t) = cos0(t) so (4.5.36) becomes

w* = (1 —u?) (o — Bu) — (b — au)?. (4.5.38)

The implicit solution for #(t) is then given by

u(t) qy u(t) du
= / W / VA=) a—pu) - (b—au? (4:2:39)

The integral can be performed in terms of elliptic integrals and once 6(t) is obtained in this

way expressions for ¢(t) and ¥ (t) can be found by integrating egs. (4.5.32) and (4.5.33).

Qualitative behaviour

More useful than staring at the resulting elliptic functions is acquiring a qualitative under-
standing of the kinds of solutions that the above equations imply. This can be most easily
done starting with (4.5.38), which we write as u? = f(u) with f(u) being the cubic poly-
nomial in u seen on the right-hand side of (4.5.38). Because 42 > 0 this equation only has
solutions when f(u) > 0. Furthermore since v = cosf we are only interested in solutions to
(4.5.38) that are real and lie in the interval —1 < uw < 1. A plot of the function f(u) for a
representative choice of parameters is given in Fig. (22).

For large u the function f(u) is dominated by the cubic term Bu® and because the
combination of parameters appearing in [ are positive — see eq. (4.5.37) — f(u) is large and
positive when u > +1 and large and negative when v < —1. Since f(u) is cubic and changes
sign in between there must therefore be one or three real roots. It is also true that when
u = 41 that f(+1) = —(bF a)? < 0 and so unless b = +a this means u = +1 is not part of
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Figure 22. Plot of the function f(u) = (1 —u?)(a — fu) — (b — au)? (for representative choices for «,
B, a and b) appearing on the right-hand side of (4.5.38).

the allowed range'® of u. But f(u) is large and positive for larger u and so having f(+1) < 0
implies one of the roots of f(u) = 0 occurs for u > +1.

If there is any solution at all it must be that f(u) = 0 has three roots and two of them,
u+, must satisfy —1 < u_ < uy < 1. The evolution of 8 oscillates back and forth between the
two angles 61 that satisfy uy = cos 6y, with 0 = 0 at the turning points. Whenever d) =% 0 the
top precesses about the vertical axis, since changes to ¢ describe rotations about the vertical
axis. Unlike for the free symmetric top, the symmetry axis nutates by bobbing up and down
as it precesses in this way.

The qualitative behaviour of the motion divides up into three categories, depending on
whether or not ¢ ever changes sign. Eq. (4.5.32) shows that é is positive when u < u, and is

negative when u > u, where

Uy 1= —. (4.5.40)

So there are two categories of motion depending on whether or not wu, lies between u_ and
u4. The categories can be illustrated by plotting (6, ¢) on the surface of a sphere, since these
two coordinates provide the spherical polar angles of the direction along the top’s symmetry
axis (as is done in Fig. 23). If u, does not lie in this range then gi) never changes sign and so
the top’s precession always proceeds in the same direction as it nutates up and down. This
option is illustrated in panel (a) of Fig. 23. If, on the other hand, u_ < u, < uy then the
precession is in one direction for one range of # and changes sign for the rest of the range.

15The case b = +a corresponds to when the top points vertically up or vertically down, as can be seen
because egs. (4.5.29) and (4.5.30) show that Zia is the component of angular momentum along the top’s
symmetry axis and Z;b is the angular momentum along the vertical and these coincide (or have opposite sign)
when the top points vertically up (or down).
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This option is illustrated in panel (b) of Fig. 23. At the borderline case gf) goes to zero just
at the edge of #’s allowed range. This option is illustrated in panel (c) of Fig. 23.

(a) (5) (e)

Figure 23. Trace of the direction of the symmetry direction of the nutating symmetric top with the
three qualitative situations illustrated in the three panels. In these figures e, defines the direction of
the North Pole and the spherical polar angles (0, ¢) indicate the direction towards which the top’s
symmetry direction points. Panel (a) illustrates the case where ¢ increases monotonically and so
the direction of precession does not change even as it nutates. Panel (b) illustrates the case where
the direction of precession back-tracks for some ranges of the polar angle 6. Panel (c¢) describes the
borderline case where (;5 vanishes at the extreme edge of 8’s nutation range.

This last case — i.e. case (¢) — is the one that arises if the top is released from rest. With
this initial condition the top initially falls downward and only then starts to precess and
nutate, in an ideal world eventually returning to ¢ = § = 0 and repeating the pattern. In
practice friction at the top’s point of support can damp out the nutation leading (sometimes

quickly) to a straight precession in which ¢ advances for fixed 6.

Worked example: Rapidly spinning symmetric top in a magnetic field

Consider next the precession of a symmetric top consisting of charged particles with a fixed charge-
to-mass ratio: v = qq/m, sitting in a constant magnetic field B.
The kinetic energy for a symmetric top in these coordinates is given by §4.4.4, repeated again
here
K=1T)(0+03) + 17,03 = L 7,6 + ¢? sin®0) + L Z3(¢) + ¢ cos ). (4.5.41)

The potential energy part of the Lagrangian describing the interaction between the top and the
magnetic field is given by (2.6.22), reproduced for convenience here

v=>q (<I> g A) , (4.5.42)

where for a constant magnetic field we can take ® =0 and A = %B X r and so

V== Gata-A=-1> qata-(Bxrs) =—3) qalta xta) -B=—Jm-B, (4.5.43)
a a a
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where m is defined by (4.5.12), and having a constant charge-to-mass ratio implies m = (Q/M)M
where M is the angular momentum associated with rotations about the centre of mass — see eq. (4.1.37).

We choose the top to be initially spinning along its principle axis €3 so that in the absence of
the magnetic field there would be no precession. We also choose e, to point in the direction of the
magnetic field in the inertial frame and this means that the coordinate 6(t) gives the angle between
M and B. The complete Lagrangian then is L = K — V and so

L= %[L(é? + 2 sin20) + Ts(¢) + ¢ cos 9)2} +1 MB cos, (4.5.44)

where M := |M|.
Following the steps for the precessing top the equations of motion for ¢ and ¢ imply conservation
of py = dL/dY and pg = IL/Dd — compare to eqs. (4.5.29) and (4.5.30):

oL .
Py = % =T3(¢) + ¢pcos 0) = I3Q03 = Tha, (4.5.45)
and oL
Py = a—(b = (Z, sin® 0 + T cos? 0)¢ + T3 1) cosf = T1b, (4.5.46)
where a and b are integration constants. Solving these for 1/1 and (;5 then gives
. b—acosh - Tha b—acosf
- d =" [ —" 0. 4.5.47
10) Zd and 7 ( 20 > cos ( )
The energy & = E — 3 Z30% then is
£ = %11(92 + (bQ sin2 9) - %MB cosf, (4.5.48)

Once (;5 is eliminated using (4.5.32) the energy expression implies the following condition must be
satisfied by 0(t):

02sin® 0 = (a + BcosB)sin® 0 — (b — acosh)?, (4.5.49)
where @ and (8 are the following combinations of parameters:
2& 2MB
a= and f:= M >0. (4.5.50)
1 1

Notice that the sign of the 8 term in (7.1.45) differs from what was found in (4.5.36) in the case of a
gravitational torque.

The analysis now proceeds as in the gravitational case by solving (4.5.50) for 6(t). The qualitative
behaviour is easier to see if we change variables (as before) to u = cos 6, so (4.5.50) becomes

W = (1 —u?)(a+ Bu) — (b—au)? =: f(u), (4.5.51)

where the last equality defines f(u). Because @2 > 0 this equation only has solutions when f(u) > 0,
and we only care about the solutions that lie in the interval —1 < u < 1. Although the change in
sign of the 3 term changes the asymptotic form of f (u) for large positive and negative u this does not
qualitatively change the discussion of the range of angles ¢ and 6 are allowed to pass through.

The resulting motion is similar to what was found for the gravitational case, inasmuch as it
in general describes a combination of precession and nutation (with nutation being motion where 6
changes with time), and the three categories illustrated in Fig. 23 also apply here.

* * *
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5 Harmonic Motion

Simple harmonic motion — defined in its simplest form in §1.1.1 — is perhaps the most studied
physics problem there is. This is not just because it can be solved so explicitly; it is also
familiar because it appears in a great many physical systems. There is a very good reason
for this: harmonic motion arises whenever a restoring force is linear in the displacement
from an equilibrium position, but even very complicated position-dependent forces are well-
approximated by a linear dependence on position if restricted to very small displacements.

This makes simple harmonic motion a natural next step in our discussion of macroscopic
bodies. We saw in §1.3.1 that the centre of mass position provides the most coarse-grained
description of a macroscopic object built from many smaller constituent atoms. §4 then
argued that the next most coarse-grained is the rigid-body motion that describes how objects
behave in the limit that internal motion of the constituent atoms is negligible so the distance
between their atoms is fixed.

The next step as we zoom in to describe macroscopic objects with successively more detail
allows the internal atoms to deviate by a small distance away from their equilibrium position,
and as we see in this section for small enough deviations this motion is well-approximated
by simple harmonic motion. Along the way we see in a more quantitative way in what sense
rigid-body motion and centre-of-mass motion emerge as being the most important at low

energies.

5.1 Two-body oscillations

Before describing systems with N constituent particles moving in three dimensions we start
with the simplest case where N = 2. To this end we specialize here to the motion of two
atoms, with masses m1 and msg, bound together into a diatomic molecule.

We furthermore assume the two atoms interact through rotationally invariant conser-
vative forces and that these forces predict the atoms minimize their energy when they are
separated by a fixed distance: r = |r; — ro| = £ (see Fig. 24). In real molecules this happens
because the forces between neutral atoms are typically weakly attractive for intermediate
separations but become strongly repulsive for small separations.

In detail the weak attraction occurs because atoms are built from electrically charged
constituents whose electrostatic fields do not perfectly cancel because the constituents are not
at exactly the same positions. The mobility of these constituents allows them to adjust their
relative positions to maximize the attraction between opposite charges situated on different
atoms. The strong repulsion arises because the most mobile constituents — the electrons — are
fermions whose quantum statistics forbids them from sitting on top of one another. A sketch
of the resulting potential energy as a function of interatomic separation is given in Fig. 25.

Given the potential V(r) Newton’s 2nd law for the two atoms becomes

mity = —V1V = —V'(r)e, and maiy = -VoV =V'(r)e,, (5.1.1)
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Figure 24. A simple diatomic molecule consisting of two atoms (with mass m; and ms respectively)
with equilibrium separation .

V(r)

r=>4{¢

Figure 25. A sketch of the potential energy V(r) as a function of separation whose minimization
determines the separation ¢ seen in Fig. 24.

where e, = r/r is the unit vector pointing in the direction r = r; — ro. The centre of mass
motion is decoupled by switching from r; and ry to R = (miry + mors)/M and r = r; — ro,
where M = m; + ma, because — as we saw in §1.2.1 — egs. (5.1.1) become

MR =0 and pi=-V'(r), (5.1.2)
where = mimo/M.

Restriction to small oscillations

Now comes one of the main points: if we restrict ourselves to situations where r = [r| is very
close to £ then we can Taylor expand the potential in powers of r — ry (where rg has length
?). This expansion starts at second order because ry is a stationary point: V/(r =¢) = 0. In
this case the first few terms of the expansion are

V) =V +(@—20) (aV) _ +h—w) @ —n) (90V) 4o (513)

=ro
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where we write the components as r = z'e; and ry = m% e; and 0;V = 9V/0z'. For any

arbitrary function of r the derivatives evaluate to

oV =V'(r) % and  9;0,V = V" (r) erf

'(ry | 24— T 14
UGl W)

and so on, so evaluating at r = ro where |rg| = ¢ and V'(¢) = 0 implies

20i%0j
(&V)r:ro =0 and (aiajV)r:rO = V,/(E)TJ (5.1.5)
Because r = / is a local minimum of V (r) — see Fig. 25 — we know V" (¢) > 0.
Combining everything allows (5.1.3) to be written
V/I g 2
Vir)= V() + %(2) [ro (r— ro)} T (5.1.6)

Keeping only the quadratic term in V' implies the force appearing in the equation of motion

(5.1.2) for r is linear in y := r — ry, taking the form

ny = —sz)(y-ro)ro. (5.1.7)

The complicated matrix form on the right-hand side can be simplified by decomposing y
into a piece parallel to rg and a piece perpendicular to rg. Choosing a basis of orthonormal

unit vectors e; where e3 =r(/f and e; - €; = §;; we can write
y(t) = yi(t) er + y2(t) e2 + ys(t) es, (5.1.8)
and so (5.1.7) becomes three uncoupled equations:
pin = pijz =0 and  pijis = —V"(0) ys. (5.1.9)

All three of these have the simple harmonic oscillator form, i + w?y = 0 where

"
l
w=0 fory and y» and wzzv()

for ys. (5.1.10)

The variables y; and yo with w = 0 are called zero modes and because they have no
potential barrier and zero frequency they are not really harmonic oscillators. These degrees of
freedom we’ve seen before: they are the rotational degrees of freedom of the diatomic molecule
for rotations about two axes perpendicular to the line connecting the two atoms. This can
be seen because a rotation dr = € x ry for some €2 is always perpendicular to ro. There
is no potential barrier for these rotation directions because rotations are (by assumption)
a symmetry of the interatomic interactions and so they do not change the potential energy
V(r).

Because they are rotations their motion can be understood without having to Taylor
expand the potential energy about r = rg. Their dynamics is precisely the dynamics of rigid
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body motion and so — as we’ve seen in §4 — their equations of motion are already encoded

into the conservation law for angular momentum, J= 0, where in this instance
J:mll‘lXf‘1+m2P2Xf‘2:MRXR+M, (5111)

where
M = mis] X 81 + maSo X So (5112)

and s; :=r; — R is the displacement of each atom from the molecule’s centre of mass. Only
two components of M contain nontrivial evolution information because the molecule is a
rotor, in the sense defined in (4.1.22): because the atoms are collinear there is no meaning to
rotations about the line connecting them.

For these reasons we need not pursue further the zero modes in (5.1.9) and (5.1.10) and
instead focus purely on the dynamics of y3, which satisfies

"
i3 +wlys =0 with w?= w (5.1.13)

1
The solution is

y3(t) = A cos(wt +9), (5.1.14)

where the integration constants A and ¢ are determined by the initial conditions y3(0) and
93(0). For very small deviations from equilibrium the relative motion of the two atoms along
the direction connecting them is described by simple harmonic motion, while motion relative
to the centre of mass in the two directions perpendicular to the molecule’s axis are described
by the rigid motion of a rotator (for which Z3 = 0).

From this point of view we can see more precisely how the rigid body approximation
arises: it is obtained in the limit that the potential becomes extremely steeply sloped about
its minimum so that small oscillations cost a lot of energy. This is the limit V" (¢) — oo or
equivalently w — o0, in which case oscillations are all much too rapid to be relevant to the
low-energy world. Any object whose atoms have equilibrium positions relative to one another
and whose motion is studied only over timescales much longer than characteristic oscillation
frequencies (like w in this example) can be regarded as rigid bodies. They can be regarded
as rigid bodies combined with harmonic motion if the atomic displacements from equilibrium

are sufficiently small.

5.2 Coupled Oscillators

The case of N atoms with small displacements from equilibrium shares many of the features
of the N = 2 special case. In particular, if the interatomic forces are rotation invariant then
there are always three ‘zero modes’ corresponding to rotations whose dynamics captures rigid
body motion. There are three zero modes rather than two in the general case because there
are in general three independent rotations (although only two of these matter for the special
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case when all atoms lie along a line since rotations about the line do not change the atomic
configuration).

Once these and the centre of mass motion are excluded the remaining 3N — 6 degrees of
freedom are well-described by a system of coupled harmonic oscillators for motion sufficiently
close to the equilibrium positions. To see how this emerges explicitly we extend the derivation
made above for diatomic molecules to the case of general N. To start with let us suppose
that no external force is applied to the object, F&* = 0. Then eq. (1.3.3) ensures the centre
of mass does not accelerate: R = 0 and we can choose an inertial frame for which R = 0,
and so for which there is no distinction between an atom’s inertial-frame position r, and its
displacement s, = r, — R relative to the centre of mass. Newton’s 2nd law is then given by
(1.3.1) specialized to the case where F&t = (:

m18; = +F12—|—F13+...+F1N:Ftlot

m2§2:F21 +F23+"’+F2N:F50t

mg83 = F31 + F3o + - 4+ Fyy = Fiet (5.2.1)
mySy = Fy1+Fyo + Fyg+ - :F‘E\?t’

where the last equality on each line defines the net force

Fit(sy, -+ ,sy) =Y Fap, (5.2.2)
b#a
applied to each atom, regarded as a function of the atomic positions.
The key assumption is that there exists an equilibrium configuration, s,, for the s,’s, in
the sense that if the atoms are started off at rest with s, = S, then the net force on each

atom vanishes when evaluated at the equilibrium configuration:
Fi%(8y,--- ,8x) =0 foralla. (5.2.3)

This ensures that (5.2.1) implies §, = 0 at this configuration (as is required if it is to be a
static solution to the equations of motion).

If all atoms are displaced from this equilibrium by a nonzero amount y, = s, —8, = rq—T,
then these forces no longer exactly cancel. Their nonzero sum can be Taylor expanded in
powers of the components of y, and this expansion starts at linear order'® in y, because the

net force vanishes when all of the y,’s vanish. That is

N
FZOt(gl +y17'” 7§N+yN) szabyb, (524)
b=1

16Strictly speaking, having the expansion starts at linear order assumes the total force is analytic in the
separations at y, = 0.
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where for each a and b the coefficient kg is a 3 X 3 matrix corresponding to the 3 components
of the vectors y, and Ffft. Notice that Newton’s third law F, = —Fp, (and the assumed
absence of a net external force) implies

N N N
D FY =0 andso Y > kays=0 (5.2.5)
a=1 a=1 b=1
which is a restriction on the solutions y,.
Following the practice of §2.2 it is useful to combine the indices ¢ = 1,---, N and
i = x,y,z into the single index A = {a,i} or B = {b,j} that runs from 1 to 3N. In
terms of this the matrix of coefficients is given by kap = (ko) = OF%"/0yp; = OF/0ys,
ij

and so

OF _ 5 0lFu)
Oypy ~ Oyp;

In the event that the interatomic forces are conservative they can be obtained by differenti-

(5.2.6)

kAB -

ating a potential energy:
Fl°' = —V,U where U =U(sy, --,sy). (5.2.7)

Using this in (5.2.6) shows that for conservative forces the matrix k.5 is real and symmetric

o*U o*U

]{j = — = — =
T OyiOyy;  OyrdyE

kia. (5.2.8)

In the conservative case the assumption that F'°' vanishes for a configuration s, and is
well approximated by terms linear in the deviation y, = s,—§, —as in (5.2.4) — is equivalent to
the assumption that U(sy,- - ,sy) has a local minimum for s, =S, and then approximating
U by its leading term in the Taylor expansion about this minimum. Because the expansion
is performed about a minimum we know 0U/dy* = 0 and so the leading term is quadratic in
the fluctuations.

It is tempting to argue that because the expansion is about a minimum (as opposed to a
maximum, say) then the matrix k,p must also only have strictly positive eigenvalues, though
this is not actually true. If the interatomic forces are rotationally invariant (and if any of
the equilibrium positions §, are nonzero) then we know that there must be a zero eigenvalue
corresponding to each of the directions obtained by rotating {8,} — {RS,} for some 3 x 3
rotation matrix R.

These must give eigenvectors of k45 with zero eigenvalue for the same reason as was found
above in §5.1: the rotation invariance of the potential U. To see why, notice that rotation

invariance of the potential implies

U(s1+9s1, - ,sy +0sy) =U(sy, -+ ,Sy) (5.2.9)
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for arbitrary s, and for each of the three independent infinitesimal rotations ds, of s,. Taylor

expanding this in powers of §s, implies at linear order

gg} §s* =0 (implied sum on A), (5.2.10)
holds as an identity for all s, and for arbitrary rotations ds,. Differentiating this expression
with respect to the components of the initial positions then implies

OV §s* =0 (implied sum on A). (5.2.11)
0sB0s4
Now comes the main point: if ds* # 0 then (5.2.11) implies that the vector with components
§s* is a zero eigenvector of the matrix 92U/9s*0s”. For brevity zero eigenvectors for the
interaction matrix are collectively known as zero modes in what follows.

Evaluating this result at s, = §, then shows that if §s, # 0 then this rotation is therefore
a zero eigenvector of the coefficient matrix k,z. For most objects there are three independent
zero eigenvectors that can be built in this way corresponding to the three independent spatial
rotations, though there can be exceptions where fewer zero eigenvectors arise (typically for
rotors, such as the diatomic molecule) if there are rotations for which s, = 0 for all a.

In retrospect, a similar story also goes through for spatial translations. If we had done
the analysis using the original variables r, rather than removing the centre of mass position
then we’d also expect to find three zero modes associated with translations of the equilibrium
positions T,. Since we have to deal with zero modes assocated with rotations anyway, from
here on we revert to using the original coordinates r, (rather than s,) and find the oscillatory
modes by projecting onto the space of deviations y, that are orthogonal to the symmetry-

driven zero modes.

5.2.1 Normal Modes
Writing r, = T, + ¥, and using the small-y, approximation for the restoring force in (5.2.1)
gives the implications of Newton’s laws for the evolution of the displacements y,:

N
Moo = FIO% o~ Z kawpys (nosum on a), (5.2.12)
b=1

where ¥, can be replaced with y if the centre of mass and the equilibrium positions, T,
are time independent. The approximate equality in (5.2.12) assumes the deviations y, are
sufficiently small that terms involving two or more powers of y, can be ignored.

Equivalently, the evolution of the components y* satisfy
masy” = kapy® (implied sum on B), (5.2.13)
where we define the mass matrix

Map — mai’bj = Mg 60,17 61] = Mpgy . (5214)
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Clearly this definition implies m 45 is also real and symmetric (and so Hermitian) with strictly
positive eigenvalues mg > 0.

Eqgs. (5.2.13) are a set of 3N coupled differential equations that are to be solved to
determine how the components y*(t) evolve in time, though we here project out the 6 ‘trivial’
solutions corresponding to spatial translations and rigid rotations about the centre of mass.
The remaining degrees of freedom define the problem of coupled harmonic oscillators and
because their coupled evolution equations are linear the solution to how they move can be
found very explicitly.

The solution is easiest to describe if (5.2.13) is written in matrix form:
MY =KY, (5.2.15)

where M and K are the real symmetric matrices with elements m 5 and k45 respectively and
Y is the column vector with components y*. As described above we expect Y to include zero
modes due to translational and rotational symmetries and the bona fide oscillation spectrum
is found by choosing the vector Y to be perpendicular to these zero modes. We assume the
equilibrium positions occur at a local minimum of U and so all of the remaining eigenvalues
are positive.!”

Because the matrix M has strictly positive eigenvalues it is invertible and its square root
can be defined.!'® So we can always define Y = M~1/2 Y since M—1/2 always exists because

the eigenvalues of M'/2 are all positive. In terms of this eq. (5.2.15) becomes
MY?Y = KM~/?Y. (5.2.16)
Multiplying this equation through on the left by M~/2 then gives
Y=AY  where A:= M"V2KMV/2. (5.2.17)

Recall now that M is real and diagonal with positive entries and so in particular is real
and symmetric in the sense that M” = M. The matrix K is also real and symmetric: K” = K.
This implies the matrix A must itself be real and symmetric. It is real because it is a product

of real matrices and it is symmetric because

AT = (MTVHTKT(MYH)T = MTY2KM Y2 = AL (5.2.18)

'7If the matrix K has zero eigenvectors besides those due to the invariance of U under spatial translations and
rotations then the equilibrium configuration s, describe a saddle point of U rather than a local minimum and
are said to be only marginally stable. We define a stable equilibrium to be one located at a local minimum of U
for which no zero (or negative) eigenvalues arise (beyond the trivial zero eigenvalues that follow on symmetry
grounds).

1811 the present instance M'/2 is simply the matrix M where the diagonal entries m, are everywhere replaced

by /mq.
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It follows that A can be diagonalized by an orthogonal transformation, which means there

exists an orthogonal matrix O for which
0'A0 =D = diag(w%,w%, e w§N> (5.2.19)

is diagonal with real and non-negative diagonal entries (3 zero entries corresponding to the
rotational zero modes plus other positive entries).

The solution to (5.2.15) is then found by redefining variables so that Y = OY since then
(5.2.17) becomes

oY =A0Y, (5.2.20)

or, after multiplying through on the left by O = O~
Y=0"A0Y =DY. (5.2.21)

Here D on the right-hand side is the diagonal matrix with non-negative entries defined in
(5.2.19), so (5.2.21) has decoupled the differential equations.

Denoting the components of Y by 94, eq. (5.2.21) shows that each of the §* variables
satisfies its own ordinary differential equation:

7+t =0 (no sum on A), (5.2.22)

and so is an elementary simple harmonic oscillator. Each of the components §* is called a

normal mode of the coupled oscillator system. The general solution therefore is
9 (t) = A% cos(wat + 64) (no sum on A). (5.2.23)

Each normal mode oscillates independently with its own specific characteristic frequency.
The solution in terms of the original coupled variables is then found by concatenating

the redefinitions for Y in terms of Y and YY, leading to
Y(t) = M~Y2Y(t) = M2 0Y(¢). (5.2.24)

The general solution is therefore a superposition of normal modes whose amplitudes are
weighted by the overlap between the initial conditions and each normal mode.

To see how this works in detail it is worth working through a few simple examples.

Worked example: Diatomic Molecule revisited

Consider the diatomic molecule of length ¢ described in §5.1 and illustrated in Fig. 24. Let us choose
the z axis parallel to the line connecting the two atoms in their equilibrium positions with the origin
chosen to sit at the centre of mass, so

m2€ _

S ;= —e, and Sy =
M

_m1£
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where (as usual) M = my + mq is the sum of the two atomic masses. Notice m18; + meSy = 0 — as
must happen in the centre of mass frame — and s; — sy = fle,.

To map onto the general process outlined above we do not project out the centre of mass motion
and so the atomic displacements are r, = T, + y,., where translation and rotation invariance of the
potential energy implies it depends only on the interatomic distance V' = V(r) where r = |r; —ra| =
|s1 — s2| = |le, + y1 — y2|- We assume as before that V(r) has a local minimum at » = ¢ and so
V'(¢) =0 and V' (¢) > 0.

In this case there are six coordinates, y*, with A = {a,i} and a = 1,2 and i = z,y, z, so

==, (5.2.26)

=

I
QTR e e
S o ke W

and

r(y1,y2) = \/(yu = Y20)% + (Y1y = ¥29)% + (Y12 — Y= + £)? (5.2.27)

SO

OV _ OV _ iy O i (MH”) . (5.2.28)

Oy B Oy B Oy2i r
Using r(y1 = y2 = 0) = £ and V'(¢) = 0 shows 0V/0y,; vanishes when y, = 0 (as it must when
evaluated at a minimum). Differentiating again and evaluating at y, = 0 also shows that the only
nonzero second derivatives at the minimum are

2 2 2
<82V> - (agv) — - (M) — V), (5.2.29)
i, ) ya—o 3. ) ya_o 0y120y22 ) ya_g

so the matrix k,5 = (92V/0y*0y®)y.—o is given by

00000 0
00000 0

k|00 100l vV'(0). (5.2.30)
00000 0
000000
00-100 1

It is useful in what follows to separate out the spatial components z,y, z from the atomic labels a, b
in this matrix, which we can do by writing it as

K=k®o or kaitbj = Kab 0ij (5231)
where 0;; = ;. 6, so
000
1 -1
K= ( ) 1) V") and o= |000]. (5.2.32)
001
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This matrix has three zero eigenvalues corresponding to infinitesimal translations in each of the
x, y and z directions: dy; = dys = €. The corresponding normalized zero eigenvectors of K are

0tz Y = —= Sy Y = — and &Y = (5.2.33)

%H

)

o o~ O O -
SH
[\

O R O O~ O
Sl

— O O = O O

as can be verified by explicitly multiplying by K. These zero modes arise because the 2 x 2 matrix

1 -1 1 (1
K X has a zero eigenvector —= , (5.2.34)
-1 1 V2 \1

due to the fact that V' depends only on the translation-invariant differences y; — yo.

There are also two nontrivial rotations about the centre of mass (one each for an axis parallel to
the « and y directions) since the equilibrium configuration for the molecule has the two atoms lying
along the z axis. These arise due to the existence of the two zero eigenvectors

1 0 000
0 1 of the matrix ocox |000| , (5.2.35)
0 0 001

which would have not existed if ¢ were to have the only possible rotation invariant form: o;; o< ;5.
Explicitly, performing an infinitesimal rotation in the x direction of the equilibrium vectors given in
(5.2.25) gives dy1y = 0y (m2f/M) and 8y, = —0, (m1¢/M) and performing an infinitesimal rotation
about the y direction similarly gives dy1, = 6, (mol/M) and dy,, = —6, (m1¢/M). The corresponding
zero eigenvectors of K therefore are

0 mg/M
’ITLQ/M 0
OrzY = 0 and 6,,Y = 0 (5.2.36)
re 0 ry —ml/M
—my /M 0
0 0

Unlike the translations of eq. (5.2.33) these rotations move the two atoms in opposite directions.
By taking linear combinations of these we arrive at a convenient basis of normalized symmetry-

driven zero eigenvectors:

and (5.2.37)

Sl
[\
_ o O = O O

O O O O O =
O O O O = O
O O = O O O
o = O O O O
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The normalized basis vector orthogonal to these five is an eigenvector for the nonzero eigenvalue:

0

=)

has nonzero eigenvalue X =2V"(£) > 0. (5.2.38)

Sl -
[N}
o O

-1

The mass matrix in these coordinates similarly is

mi 0 0 0 0 0 m; 0 0 0 0 0
0Om 0 0 0 0 0 m;7* 0 0 0 0
—1/2
o |00 mo 0 0 f s |0 0 m; 91/2 0 0
00 0me 0 0 0 0 0 m, 0 0
00 0 0 my O 0 0 0 0 my’? 0
00 0 0 0 m 0 0 0 0 0 my/?
(5.2.39)
The matrix A = M~Y/2KM~1/2 therefore becomes
00 0 00 0
00 0 00 0
1 —1/\/mims
a= |00 Ymi 00 =Limme gy (5.2.40)
00 0 00 0
00 0 00 0

00 —1/,/m1m2 00 l/mg

The eigenvalues A of A must satisfy the characteristic equation: det(A — A) = 0, which in this case

A KVN(E) )\> (V”w) /\> - W} =\ {/\ V:L(g)} =0, (5.2.41)

my ma mimes

reads

where = myms/M is the reduced mass.
The matrix A has 5 zero eigenvalues with normalized eigenvectors

1 0 0 0 0

0 1 0 0 0

oL o0 1), O apa | VMY (5.2.42)
0 0 1 0 0

0 0 0 1 0

0 0 0 0 ma /M

and one nonzero eigenvector: the normalized eigenvector

0

0
N

0

0

\/ml/M

has nonzero eigenvalue A =V"(¢)/u > 0. (5.2.43)
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This example shows how the general formalism works in a concrete example. For instance

eq. (5.2.21) states Y =DY and in a basis where A has been diagonalized we indeed have

00000
00000
00000
00000
00000
00000 w?

2
where w? := V'u(ﬂ) , (5.2.44)

o O O O O

with eigenvectors

and (5.2.45)

o O o o o
SO O O O = O
o O O = O O
o O = O O O
o = O O O O
_ O O o o O

Of these, the first five are the symmetry related zero eigenvectors, and only the nonzero eigenvector
describes oscillatory motion when (5.2.21) is solved:

A cos(wt +6) . (5.2.46)

= o O O O O

To write this in the original basis for which A is given in (5.2.40) we need the orthogonal rotation
O, which in practice is the matrix whose columns are the normalized eigenvectors of A given in (5.2.42)
and (5.2.43), so
10 0 00 0
01 0 00 0
00 +mi/M OO0 —y/ms/M
0= , (5.2.47)
00 0 10 0
00 0 01 0

00 \/mQ/MOO ml/M

as can be verified by direct matrix multiplication. In terms of this the eigenvectors (5.2.45) become
Y = OY and so are given in the initial basis by

1 0 0 0 0 0
0 1 0 0 0 0
v= 2. Y], mMA O O mVme /A (5.2.48)
0 0 0 1 0 0
0 0 0 0 1 0
0 0 mg/M 0 0 m1/M
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in agreement with (5.2.42) and (5.2.43) (as they must).
Rescaling by the mass matrix then reveals the eigenvectors Y = M~'/2Y in the basis for which
the evolution equation is MY = KY, where

1//m1 0 0 0 0
0 1//m1 0 0 0
1/vM
Y = O ) 0 i / ) O ) O 3 (5249)
0 0 0 1//ma 0
0 0 0 0 1//ma
0 0 1/vM 0 0
are all zero modes, while
0
0
Y(t) = _\/'Té/ml Acos(wt +9), (5.2.50)
0

Vii/m

corresponds to the single oscillatory normal mode (in agreement with the solutions seen earlier in §5.1).
Notice that this solution satisfies MY = m; y1 + ms y2 = 0 for the nonzero eigenvector, showing that
the motion does not change the centre of mass position. During the oscillation the relative minus sign
between the two entries of (5.2.50) show that the two atoms move with the opposite phase as they
oscillate, and the mass-dependence shows how the amplitude of oscillation differs for each atom.

In order to see the superposition of more than one normal mode we need at lest three

atoms, so we consider this example next.

Worked example: Triatomic Molecule

Consider a molecule involving three atoms all arranged along a single line. The central atom of the
molecule has mass m,. and the two outer atoms have the same mass m+ = m and potential energy as
a function of their distance from the central atom and so share the same equilibrium distance ¢ from
it (see the illustration in Fig. 26).

Let us choose the z axis parallel to the line connecting the three atoms in their equilibrium
positions with the origin chosen to sit at the centre of mass, which by symmetry is also the position
of the middle atom, so

Sy =+fe, and s.=0, (5.2.51)

where (as usual) M = my + m_ + m, = 2m + m, is the total mass of the molecule. Notice m_s_ +
m4Sy +meSe. = m(s— +54) + meS. = 0 — as must happen in the centre of mass frame.

We take the interatomic forces to be derivable from a potential V' that depends only on the relative
distances between the atoms: 7. = |[s; —S¢|, 7e— = [s_ —s.| and r1_ = |s; —s_| (and so is translation
and rotation invariant). This potential is assumed to have a local minimum for the positions given in
(5.2.51), such as can be arranged if the atoms at the ends of the molecule are attracted to the central
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Figure 26. A sketch of the geometry of the collinear triatomic molecule whose vibrations are discussed
in the text.

one through a potential, V,, of the form drawn in Fig. (25), together with a repulsive interaction, V.
between the two end atoms. For such a potential the end atoms prefer to be a fixed distance ¢ away
from the central one, and the repulsive nature of their direct interaction makes them prefer to remain
on opposite sides of the central atom from one another.

In this case there are nine coordinates, y*, with A = {a,i} anda =1,2,3 = —,¢,+ and i = z,y, 2
y' Yz
y? Yy
y? Y-
y* Yea
Y=1[4°]|= Yey | > (5.2.52)
y6 Yez
y’ Yiu
y® Y+y
y’ Yz

and we take the potential to have the approximate form
V=Vo(req) + Va(re—) + Vi(re—), (5.2.53)

where once expanded about the equilibrium positions, s, = S, + y, the distances between atoms are

Tet = \/(yzl:m - ycx)z + (y:l:y - ycy)2 + (y:I:z — Yez F £)2

and 1y = \/(y+a:—>y7m)2-k(y+y = Y—y)? + Yte — Y- — 20)°. (5.2.54)

Differentiating gives

v v 8rc+ Ore_
8ycz (Tc+) a ( ) aycz
ct % E(szz ct — Y—i — gézz
! (res) <y — Vs ¥ >+Va’(rc_) (yyr> : (5.2.55)
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which vanishes at y, = 0 so long as the equilibrium configuration satisfies 7.4 = 7._. Similarly

5‘V ’ 5‘rc+ ’ 87’6_ , 87’+_
= Va\Te + Va Te— + ‘/7 T
OYy+i (res) Oy+i ( )53&@‘ (r+-) Oy+i
i — Yei F L0 , i — Yxi T 2005,
= Vi(rex) <w> VI (res) (yi Yri ¥ > , (5.2.56)
Tet T4

which vanishes at y, = 0 if £ satisfies V/(¢) + V//(2¢) = 0.

Differentiating again is simplified if we assume the repulsive force is much weaker than the at-
tractive force, so that ¢ approximately satisfies V,(¢) ~ V() ~ 0 relative to second derivatives and
we can neglect V,/'(¢) relative to V(¢). In this case the only non-negligible second derivatives at the

minimum are

82V> 0%V
T S v+ v, () ~—V"(0). 5.2.57
( o) =iV, (505 = (5.2.57)
and 0%V 0%V
1
| — ~ | — ~ V") . 5.2.58
2 (&ng)o (ayczain>0 a( ) ( )

Repeating the steps that led to eq. (5.2.31) gives the nine-by-nine matrix k5 = (8*V/dy*0y?)y. o
evaluated at the equilibrium position (y, = 0), leading to

Kyt RKye Kp— k +E —k —t
kaipj = Kab 055 Where Kap = | Keg Kee ke | = | —k 2k —k |, (5.2.59)
Koy Kee Ko -t -k k4t

and we define 0;; = d;, 0;. as in (5.2.32) and
k:=V/'()>0 and E:=V/(0). (5.2.60)

We remark in passing that the result (5.2.59) is different than what would have been found if we
had followed the textbook Goldstein and defined the potential to have the approximate form

Vo Tk(sy —sc—le)’ + Lk(s_ —sc+le.)’ =2k (yr —ye) P + 3k (y- —yo)?
= k(YL +y2) +ky. —kye- (yr +y). (5.2.61)

k
k

In this case repeating the above steps gives the nine-by-nine matrix k.5 = (92V/9y*9y?)y,—o evalu-
ated at the equilibrium position (y, = 0) of the form

k. -k 0
kai,bj = Kab 5ij where Rab = —k 2k —k . (5262)
0 -k k

This differs from (5.2.59) by omitting the ¢ dependence, but more importantly in spin space this
involves the matrix d;; rather than o;; and so it does not contain any rotational zero modes. This
happens because the choice (5.2.61) does not give a rotation-invariant potential due to the appearance
in it of the explicit direction fe.. By contrast, the choice (5.2.53) only acquires a dependence on (e,
once s, is exchanged for y,.
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The mass matrix in these coordinates similarly is Mg, pj = Mgp 0;5 (or M = M ® I3) where I3 is
the 3 x 3 unit matrix and

m 0 0
M=10m.0]|. (5.2.63)
0 0 m
Written out in all of their glory, using this mass matrix and (5.2.59) gives the 9 x 9 matrices
00 0 00000 O mO0OO0OO0 0 0 000
00 0 00000 O O0mO O 0 0 00O
00k+t00—-k00 —t 00m O 0 0 00O
00 0 00 O OO0 O 00 0m:. 0 O O0OO
K=]00 0 00 000 O and M=]1000 0 m: 0 00O (5.2.64)
00 -k 002k 00 —k 0000 0m0O00O
00 0 00000 O 0000 0O 0m©OO
00 0 00000 O 0000 O 0 O0mO
00 —& 00—-kKk00FKk+¢ 0000 0O 0 O0O0m

The matrix A = M~1/2 KM~1/2 therefore becomes

00 0 00 0 00 0
00 0 00 0 00 0
00 (k+8&/m 00 —k//mm.00 —&/m
00 0 00 0 00 0
A=1]00 0 00 0 00 0 . (5.2.65)
00 —k/ymme 00 2k/m. 00 —k//mim,
00 0 00 0 00 0
00 0 00 0 00 0
00 —t/m 00 —k//mm.00 (k+€/m

2

Solving the characteristic equation: det(A — w?) = 0 for the eigenvalues w? reveals seven independent

zero eigenvectors and two nonzero eigenvalues (or characteristic frequencies):

k2 k 2
wf:%é and W = — (1+ m) . (5.2.66)

Because the equilibrium configuration is a rotor (all atoms collinear) only five of the zero modes
are consequences of translation and rotation symmetries. Under translation symmetry the positions
of all atoms shift by a common amount, dy, = €, corresponding to the following translational zero
modes of the matrix K:

(StIY = 5 (StyY = and 6th = (5267)

1
V3

Sl
w
O O = O O = O O =
Sl-
w
SO B O O = O O = O
_ O O = O O = O O
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Although the first two of these are also obvious zero eigenvectors of A the third one must be rescaled
by powers of the mass due to the rescaling Y = M~'/2Y required to relate the original variable Y to
the eigenvectors of A. So the zero modes corresponding to translations in the z direction is given by

5.Y = : (5.2.68)

Vme +2m

as is easily verified by direction multiplication by A.

The other two zero modes associated with symmetries are those due to rigid rotations about
the centre of mass of the molecule, for axes perpendicular to the z axis (which is the direction along
which the atoms lie when in their equilibrium position). Since the central atom lies at the centre of
mass it does not move under these rotations, and the equidistant positions of the outer two atoms
makes them rotate in opposite directions. Explicitly, for an infinitesimal rotation about the = axis we

have dy_, = 0, ¢ and dy,, = —0, ¢ and an infinitesimal rotation about the y direction similarly gives
0y_z = 0y ¢ and dy;, = —0, £, so the corresponding zero eigenvectors of K (and A) therefore are
0 1
1 0
0 0
0 0
0rzY =1 0 and 6,,Y=1| 0 (5.2.69)
0 0
0 -1
-1 0
0 0

Inspection of A shows that the remaining non-symmetry zero modes involve transverse motion of
the central atom in the x and y directions without also moving the outer ones:

0 0
0 0
0 0
1 0
0rzY =10 and 0,,Y = |1 (5.2.70)
0 0
0 0
0 0
0 0

These are only approximate zero modes since their eigenvalues only vanish because of the simplifying
approximations made when evaluating K, in particular the assumption that this matrix is dominated
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by V/'(¢) and V' (¢). This assumption neglects the restoring force that acts transverse to the molecular
axis when the central atom is ‘plucked’ away from its equilibrium position and allowed to oscillate.

The remaining eigenvectors correspond to the nonzero eigenvalues given in (5.2.66). The eigen-
vector corresponding to the first nonzero eigenvalue is given by

)kt

Y, = Acos(wit + ) for the eigenvalue wj = (5.2.71)

m

o O O o o = o o

\
—_

This involves only the outer atoms oscillating with frequency w; in opposite directions in the z direction

while the central atom does not move (as it must in order for the molecule not to carry net momentum).

Because only the outer atoms move the frequency depends only on the mass m of the outer atoms.
The other eigenvector with nonzero eigenfrequency for the matrix A is

Yo

|
N
oo 3o oo
~
3
o

~ k 2
Acos(wat +8) for the eigenvalue w3 = p- <1 + mm> . (5.2.72)

More useful is to have this oscillation in terms of the original variables Y, keeping in mind the relation
Y = M~/2Y. Absorbing a factor of \/m by defining A = \/mA, this can be written

0
0
1
0
. 5 Kk 2m
Yo = 0 Acos(wat +d) for the eigenvalue ws = - (1 + — ) (5.2.73)
—2m/m. ¢
0
0
1

This corresponds to both of the outer atoms oscillating in the same direction with frequency ws while
the central atom simultaneously oscillates in the other direction with the amplitude required to ensure
that its instantaneous momentum precisely cancels the momenta of the outer two atoms. That is, the
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momenta along the z direction for of each type of atom performing this oscillation are
my—_, = myy, = —mAwssin(wat +9) and mcYe. = +2mAws sin(wat + 9), (5.2.74)

and s0 mj_. + mi. + mejes = 0.

All told our three-atom triatomic molecule has 9 degrees of freedom of which 5 describe rigid body
translations and rotations. The remaining 4 degrees of freedom describe 4 independent normal modes
of oscillation, each with its own characteristic frequency, for small displacements of the constituent
atoms about their equilibrium positions. The two modes for which the central atom moves transverse
to the molecule’s axis have systematically smaller frequencies compared to oscillations for which the
atoms move along the line connecting the equilibrium positions of the atoms. A general vibration of
the molecule can be written as a linear combination of these four normal modes.

* * *

One can continue in this way, adding more and more atoms to obtain larger and larger
macroscopic bodies. In general each atom adds another 3 normal modes (one for each of
the three spatial directions). The number of zero modes coming from spatial symmetries in
general remains fixed at six (three translations and three rotations — or possibly only two

independent rotations if all the atoms are collinear).

5.3 Continuum of Oscillators

The number of normal modes arising in this way for an oscillating macroscopic body can be
truly enormous once the number N of atoms becomes sizable. The motion can sometimes
nonetheless be fairly simple and acquire a universal behaviour in some circumstances — most
notably when the system is only observed over distance scales that are very large compared
with the typical interatomic spacings and over time scales that are long compared with the
periods, T' = 27 /w, of the typical characteristic frequencies. This section is devoted to what
happens in this limit and why simplicity can emerge.

As we saw in the previous section, normal modes often involve adjacent atoms moving in
very different ways. For instance, for the triatomic molecule one of a pair of adjacent atoms
could be completely motionless while its immediate neighbor oscillates like crazy. These kinds
of oscillations can be very hard to detect if one can only resolve distance scales that are very
large compared to the interatomic spacing. If only comparatively large distances can be
resolved then the only oscillations that can be detected in practice are those that involve a
macroscopic number of atoms moving together in a very similar way.

It also turns out that these are the normal modes that typically involve the lowest fre-
quencies: for N oscillators coupled only to their nearest neighbours the lowest-frequency
normal modes tend to be the ones where all of the particles are moving as similarly to one
another as possible, with none moving completely out of phase with the others. This kind
of low-frequency coherent motion is often universal in its character (in the sense that it does

not depend in detail on the properties of the underlying atoms).
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There is a good reason why these low frequency modes of oscillation become universal.
We have seen that if all the atoms of an object move with exactly the same speed in the same
direction then this is not really an oscillation at all. It is instead a rigid body translation. It
can cost arbitrarily little energy if the motion is slow enough because there is no potential
energy cost if the interatomic interactions are translation invariant. But if there are a great
many atoms present then some oscillations can involve large groups of atoms moving together
with velocities that are almost but not exactly the same. If the change in velocity from atom
to atom is sufficiently small the energy cost of this motion can also be made arbitrarily
small because it locally is almost a symmetry transformation. (It becomes an honest-to-
God symmetry in the limit that all atoms move with exactly the same speed and direction.)
It is the intimate relationship between this type of motion and symmetries that makes the

resulting behaviour universal.

5.3.1 The oscillating string

To explore these ideas more concretely consider first the simple system of a long line (or a
long and comparatively narrow bundle) of atoms that are too closely spaced to distinguish
individual atoms, but which are free to move transverse to the line’s initial direction.

We wish to write down the Lagrangian for such a string of atoms in order to obtain its
equations of motion. To this end we start with the kinetic energy of the motion. Suppose
then that we have a narrow string or wire of cross sectional area A whose typical length
a ~ VA is both much smaller than the resolution of our position measurements and much
larger than the spacing ¢ between atoms.

Because we cannot resolve its width the wire will look like a one-dimensional object,
with length but no width, and so its position is specified by giving the curve z(u) that gives
the wire’s position as a function of time. Here u is any convenient parameter (we later use
arc-length measured along the wire for this purpose, but that is not required) that labels a
particular ‘point’ along the wire’s length. It is possible that the wire’s cross-sectional area
A = A(u) varies along the wire.

We know that in secret every point on the curve z(u) contains many atoms all more
closely packed than we can resolve. Consider a small segment of this wire contained in an
interval du about some value for u, chosen so that the length, ds, of this interval is at the
limit of resolution of our measurements. That is, ds is much shorter than any process we
hope to actually measure, but is also much larger than the interatomic spacing within the
wire: ds > a > /.

Given an explicit parameterization z(u) = {z(u),y(u), z(u)} of the wire’s position, the
vector 0z/0u is tangent to the wire. The the length of the wire lying in the interval du is

dz_dz

ds = \/da?2 + dy? + d22 = Vdz - dz = u,
du du

(5.3.1)
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and so ds/du = /(dz/du) - (dz/du). If u is a reliable label of points along the wire it
increases monotonically as one moves along the wire and so we can assume ds/du > 0 is
strictly positive everywhere so the map u — s is one-to-one. It is often convenient to use s
itself as the parameter labelling points along the wire. In this case (5.3.1) shows that

dz dz

e 5.3.2
ds ds ’ ( )

(so the tangent vector is in this case automatically normalized).

If we could only resolve it, the volume of this segment of the wire would be

AV = A(s) ds = A(u) (32) du, (5.3.3)

and so the total mass within this segment is dm = p(s,t) dV where p is the mass-per-unit-

volume of the atoms in the wire. In terms of the microscopic atoms

dm = p(s) A(s)ds = Z Mg , (5.3.4)
acdV

where m, is the mass of atom ‘a’ and the sum runs only over those atoms that lie within the
volume element dV. If we cannot resolve the width of the wire then what mattters is the

wire’s mass-per-unit-length:
_dm

o(s) = T p(s) A(s) . (5.3.5)

Next we restrict our attention to atoms that are all mostly moving in the same direction,
doing so by assuming that all of the atoms in the volume dV have the same velocity, v, to
within the tolerance of our measurements, but allowing for the possibility that this common
velocity varies slowly with s, v = v(s), as we move down the wire. Having the entire segment
move together at low energies is a natural consequence of the interatomic forces F,;, that
act between the atoms (and provide them with a preferred equilibrium distance from all of
their neighbours). In particular, it provides a strong repulsive part that prevents atoms being
pushed into one another.

Under these circumstances the motion of a segment of the wire is transverse to the
direction along the wire. For instance, if the wire is initially laid along the z axis then the
repulsion of atoms requires a wire segment to move only in the z-y plane, so v = v, e; +v, e,.
In practice this means that the motion of atoms within a short segment of length ds simply
changes the shape of the wire, so the velocity gives the rate of change of the curve that defines
the wire’s position:

v(s,t) = Owz(s,t) =: z(s,t), (5.3.6)

and
v(s,t) - 0sz(s,t) =0. (5.3.7)
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The kinetic energy due to this motion of the volume dV then is
dK = 2dmv? = 3 pv?dV = 1 pv? Ads = L ov?ds. (5.3.8)

For a material wire there is also a potential energy cost to moving one part of the wire
relative to its neighbours. This also comes from the interatomic forces Fg; that act between
the atoms. The attractive part of the interactomic forces resists the stretching of the wire
since it imposes an energy cost on changing the wire’s length. If the curve defining the wire
changes from z(u) to z(u) = z(u) + y(u), with y perpendicular to the tangent dz/du and
we parameterize using the arc-length, 5, for the original curve z(u) then (5.3.1) tells us that
|dz/ds| = 1 and predicts the change in the length of a segment initially of length ds to be

2
5ds = 1+dy~®74ds:§<ﬂy>(h, (5.3.9)
S

ds ds

where the cross term vanishes'” in the first equality because (dz/ds) - (dy/ds) = 0 and the
approximate equality assumes small displacements, so |dy/ds| < 1.

The potential energy cost of such a deformation is the work done against the total restor-
ing interatomic force by this change of length. Once aggregated over the interior of the wire
this restoring force is called the wire’s tension: T(s) > 0, and is regarded as being one of its
macroscopic properties, like its mass-per-unit-length o(s). The potential energy change due

to a small displacement of the wire therefore is

2 2
dV =T(s) 6ds ~ 3 T(3) (2’) ds ~ 1 7(s) (g) ds, (5.3.10)

where the last equality uses that the difference between s and s is higher order in dy/ds.

This expression for the potential energy vanishes if dy/0s = 0 because the limit of a
constant displacement of the whole wire is a rigid-body motion for which there is no cost in
potential energy. Working to quadratic order in dy/ds in (5.3.10) is the analog in this instance
of using the harmonic approximation when exploring the potential energy of oscillations of
individual atoms around their equilibrium positions.

We now have the tools to write down the Lagrangian for the aggregate motion of small
deviations of atoms aligned along a narrow wire, at least in the low-energy limit appropriate
for asking questions over time scales much longer than the characteristic frequencies of the
generic atomic normal modes of vibration (so that oscillatory motion over short unresolved
distances can be ignored). The Lagrangian is as usual the difference between the total kinetic
and potential energies which, using (5.3.8) and (5.3.10), becomes

51 dK  dV 51
L:K—V:/<m<__>:/<3Ba@w%gT@gV. (5.3.11)
S0 ds ds so

19 A more systematic treatment including when the cross term cannot be neglected is given in §9.
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As usual, eq. (5.3.11) is to be integrated over time to obtain the action, so

Sty(s.0)] = [ at L= /tl dt/81 as [5o (@)? ~ §T (0.9)7] (5.3.12)
to to 50
This is now a functional of a configuration y(s,¢) that is a function of two variables rather
than just time. The equations of motion are obtained in precisely the same way, though, by
asking which configurations give 4.5 = 0 stationary under arbitrary variations 0y (s,t).

In this formulation the two parameters s and ¢ are conceptually treated very differently.
The parameter s and the vector index i = x,y, z in y;(s,t) are collectively treated effectively
the same as the label A in the generalized coordinate ¢*(t) introduced in §2.2. The main
difference is that s is a continuous variable rather than a discrete one, so sums over A turn

into sums over ¢ and integrals over s.

5.3.2 The wave equation

To derive the equations of motion we take the difference of the action evaluated at y(s,t) +
dy(s,t) and its value evaluated at y(s,t), keeping only linear terms in dy(s, ¢) and its deriva-

tives. Taylor expanding the integrand of (5.3.12) to linear order gives
t1 S1
0S = dt/ ds [0’ Oy - 0¢(0y) — T Osy - 03(5y)}
to S0

= /81 ds [a@ty . 5yE1 — /t1 dt [T@Sy . 5yrl (5.3.13)
0 S0

S0 to

[l [0 [afoay) +aron)] s,

The goal is to require §.S vanish for arbitrary variations dy(s,t). We first demand 65 = 0
for those dy(s,t) that vanish at the boundaries ¢t =t and ¢; and s = sp and s;. In this case
only the final integral in (5.3.13) contributes and so requiring 65 = 0 for arbitrary dy(s,t)
implies

9, (o Bty) + o, <T 8Sy) ~0. (5.3.14)
If it is also true that the action is to be stationary when dy # 0 at the endpoints then one

gets the additional conditions

Ory = 0 for all s when t = 3 and t;
and 0,y =0 for all t when s = sg and s;. (5.3.15)

For cases where both T" and ¢ are independent of s and ¢ the field equation (5.3.14)

becomes

T
—O2y +c2 0%y =0, where c,:=1/ —- (5.3.16)
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The quantity cs has the dimension of velocity. Eq. (5.3.16) is a famous equation and is called
the wave equation, since its solutions describe wave propagation. As we see below c¢g turns
out to be the wave speed.

Eq. (5.3.16) is simple enough that it can be solved exactly (provided ¢y is independent of
s and t). The general solution can be found by changing variables from s and t to u = s — ¢4t

and v = s + ¢st. In terms of these variables (5.3.16) becomes

0’y
= 5.3.17
Ou Qv ( )
This integrates to give the general solution
y(u,v) = fi(u) + f2(v), (5.3.18)

where f; (u) and fo(v) are arbitrary vector functions, subject only to the conditions that they
(like y) are perpendicular to the background configuration z. In terms of the original variables
this becomes

v(s,t) =fi(s — cst) + f2(s + cst) . (5.3.19)

Eq. (5.3.19) provides the key to interpreting (5.3.16) as a wave equation. This is because
for any profile f;(x) the function f(s — cst) describes the translation of the profile to larger
and larger values of s as t changes, where the the translation occurs at speed ¢, (see Fig. 27).
A similar story goes through for fa(s + cst) though this translates the profile to smaller and
smaller values of s (again with speed c;) as t increases.

Y

CsT

Figure 27. The evolution of a profile y = f(z =+ ¢st) showing how the fixed profile translates through
a distance Ax = Fc¢s7 after time evolves through an interval At = 7. (For instance if f(x) has a
maximum at z = 0 when ¢ = 0 then when ¢ = 7 the maximum still occurs when the argument of f

vanishes, but for f(x — c¢s7) this happens when x = ¢,7.)
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The general solution to (5.3.16) is clearly the superposition of a left-moving and a right-

moving wave, whose specific profiles can be determined by the initial conditions:

y(5,0) = fi(s) + f2(s) and Oy(s,0) = cs|—f1(s) + £5(s)] . (5.3.20)

For instance if y(s,0) = h(s) is specified and the wire is initially at rest, d;y(s,0) = 0, then we

learn f](s) = £}(s) and so fi(s) = fo(s) + C for some constant C, and so f2(s) = 1[h(s) — C].
In this case the solution is

y(s,t) = fo(s — cot) + fa(s + cst) + C = 1 [h(s — ¢st) + h(s + cst)} . (5.3.21)

5.3.3 Normal Modes (again)

It is also possible to seek normal mode solutions to (5.3.16), which can be defined to have
a simple time-dependence y(s,t) = u(s)e ™! In this case (5.3.16) states that the function
u(s) must satisfy

u+ku=0 where k:=w/c,. (5.3.22)

This is solved by
u=a e’ fage (5.3.23)
where k (or equivalently w) and the constant vectors a; and ag are chosen to satisfy any spatial
boundary conditions. For instance if y(s,t) = 0 for s = 0 and s = L then u,(s) = a, sin(k,s)
where k, = nw/L forn = 1,2,3,--- apositive integer, leading to the characteristic frequencies
wp, = nmcs/L. The remaining constants a, can then be chosen by imposing a convenient
normalization condition on the normal modes in question.

Just as was true when all of the atoms can be resolved, a general solution to the wave
equation (together with an appropriate set of boundary conditions) can be written as a linear
combination of normal modes, each of which has a characteristic frequency. Furthermore, the
relative amplitude of oscillation at each point of the string is fixed once the specific normal
mode is chosen, exactly like what happens when the motion of each atom can be resolved.
The particular combination of normal modes that arises in any particular physical problem
is obtained by matching to the initial conditions, y(s,0) and 9,y(s,0).

In the continuum case we study here this normal-mode decomposition just turns out to be
a Fourier series representation of wave motion. To see why this is true it is useful to examine
a particular case in more detail. To this end, suppose the displacement satisfies the boundary
condition that it vanishes at the edges of an interval at all times: y(0,t) = y(L,t) = 0.
Consistency requires any initial conditions also to satisfy this boundary condition.

For instance, if y(s,0) = h(s) and d;y(s,0) = 0 (as used above) then consistency requires
h(0) = h(L) = 0). In this case it is always possible to find coefficients h,, such that

h(s) = g; h,, sin (?) . (5.3.24)
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The required coefficients can be found by using the identity

L
nmws mms L
1 R 1 = — Omn » 3.2
/Odssm(L>sm(L) 25 (5.3.25)

since it shows that h,, can be found by multiplying (5.3.24) through by sin(mms/L) and

integrating: ;
2
h,, = L/o ds h(s) sin (%) . (5.3.26)

Using (5.3.24) in (5.3.27) then gives the solution as an expansion of normal modes, of the

form -
1
y(s,t) = 5 nz::l h, {sin [%(s - cst)} + sin [%(s + cst)] } , (5.3.27)
with h,, given in terms of the initial condition y(s,0) = h(s) by (5.3.26).

5.4 Spin Waves*

yvada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yvada yada yada yada yada yada

5.4.1 Antiferromagnets

yvada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yvada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yada yada yada yada yada yada

5.4.2 Ferromagnets

yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yvada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yada yada yada yada yada

6 Relativistic Systems

The two great revolutions in physics during the early twentieth century — relativity and
quantum mechanics — are widely perceived as both requiring the abandonment of Newton’s
formulation of nature’s laws. Although this is certainly true for quantum physics the same
is not strictly true for relativity provided one takes the Lagrangian formulation of Newton’s
law’s as primary, since there is a Lagrangian formulation for classical relativistic motion.
The main thing to change is the specific form for how forces and energies depend on
position and velocity, which is more about the choice of the Lagrangian used in a particular
situation rather than a complete abandonment of the formalism. This section seeks to clarify
this by showing how special relativity can be embedded into the Lagrangian framework of

classical mechanics.
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6.1 Poincaré vs Galilean Invariance

From the point of view of Lagrangian mechanics the main difference between special relativity
and Newtonian mechanics is the form that is assumed for spacetime symmetries. As listed in

§1.6 the spacetime symmetries assumed in Newtonian mechanics come in three types:
e Translations in space and time: r - r+cand t — t 4 7;
e Rotations in space: r — Rr, where R € O(3) is a 3 x 3 rotation matrix, and

e Galilean boosts: r — r + ut (that relates inertial observers who move with velocities

that differ by the constant velocity u).

Although translations and rotations have played an important role in discussions to this
point, invariance of the laws of physics under Galilean boosts has been more of an academic
observation.

Translation and rotation invariance do not change at all when we pass to special relativity;
it is the invariance under Galilean boosts that changes. It might seem odd that this is possible
since the derivation of the transformation r — r + ut¢ given in §1.6 seems to rely only on the
properties of vector addition and so is not that complicated. As it turns out, the ‘mistake’
in this derivation is to assume that time is universal for all inertial observers, as we see more
explicitly in §6.1.2 below.

Before exploring how relativity differs it is worth first describing in more detail how

Galilean invariance restricts the choices we have made to this point.

6.1.1 Galilean constraints on L

Consider first the Lagrangian L(r,r,t) describing the motion of a single particle, for which
the sole degree of freedom in the position r(¢). Invariance under spatial and time translations
implies L cannot depend on r undifferentiated and it cannot depend explicitly on ¢, and so
L = L(¥). Rotation invariance then further restricts L = L(v?) to be a function of v? = 2
since this is the only rotational scalar that can be built using only r.

The functional form for L(v?) is further constrained by requiring physics to be invariant
under Galilean boosts, for which ¥ — r+u for arbitrary constant u, and so v> — v2+2u-r+u?.
If we were to demand L be invariant under this transformation then we would learn the absurd
result that L must be independent of v? and so just be a constant.

Happily this is too strong a condition because we must only demand the action be invari-
ant and so L can change under a Galilean boost so long as it changes by an additive constant
or a total time derivative (or both). But this is still a restrictive condition because it implies

2

that L(v?) must be linear in v?. Defining the coefficient to be %m this means the unique

result for the Galilean-invariant Lagrangian for a single particle is

L:

d
tmv?  for which L — L+ imu® + —(mu . r) . (6.1.1)

dt
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We see from this argument that what might have seemed an arbitrary choice for the
kinetic energy of a single particle is really the only choice that is consistent with Galilean
invariance. Turning this argument around, we see from the above Lagrangian that Galilean
invariance requires the equations of motion for an isolated particle to have the form m ¥ = 0,
which indeed is Newton’s first law (in the absence of forces a particle moves in a straight line
at constant speed).

More possibilities are of course possible once more than one particle is present. For
instance, for two particles invariance under time translations again requires L not to depend
separately on ¢t but invariance under spatial translations is now possible if r; and ry appear
undifferentiated only through the difference r = r; —rs. Invariance under rotations requires r,
r; and 1y to appear only through the rotation invariants that can be built from these vectors:
r2, 1'"%, i‘%, I1-To, r-1rp and r-ro. What remains is to impose invariance under Galilean boosts.

There is no loss of generality in writing L = K—U where K = %ml i‘%—i—%mgi‘%—i-mlg I'y-T'g i8S
an arbitrary quadratic function of the velocities and U is everything else (and so in principle
differs from the scalar potential in that it can depend on velocities). Although K is not
invariant under Galilean transformations it does transform into a constant plus a total time
derivative, precisely as was the case for a single particle. The function U can depend on both
r and the velocities 11 and 1y but the result can only be Galilean invariant under r, — 1, +u
if the velocities appear in U only through the difference 1 — ro = r. We are led to the

conclusion that U = U(r?, 2

,r - T) can be a function of three independent invariants. In
spherical polar coordinates (7,6, ¢) we have r? = r? % = 72 +r2(92 +sin” 6 ¢2) andr-r =17,
so U =U(r,7,0% +sin? 6 ¢?).

We see that Galilean invariance (like invariance under rotations and translations) does
constrain the form allowed for L, with the strongest constraints arising in the case where only

a single particle is present.

6.1.2 Lorentz invariance

In special relativity the logic for L is similar: we choose the Lagrangian of any system from the
subset of those that are invariant under translations, rotations and boosts between inertial
observers moving at different speeds. The only change is that the explicit form for the

transformation of boosts is no longer given by
r—r+vt (6.1.2)

when the two inertial observers’ velocities differ by v.

Historically, the need for this change was driven by the discovery and success of Maxwell’s
theory of electromagnetism. According to this theory the equations of motion for electric and
magnetic fields are not invariant under (6.1.2). A particular manifestation of this fact is in the
theory’s prediction of electromagnetic waves: in the absence of electric charges and currents
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Maxwell’s equations imply E satisfies

O’E
5z + AVPE =0 (6.1.3)

and similarly for B, where c is a quantity that is calculable in terms of the vacuum’s dielectric
permeability and permittivity, taking the numerical value ¢ = 299, 792, 458 m/s, agreeing well
with the speed of light in vacuum. Indeed (6.1.3) is called the wave equation — compare it
with (5.3.16) for waves along a wire — and has wave solutions whose propagation speed is c.

The ability to calculate the speed of light in this way starting from equations of electricity
and magnetism revealed that light was a manifestation of oscillating electric and magnetic
fields having a particular range of wavelengths, and it predicted the existence of a whole
spectrum of waves at other wavelengths on which our subsequent technology has since come
to rely. This was of course regarded as a huge success of Maxwell’s theory.

The fly in the ointment was that (6.1.3) is not Galilean invariant and so if different inertial
observers are related by (6.1.2) then only one of them could agree with Maxwell’s prediction
and the others should measure different speeds, in much the same way that the measured
speed of water waves depends very much on the speed of the observer’s motion relative to
the water.

This led to attempts to use the measured speed of light to infer the Earth’s motion relative
to whatever the rest frame was of the medium (the ‘luminiferous aether’) through which these
waves move. The absence of any evidence of motion (despite the speed and direction of the
Earth’s velocity changing as it orbits the Sun) eventually led to the conclusion that perhaps
(6.1.2) is not the correct expression relating inertial observers.

Einstein (and Lorentz) found the correct transformation rule relating inertial frames
by demanding that all inertial observers must measure precisely the same numerical value,
¢ = 299,792,458 m/s, for the speed of light in vacuum. This would allow Maxwell’s equations
to predict the speed of light correctly for all inertial reference frames (as the measurements
seemed to indicate that it did). Einstein’s observation was that this could be done if inertial
observers disagree on the rate of passage of time.

Because all inertial observers measure the same value for c¢ it becomes possible to define
our units of distance so that ¢ = 1. Such units would not be useful if all inertial observers
did not agree on the speed of light. These units are used throughout the rest of this section.
Conversion of subsequent formulae to ordinary units is accomplished by inserting whatever
factors of ¢ are required to give the expression the correct dimensions. (E.g. for a result like
v = 0.2 to have the dimensions of m/s, its right-hand-side must really be 0.2 ¢. Similarly, for
E an energy and m a mass a formula like E = m becomes E = m c?.)

From a symmetry point of view, it is useful to cast the required transformation in a man-
ner that is similar to the way that rotations were treated in §2.3.4: as a linear transformation

that mixes up the coordinates but in this case allowing both spatial and temporal components
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of vectors to mix. Denoting the time and space coordinates by {z*} with p = 0,1,2,3 and
{20 21, 2% 23} = {t,z,y, 2} when relating the coordinates of two inertial frames in relative

motion we seek a transformation rule of the linear form
at — A2V (6.1.4)

where the summation convention is in force and the constant matrices A*, are chosen to
ensure that all inertial observers agree on the speed of light.

To better formulate the condition that the speed of light remains unchanged it is useful
to more precisely specify the physical distances associated with different coordinate displace-
ments Az#. Mathematically this is done by endowing spacetime with a metric — that is, a
position-dependent 4 x 4 matrix, g, (x), in terms of which the distance ds corresponding to

a given set of infinitesimal coordinate displacements, dz*, locally is
ds® = g, (2) dztda” . (6.1.5)

The summation convention is again in force, with repeated Greek indices (like 1 and v in the
above) being summed over the values 0, 1,2, 3.

From this point of view special relativity can be summarized as the statement that for
all inertial observers the metric that appears in (6.1.5) is independent of position and given
everywhere by

ds? = N dat da” = —dt? + da? + dy? + d22, (6.1.6)

and so in matrix form for rectangular coordinates {x°, z', 2%, 23} = {t,x,v, 2}, we have
—1
My = e (6.1.7)
1

where all non-written entries are zero. Any 4 x 4 symmetric invertable matrix g, appearing
in an expression like (6.1.6) that locally defines the notion of physical distance is called a
spacetime metric and the particular case 7, is called the Minkowski metric.

Notice that there are three cases to explore:

e Spacelike separations satisfy ds? > 0 and agree with our notion of distance in flat space

if it is restricted to a purely spatial interval, along which d¢ = 0.

e Lightlike separations satisfy ds? = 0 and describe the trajectory of a light ray. That is,
ds = 0 implies dt? = d¢?, where d¢?> = dz? + dy? + dz? measures the spatial distance
traversed. Any such a trajectory satisfies d¢/dt = 1, and so moves at the speed of light
(since ¢ = 1). The requirement that all inertial observers agree on the interval ds?
therefore includes as a special case the condition that all such observers agree on the

speed of light.
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e Timelike separations are those for which ds? = —dt? +d¢? < 0. In this case the interval
corresponds to the world line of a trajectory of a particle moving at less than the speed
of light, since v? = (d¢/dt)? = 1 + (ds/dt)? < 1. In this case it is useful to define
dr = v/ —ds2, since this represents the proper time elapsed by the observer moving
along this trajectory (for whom d¢ = 0).

The transformations of special relativity are those transformations of the form (6.1.4) that
do not change the Minkowski metric eq. (6.1.6). All such observers will agree on physical
distances and so also agree on physical laws that are expressed in terms of them. Special
Relativity can then be regarded as the requirement that physics looks the same when expressed
in terms of either coordinates, x* and x’#, when the transformation that relates them preserves
the Minkowski metric of (6.1.6). Invariance of the metric implies the constant matrices A*,

satisfy
naﬁAauAﬂl/ = Nuv - (618)

The group of transformations defined by eqs. (6.1.8) are called the Lorentz group, or the
group O(3,1). If spatial and temporal translations are also included, with z# — z* + a* for
some constant 4-vector a* then the symmetry group is called the Poincaré group.

Spatial rotations provide a special case of Lorentz transformations, for which

Ak — (1 R@) | (6.1.9)

where 7,7 = 1,2, 3 runs over purely spatial directions, and Rij is an arbitrary 3 x 3 orthogonal
matrix: 5Z-jMiijl = Ji; (that is to say: R is a rotation). By contrast, the boosts that relate
inertial observers with different speeds involves both time and space directions. For instance,

as is easy to verify, the matrix

cosh 8, sinh (3,
inh 3, cosh 3,
(A = | Bo cosh | (6.1.10)
1

that mixes the ¢ and x directions satisfies the defining condition (6.1.8), for any value of the
real parameter 3,. The same is true for the following matrices that similarly mix ¢ with the

y and z directions,

cosh 8, sinh g, cosh 3, sinh 3,
1 1
(A, =1 .. and (A", = . (6.1.11)
v sinh B,  cosh f3, 1

1 sinh 3, cosh 3,

for any real value of 3, and (..
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To make contact between the above definitions and the transformations that arise in
introductory discussions of special relativity, we must establish how the parameters (; are
related to the components v; of relative velocity of the two observers. To this end consider the
motion of a free particle in the absence of applied forces. Such a particle does not accelerate
and so its trajectory in spacetime is given by a straight line,

2 (u) = + vt u, (6.1.12)

where ¢* and v* are constant 4-vectors and u is a parameter that labels the points along the

line. Any such a curve satisfies

= 0. (6.1.13)

Geometrically dz*/du gives the components of the tangent vector to this curve, and it is
because this is constant that we know eq. (6.1.12) describes a straight world-line.

The invariant interval measured using the metric (6.1.6) along the trajectory is

da da”
du du

ds® = 1 du® = (v-v)du?, (6.1.14)

so it follows that v* must satisfy v-v = 1, v#v” < 0 for a timelike trajectory (i.e. motion with
speed less than the speed of light). Such vectors are also said to be timelike. (By contrast, for
motion at the speed of light — such as for a photon — v* would instead be null: v-v =0.)
A curve with a timelike tangent is called a timelike curve.

By definition of the metric the arc-length along any timelike curve defines the proper
time, 7, as measured by a clock that moves along this trajectory. Since the invariant interval
is negative for time-like trajectories we define d72 = —ds?. It is convenient to use T rather
than u as the parameter labelling points along a timelike curve. In this case u# := dz#*/dr is
called the 4-velocity of the trajectory, and eq. (6.1.14) then implies u - u = —1.

Writing the components of u* as

dz* dt dx dy dz dt dr dy dz
dr? o (40 dr dy dzy  dt [, dr dy dz 6.1.15
ar (dT’dT’dT’dT) dr ( ’dt’dt’dt) ’ (6.1.15)
the condition u - u = —1 implies dt/dr satisfies (dt/d7)*(1 — v?) = 1, where the velocity
3-vector, v, is defined to have components v' = da’/dt. We read off from this the time
dilation that relates the proper time 7 to the time ¢ of the observer with respect to which the

trajectory has velocity v:
dt 1

- 6.1.16
T= g T ( )

where the condition d¢/dr > 0 (i.e. both ¢ and 7 increase into the future) fixes the sign of

the square root.
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We may now relate the parameter $ appearing in a Lorentz boost to the speed, v, of the
inertial observers involved, and thereby verify that eq. (6.1.10) describes a standard Lorentz
transformation as derived when still a baby on your mother’s knee. To this end, suppose A*,
transforms from the frame of an observer at rest (whose 4-velocity is u* = (1,0,0,0)) to the
frame of an inertial observer moving with speed v along the z axis (whose 4-velocity from
(6.1.15) is u* = (v,vv,0,0)). Then

~ cosh 8 sinh 3 1
inh h
yo | _ | sin B cosh 0 7 (6.1.17)
0 1 0
0 1/ \O

and so cosh 8 = v and sinh 8 = v (and therefore tanh 5 = v). Notice that the definition
v=(1- v2)_1/ 2 is then equivalent to the identity cosh? 8 —sinh? 8 = 1. 3 is sometimes called
the rapidity of the moving particle.

Exercise: Prove the identity A, (51)Az(B2) = Ax(B1 + B2) for the composition
of two boosts along the x axis, as in eq. (6.1.10), and use this to show that the
inverse of the matrix A, () is A;1(8) = Ax(—p). Use your result with the relation
v/c = tanh 8 to derive the relativistic law for adding velocities: if 8 = 81 + 2

then
v + U2

= 6.1.18
1+ vyv/c? ( )

v

With this connection between § and v the relation between the coordinates in these two

/ ’ .
frames, ¥ = A" ,o¥, is

t/ cosh 8 sinh 3 3
$: _ sinh 8 cosh z , (6.1.19)
y 1 4
. 1 z

and so trading ( for v (and temporarily replacing the factors of ¢) gives the familiar expressions

t 2 t
t = Lm/c = _rtut (6.1.20)

V1—v2/2’ V1—0v2/2’
together with ¢y = y and 2z’ = 2. Notice that these reduce to Galilean result ¢ — t' and
x — o =x+vt— cf (6.1.2) specialized to motion along the z-axis — in the limit of speeds
that are small compared to the speed of light: v < c.
It is the fact that these expressions imply that events sharing a common value for ¢ are

not the same as those sharing a common value for ¢’ — i.e. the relativity of simultaneity —
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that makes it much more efficient to think in terms of spacetime, rather than space and time

separately.

Worked example: particle kinematics

The instantaneous 4-momentum, p*, of a particle moving slower than the speed of light is proportional
to its timelike 4-velocity u*,

p :mdi =mu", (6.1.21)
T

with proportionality constant m > 0. The interpretation of m is found by evaluating the components
of p*. Using the components for u# found in (6.1.15), we have

0 m i i mv'
=F=my=— and =myv = ——, 6.1.22
P 1= P gl T ( )
which shows that the particle’s instantaneous energy is E = p° and its 3-momentum is p* and so m
is its rest mass. Because (6.1.21) relates 4-vectors to 4-vectors it is true in any inertial frame, which

implies the relations (6.1.22) also hold for the components of p* and u* in any inertial reference frame.

The scalar condition 7, u*u” = —1, which holds in all inertial reference frames, implies p* defined
by (6.1.21) satisfies n,,p"p” = —m?. This is equivalent to the relativistic energy-momentum relation
E*=p®+m?. (6.1.23)

which therefore also holds in all inertial frames.

The 4-momentum of a photon can be thought of as the limit of the above as m — 0 (with d7 — 0
so that (6.1.21) doesn’t imply p* — 0). The components of p* remain fixed and well-defined in this
limit, and the d7 — 0 limit implies that the 4-velocity da*/du points in a null direction. Because u* is
no longer time-like it is no longer possible to choose proper time, 7, as the parameter along the world
line. The resulting 4-momentum satisfies 7, p"p” = p,p* = 0, and so (6.1.23) reduces to E = |p|.

* * *

Electromagnetism in relativistic notation

Since Lorentz transformations were discovered by requiring consistency with Maxwell’s theory
of electromagnetism it is no surprise that these can be written in a manifestly Lorentz-
covariant way (as this section reviews).

It turns out that the six components of the electric and magnetic fields, E and B, trans-

form as the components of an antisymmetric tensor, F),, = —F,,, according to
Foo For Fo2 Fos 0 -FE, —Ey —FE,
Fig Fi1 Fio F E, 0 B, —-B
10 £11 Fi2 fas | x 2 vl (6.1.24)
Foy Fo1 Foo Fag E, -B, 0 B
F3o F31 F3o F33 E. B, —-B; 0

which labels the inertial coordinates in the usual way, z* = {20, 2!, 22, 23} = {t,z,y, z}.
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There are two types of fundamental laws in electromagnetism. One type expresses the
forces felt by charges in the presence of electric and magnetic fields, and states that a point

charge of magnitude g moving with velocity v experiences a Lorentz force of magnitude
F:q<E+v><B>. (6.1.25)

The second type relates the properties of the electric and magnetic fields to the distribu-

tion of charges and currents that source them, as summarized by Maxwell’s equations:

VXE—F%]?:O, V-B=0 (6.1.26)
and IE
VXB—gzj, V-E=o. (6.1.27)

Since all inertial observers agree on the laws of electromagnetism, it should be possible to
formulate these in terms of Lorentz tensors like F),,. Indeed, the Lorentz force, eq. (6.1.25),

can also be grouped into a force 4-vector,
F, = qF,u”, (6.1.28)

where ©” denotes the 4-velocity of the point charge. The relativistic version of Newton’s Law,
p = F, in the presence of this force then is
dp*

o = FF = qF™u,, (6.1.29)

where u” denotes the 4-velocity of the point charge, F},, is defined by (6.1.24) and indices
are raised and lowered using the Minkowski metric: w, = 7n,u"” (with the usual implied
summation due to the repeated index v).
The two source-free Maxwell equation, egs. (6.1.26), can be similarly written as the
combined tensor equation
OpFyx + Oy Fyy + OrFp =0, (6.1.30)

and the remaining two Maxwell equations with sources, egs. (6.1.27), become
o, F* = j* | (6.1.31)

where the 4-vector j* is the electric current 4-vector (more about which below). Notice that
the antisymmetry F*¥ = —F"* implies 0,0, F'*" vanishes identically, showing that eq. (6.1.31)
necessarily implies 9,,j" = 0.

Worked example: electromagnetic current conservation

The condition 0,j* = 0 provides the relativistic expression of something familiar: conservation of
electric charge.
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The components of the electric charge density q(z,t) and the electric current j(z,t) transform
together as a 4-vector under Lorentz transformations, with components:

0
= (J N q) , (6.1.32)
J

where j' represent the 3 spatial components of the current density vector, j.

The quantities q and j should be related by Lorentz transformations because if there is an observer
who sees a nonzero density of electric charge, q(x,t), then anyone else who moves relative to this
observer must see a nonzero electric current density, j(z,t), in addition to seeing a charge density
which differs from the stationary observer (due to the Lorentz contraction of space in the direction of
motion).

Being a 4-vector means that it transforms under a Lorentz transformation in a very specific way:

G = AR, Y (6.1.33)

and so in the specific case of a boost between inertial observers moving at relative speed v, c.f.
egs. (6.1.10) and (6.1.20), this becomes

L2 02 .
g = Evde oy dEve (6.1.34)

V1—v2/c2’ V1—v2/c2’
Conservation of electric charge may be expressed in terms of this 4-vector in a manifestly Lorentz-

invariant way, as

-0
aﬂjuz%+v.3:0. (6.1.35)

Since the left-hand side is a Lorentz scalar, if any observer finds the right-hand-side vanishes, then all
inertial observers must find that it vanishes. Equation (6.1.35) expresses local charge conservation, as
may be seen by integrating it over a volume V having boundary 9V, and using Gauss’ theorem

95" s d 3 .
0= —+V.j|dPz=— [ qd’z+ n-jds, (6.1.36)
v | Ot dt Jy oV

where dS denotes an infinitesimal area element of the surface, whose outward-pointing normal vector
is n. Written this way it is clear that charge is conserved, inasmuch as the rate of change of the total
charge in any volume V' is equal to the net flux of charge carried by the current through the boundaries
of V.

* * *

Finally, the connection between E and B and the electromagnetic potentials, ® and A,

B=VxA and E=-Vo - %? , (6.1.37)
can also be grouped into the single tensor equation
F =0,A, - 0,A,, (6.1.38)
with the gauge potential 4-vector defined by
AP = {AY A"} = {®,A} andso A, =, A" ={Ay A} ={-P A}. (6.1.39)
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Exercise: Verify that egs. (6.1.25), (6.1.26), (6.1.27) and (6.1.37) follow from
eqgs. (6.1.28), (6.1.30), (6.1.31) and (6.1.38), together with the definitions of F),,,
A, and j*.

6.2 Relativistic Point Particle

We are now in a position to identify the Lagrangian for a point particle from which equations
like (6.1.21) emerge as consequences of the Euler-Lagrange equations. We can also do so for
electrically charged particles in the presence of electromagnetic fields, and show how equations

like (6.1.29) emerge in this way.

6.2.1 Particle Kinematics

We start with a single particle whose spacetime position (or world-line) is given by a 4-vector
x#(u), where u is a parameter that labels the different points along the particle’s world-line.

We seek an action that is invariant under general Poincaré transformations of the form

Sla(t)] = /C du L(z, &) (6.2.1)

where C' is the particle world line and the integration is over the parameter u that labels
points along the world line. One might think the action should arise as an integral over
time, but in relativity there is no unique time slicing of spacetime, so we instead must over a
parameterization of the particle world line.

Integrating over u makes sense because parameterizations of a timelike world line can
be regarded as clocks that are a proxy for the world line’s proper time, 7(u). Because the
parameterization is general we also demand the action be invariant under reparameterizations
of the worldline: u — v(u). Because du — (du/dv) dv under a reparameterization u — v(u)
invariance of S implies the Lagrangian must transform as L — (dv/du)L.

Proceeding along the same lines as was done in §6.1.1 for Galilean transformations we
ask how L is restricted by these conditions. Although in principle the Lagrangian L could be
a function of z# and #* = da*/du, invariance under spacetime translations, z* — z* + a*
implies that it can only depend on #*. Lorentz invariance then requires L be unchanged by

the replacement z# — A*,x" and so must have the form

da# da” (dt>2 dr dr

L=L(#*) where i%:=1,, (6.2.2)

du du  \du du du

The final symmetry constraint to impose is to ask L to be invariant under reparam-
eterizations of the worldline itself: w — wv(u), since we are free to parameterize it as we
like. As mentioned above, this implies L — (dv/du)L under such a transformation. But
2 — (dv/du)?i? so it follows that L must be proportional to v/ —#2 (with the sign in the

square root chosen because @2 < 0 for a timelike curve). The resulting action then is

S = —m/ du /= TtV = —'m/ du /=12, (6.2.3)
C C
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where m is a constant of proportionality (that we show below is the particle’s rest mass). The
overall sign in (6.2.3) is chosen so that it agrees with the sign of (6.1.1) in the nonrelativistic
limit.

This argument shows that the form for the action for a single particle is determined up
to normalization by the assumption that it only involve first derivatives and that the result
be Poincaré invariant (as required for consistency with special relativity). The result was also
unique (up to normalization) for Galilean invariance so the difference here arises because the
explicit transformation laws relating different inertial frames is different.

The action (6.2.3) has a very simple geometrical interpretation, as is most easily seen
by reparameterizing the world-line C' using arc-length along the curve. Since the curve is
timelike the relevant arc-length is the proper time, 7, for the moving particle, defined by
dr = v/—ds? = v—i2 du where the second equality uses the definition (6.1.6) of the invariant
distance, specialized to a curve z*(u) along which dz* = #* du. Comparing this to (6.2.3)

shows that the action can alternatively be written

S=-m /C dr (6.2.4)

and so is proportional to the total proper time elapsed along the world line C.
The equations governing the motion of an isolated relativistic particle are given (as usual)
by finding the curve z#(u) that extremizes the action (6.2.3). Taking the difference S[x(u) +

dz(u)] — S[z(u)] and expanding out to linear order in dz*(u) then gives

5S[x(u)] = m /u :f du [%} 5k (6.2.5)

mn,Hox” s uf d ma” "
= | —= 1w du | — | 7= | oz"| .
/=32 uo uo du vV —x
The resulting stationarity conditions are simplest when the parameter u is chosen to be
proper time, since in this case —i? = 1, leaving

d2zH

2 = 0 forall 7 (6.2.6)
together with the boundary condition
dxt uf
y——ox"| =0. 6.2.7

The general solution to (6.2.6) is a straight line in spacetime:
(1) = af +ut T, (6.2.8)

where zfj and u* are constant 4-vectors and use of the proper time as parameter requires

#? = —1 and so implies the 4-velocity u* satisfies N uu” = —1. We see in this way how the
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action (6.2.3) implies the properties of inertial motion assumed in (6.1.12) and (6.1.13). Just
like for the case of Galilean relativity, special relativity again implies Newton’s first law: in
the action of an applied force an isolated object moves in a straight line with constant speed.

To identify the meaning of the parameter m we differentiate (6.2.3) to get the generalized

momentum. This gives

oS m »
VR

u) = =
Pu(®) = Sautay
Specializing to proper time as parameter then says —i? = 1 and so p* = n"*¥p, = m (dz#/dT) =

(6.2.9)

mut (where u# = da*/dr is the particle’s 4-velocity), in agreement with (6.1.21).
Instead specializing to using x° = ¢ as the parameter along the world-line instead implies
dz®/du = dz¥/dt = 1 while dz’/du = dz*/dt = v* become the components of the particle’s

2

3-velocity v. In this case —3% = 1 — v? where v? = v - v, and so (6.2.9) implies

W= n¥p, = m da and so p? = m and M
p=n"py= T2 dt p = =2 pP= /71_1)27

in agreement with standard formulae for the velocity dependence of the particle’s energy and

(6.2.10)

3-momentum (compare with (6.1.22)). These expressions confirm the interpretation of the
parameter m as the particle’s rest mass.

In these same coordinates the action itself becomes S = —m f dt V1 — 2 , showing that
S =~ Lm [ dtv? agrees with (6.1.1) (up to an irrelevant additive constant) in the non-relativistic
limit v? < 1.

6.2.2 Particle moving in a Gravitational field

The above line of argument generalizes very easily to a particle moving in a gravitational
field, though showing this involves using a few facts from general relativity that lie outside
our main line of development.

There are three new facts that are pertinent for describing particle motion in a gravita-
tional field. The first states that for relativistic systems the gravitational field is described
by a spacetime metric, g, (), whose role is to locally define distances in the same way as is
done for special relativity in eq. (6.1.6). That is:

ds® = g, () dot dz” . (6.2.11)

The main difference between this and (6.1.6) is that the value of g, (x) can vary from place
to place in spacetime.

Now it is also true that even for Special Relativity the entries of the matrix that de-
fines invariant distance can be made to vary from place to place just by doing a coordinate
transformation — for example just changing to polar coordinates in (6.1.6) changes it to
ds? = —dt? + dr? + r2(d6? + sin? 0 d¢?). But it is not true that any given metric g, (z) can
always be put into the form g,, = 7,, everywhere in spacetime just by doing a coordinate
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transformation. When this is possible throughout a region then that region is said to have
zero spacetime curvature (or to be a flat spacetime). Special Relativity emerges from General
Relativity as the special case where the metric is flat, and this is the second important fact
that we need.

The third important fact is that the equations of motion in General Relativity are the
same when written in arbitrary coordinate systems. In that sense they remove the need for
there to be a proviso that equations of motion only take the same form when written in an
inertial reference frame.

These facts allow us to figure out the action governing the motion of a point particle
moving in a gravitational field. The dynamical variable again is the timelike curve in space-
time, z*(u), along which the particle might move. In a gravitational field we no longer can
demand the action be Poincaré invariant, because those are the symmetries of flat space. In
principle the action could depend on both z# and #* = dz#/du, but we seek an action where
the dependence on undifferentiated x* arises only through the position dependence of the
metric, g, (z). We also assume the action depends on the metric and not its derivatives, as
should be true at least for relatively weakly varying gravitational fields.?"

Although it goes beyond the scope of these notes to prove it, these assumptions require

the Lagrangian to be built as a function L = L(4?) of the coordinate invariant combination

i? = gy (@) P3Y (6.2.12)

that generalizes the definition of &2 given in (6.2.2) to a general curved space. Invariance of
the action under reparameterizations v — v(u) again dictates that L must be proportional
to v/ —x2, leading to the action

dat dav dr
_ o _ ar _ , 2.1
S m/CdU\/ Guv|z(u)] o du m/cdu Iu m/CdT (6.2.13)

Here m is the same constant of proportionality encountered in flat space and the second-last

equality uses (6.2.11) to rewrite the argument inside the square root as the square of the
derivative (d7/du)? of the proper distance

dr? = —ds® = —g,(v) dat da” (6.2.14)

measured along the curve C. Just as in flat spacetime the point particle action is proportional
to the proper time along the particle’s world line.

The equations of motion for the particle are found as before, by requiring the variation
of this action vanish when varying the trajectory z*(u) — z#(u) + 0x*(u). Repeating the
derivation that in flat space led to (6.2.6) now instead gives

d2zH dx* dx¥
4 TH -
dr? ()] dr dr

20This assumption precludes interactions that depend on spacetime curvature, for instance.

=0 forall T (6.2.15)
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where the quantity I', (z) is given in terms of the metric, g, its inverse g"gy, = 65 and
its derivatives dxg,, by

Toy=39" ((%gxa + OGvo — ébgw) : (6.2.16)

The attentive reader will recognize some of these expressions as arising in the discussion
surrounding eq. (2.1.27), though in a completely different context. Eq. (6.2.15) reduces (as it
should) to eq. (6.2.6) in the limit where g, = 7, because I'", vanishes when the metric is
constant.

Eq. (6.2.15) has a nice geometrical interpretation: it is the equation for an affinely pa-
rameterized geodesic for the metric g,,. As the above derivation shows, these are the curves
that extremize the path length between two points as measured with the metric g,,. For
spacelike separated curves the arc length along a geodesic provides the minimum distance be-
tween these two points (and this is why they turn out to be straight lines for flat spacetimes).
For timelike curves the geodesics provide the maximum possible arc length (or proper time)
between two fixed endpoints (and this is why accelerated observers always age slower than
those that move along geodesics — as in the twin paradox).

Eq. (6.2.15) turns out to have the same form when written in any coordinates because
the left-hand side of the equation transforms like a rank-one tensor (as it turns out). But the
terms ¥ and Fﬁ/\fv”j:)‘ are not separately tensors, so different coordinate systems contribute
to each of these differently (but in a way where the non-tensor difference drops out of their
sum). Observers using different coordinates calculate different expressions for #* because
they differ in the value taken by Fﬁx For instance, on flat space Fﬁ/\ vanishes for an inertial
observer for whom the metric 7,, is constant. But it does not vanish in an accelerating or

rotating reference frame. In the language of §3, the fictitious forces are contained within I', .

6.2.3 Particle interactions with Electromagnetic fields

Since electromagnetism is the poster child of a relativistic theory (from which the form of
Lorentz transformations was initially derived), it should be no surprise to find that the inter-
action term (2.6.16) for a particle interacting with an electromagnetic field needs no changing

to be written in a relativistic form, since

_/ttf v = q/tf at {~le(t). 1) + £ Ale(t). 1]} = q/tf dt %A#[xa(t)]

to to

uy dz#
_ q/uo du = Ay g (w)], (6.2.17)

since z# = {t,r} and Ag = —® (c.f. eq. (6.1.39)). In the top line the time coordinate ¢ is used
as a parameter to label points along the particle trajectory, since this is the standard practice
for nonrelativistic mechanics. The second line uses the fact that the integral is parameter

invariant — i.e. the Jacobian d¢/du cancels between the integration measure and the derivative
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— to relabel the curve using an arbitrary parameter u (which can, but need not, be chosen to
be arc-length — or proper time — as measured along the curve itself).

The only thing needed to make particle motion in an electromagnetic field manifestly
relativistic in this case is to use the relativistic form (6.2.3) or (6.2.4) for the particle kinetic
energy, rather than (say) (6.1.1). We are led in this way to the relativistic generalization of

the point-particle Lagrangian (2.6.22) in the presence of an electromagnetic field:

S = /Cdu{—m i B+ qa’s“AM[a:(t)]} , (6.2.18)

where (as usual) C' denotes the world-line of the particle in question.

The interpretation of the parameter ¢ can be found by examining the equations of motion
predicted by (6.2.18), implied by requring 65 = 0 for arbitrary variations dx*(u) of the particle
world line. These are (compare with (6.2.5))

d ma” dz”
Um [(ht (\/_73;2>:| + QE(&/AM — 8MAV) =0, (6.2.19)
which when specialized to proper-time parameterization (u = 7 for which #? = ), @#i" = —1)
gives
d?z+ dz¥

m——s = qF*
dr2? 4 Ydr

Here F*, = ntF),. This agrees with (6.1.29) once we use the definition (6.1.21) of 4-
momentum, which tells us that g is the particle’s electric charge.

(6.2.20)

6.3 Strings and Membranes*

yvada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yvada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yvada yada yada yada

7 Hamiltonian Mechanics

The Hamiltonian formulation of mechanics starts from the Lagrangian formulation, but rather
than treating the generalized velocities, ¢*, as secondary to the ‘positions’ g* the idea is to
treat them as being on more of an equal footing with the generalized positions. Even better
is to focus directly on the more useful, potentially conserved, quantities like generalized
momenta p,, rather than using velocities.

Part of the motivation for entertaining this type of reformulation is to allow an even
broader class of variable changes when analyzing physical situations. After all, the Lagrangian
formulation’s superpower is the ease with which it handles changes of variables, and this ability
to find efficiently the most convenient variables to simplify a problem can be the difference

between being able to solve it or not. But to this point the main freedom to change variables
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has taken the form of redefinitions of the generalized coordinates ¢* — ¢* = f“(q), with the
velocities then just going along for the ride by differentiation: ¢* = (9f*/9¢”) ¢”.

Putting ¢* and ps on a more equal footing opens up the possibility for handling an
even broader class of redefinitions that mix up both positions and momenta: {p,q} —
{p(p,q),d(p,q)}. We shall see that doing so also allows us to rewrite time evolution purely
in terms of first-order differential equations rather than second-order ones, though at the
expense of having more variables to integrate.

7.1 Canonical Evolution

To see how this works, recall the definition (2.3.2) of the generalized momentum p, for each
¢*, and the Euler-Lagrange equation (2.2.4):

oL oL
= —— in terms of which the Euler-Lagrange equation is p, = —.
ol dgA

Da: (7.1.1)
As usual we here imagine that L(q, ¢,t) is a known function and the partial derivative with
respect to ¢ denotes differentiation with the other variables — in this case ¢ and ¢ — held
fixed. What we seek is a reformulation of the least-action principle for which it is ¢*(¢) and
pa(t) that are independently varied, rather than ¢* and ¢*. That is, we seek the a quantity
H(q,p,t) — called the system’s Hamiltonian — whose natural arguments?!' are ¢* () and p,(t),
in the sense that derivatives with respect to ¢ are taken with py fixed rather than fixing ¢”.

To motivate the construction recall that the variation of the Lagrangian under a change

of path can be written

, oL\ . oL a
6L(q,q,t) = <aq'A> 6¢" + <W> 0q" = padq” +padq”, (7.1.2)

where (as always) do not forget the implied sum over the repeated index A and the second
equality uses (7.1.1). We'd like to trade the §¢* term for a dp, term, so recalling that the
variation of p,4* is d(paq?) = pa 0¢* + ¢* dp. motivates the following definition:

H(Q>p7t) ‘= DPa qA _L(q7Q7t)7 (713)

for which

O0H = (PA 5QA + qAépA) - (PA5QA +pA5qA) = qAépA - pA(SqA . (7-1-4)

21f you have taken thermodynamics you might recognize this question. A similar question gets asked in

thermodynamics when defining thermodynamic potentials. A quantity like the Helmholtz free energy, A(T, V),
naturally has temperature and volume as arguments, but it is sometimes more useful to express things in terms
of temperature and pressure (such as when describing the mechanical equilibrium between two phases of a
fluid). In this case it is the Gibbs free energy G(T, p) that is of more interest, and the different descriptions are
famously related by a Legendre transformation. The same solution applies here: we must perform a Legendre
transformation on L(g, ¢,t) to obtain the desired quantity H(g,p,t).

- 160 —



Notice that (7.1.3) shows that H agrees with the energy E associated with the lagrangian L,
that was defined in (2.3.8) when discussing Noether’s theorem and conservation laws.

Whenever ¢# arises on the right-hand side of (7.1.3) we are supposed to use ¢* = ¢*(q, p)
as obtained in principle by inverting the definition p, = p.(q,¢) obtained from (7.1.1). In
the simplest version of the Hamiltonian formalism egs. (7.1.1) are invertible and so ¢*(g,p)
can always be found in this way. But it can happen that this is sometimes not possible, such
as when the system is subject to constraints. (For instance, how does one invert things if
a constraint sets p, = 07). And the possibility that (7.1.1) cannot be inverted is not just
an obscure academic footnote since it actually happens in many of the theories we believe
actually describe nature at a fundamental level — as we see in §6 and §10.2. In such cases a
generalization is necessary for the procedure described here, as described in §11.

Returning to the main argument, to find how Newton’s laws are reformulated we write
the action S[p(t), q(t)] in terms of H(p,q,t):

ly

S = dr L(cj,q,T):/

to to

v dr [pA ¢* — H(q,p, 7)} . (7.1.5)

As usual, this is regarded as a functional that assigns a number to any given particle trajectory
but with the important new proviso that the trajectory is now specified by giving both ¢* ()
and pg(t) (and not assuming one can be obtained from the other by differentiating) rather
than just giving ¢“(¢) alone.
Varying the action and demanding that it be stationary with respect to arbitrary small
variations 6¢*(7) and dpp(7) gives the desired reformulation of Newton’s laws. Explicitly
5= ["ar D s
¢ dq* p

0

t ts . OH . OH
= |:pA(5qA] tf + / dr |:<qA - 8]?) (SPA - <pA + 8(]*4) (5in| . (716)
0 t, A

0

Requiring this to vanish for any d¢*(7) and dp,(7) subject to the boundary condition dg*(tg) =
dq”*(tf) = 0 then implies Hamilton’s first-order reformulation of Newton’s equations of motion
4 0OH OH

q Op s and p, =

o “90t (7.1.7)

where the partial derivative with respect to ¢* now is done with pp fixed (rather than with
the ¢*’s being fixed).??
Egs. (7.1.7) are the Hamiltonian equations of motion, which are remarkably symmetrical

in how the ¢’s and p’s appear. Because of this symmetry they are sometimes also called the

221f the problem also requires the action to be stationary against variations with 6q* (to) and 6¢* () nonzero
then the ‘surface term’ of eq. (7.1.6) shows we must require (7.1.7) to be true and impose the additional
conditions pa(to) = pa(ty) =0.
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canonical equations of motion, with the momenta appearing in them — defined by (7.1.1) —
called the canonical momenta for the generalized coordinates ¢*.

In order to see how these definitions reproduce earlier formulations of Newton’s laws it
is worth reconsidering some simple examples in this new context.

7.1.1 Examples

It is worth seeing in detail how this works in a few familiar examples.

Simple harmonic oscillator

For instance for the 1D harmonic oscillator we had

L = $mi® — 3 ka? (7.1.8)

for which the equation of motion obtained from the Euler-Lagrange equation (2.2.4) is
mi+ kx=0. (7.1.9)

For the Lagrangian (7.1.8) the canonical momentum obtained from (7.1.1) is p = mu,

which inverts to give £ = p/m, so the Hamiltonian becomes

H(z,p)=pi— L= =—4 —. (7.1.10)

This is to be compared with the equations (7.1.7) obtained from (7.1.10):

H H

of which the first agrees with the above definition, p = ma, and the second (after eliminating
p) again gives mi + kx = 0, in agreement with (7.1.9).

Two-body central force

The lagrangian describing the relative motion for two bodies moving under the influence of a

conservative central force is (in polar coordinates)
L=+ 1ur?6® + Lur?sin?0 6% — V(r), (7.1.12)

for which the canonical momenta are

L L . L .
D = gr =ur, pg= ?90 = pr?0 and P = ggf) = pr?sin®6 ¢, (7.1.13)
and the Euler-Lagrange equations become
pr = pr(6% +sin®0¢?) —V'(r), pp=pr’sinf¢> and py=0. (7.1.14)
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Egs. (7.1.13) invert to give the generalized velocities

Dr ; ; Do
=2 =% and = —12 7.1.15
1 /”,2 ¢ pr? sin® @ ( )
and so the Hamiltonian that results then is
H=p.7+pgl+ - L=+ + +V(r). 7.1.16
Pr Do Do o 2% QMTQ 2MT2 <in2 0 ( ) ( )
The equations of motion that equations (7.1.7) imply in this case are:
oOH . OH oOH
— _ P 9:7:’)7"2 nd ¢=2" = 7]9?2 , (7.1.17)
Opr 7 Opy  ur Opy  pr?sin®6
in agreement with (7.1.15), and
_ OH  p? P} , oOH P
p = 2 _ P ¢ V), ppm e = (7.1.18)

90 ur2sin6cosd
and py = —0H/0¢ = 0, in agreement with (7.1.14) once (7.1.13) are used.

ar w3 purdsin?6

N-body conservative interactions

As our third example consider the case of N particles interacting through a conservative
force that is derivable from a potential energy that is a function only of the particle positions,
V(ry, -, ry).

The lagrangian describing the motion for these particles can be written

L=34Y meiy = V(ry, - ,ry). (7.1.19)
a
The canonical momenta obtained from this are
oL .
Pa = r, = Mg Tq, (7.1.20)
and the corresponding Euler-Lagrange equations become
ov
=—-V,V=- . 7.1.21
VoV = oo (7.1.21)
Egs. (7.1.20) invert to give I, = pa/m, and so the Hamiltonian is
H= Zpa ro — L = Z B, +V(ry, - ,ry), (7.1.22)

in agreement with the energy for such a system. The Hamiltonian equations of motion (7.1.7)
imply in this case:

OH  pq
Sy 7.1.23
' Opa Mg ( )
in agreement with (7.1.20) above, and
OH ov
A 1.24
P or, or, (7 )

in agreement with (7.1.21).
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7.1.2 The Routhian and Ignorable Coordinates

An immediate consequence of the canonical equations (7.1.7) is that p,(7) is conserved for
any ¢* that does not appear in H(q,p). An explicit instance when this occurs is provided by
Hamiltonian for two-body central-force motion, eq. (7.1.16), which does not depend on the
variable ¢. These are what were called ‘ignorable’ (or cyclic) coordinates when encoutered
in §2.3.1, where they arose whenever L depends on a variable ¢* only through its derivative
¢*. Ignorable coordinates are ignorable in the sense that they influence the motion of other
coordinates only through the constant value taken by their momentum.

For example, the central force two-body problem ignorable coordinates arise because of
angular momentum conservation. This ensures ¢ is an ignorable coordinate with conserved
canonical momentum, py. In practice this means gb can be eliminated in terms of py = J

using (7.1.15), leading in this case to
J

:W'

¢

Using this in the equations of motion for the other variables means they depend on ¢ only

(7.1.25)

through the constant value J. As argued in §1.2.1 angular momentum conservation also
forces the orbit to lie in a plane, allowing us to adapt our coordinates so that the orbital
plane satisfies § = 7 for all time (so pp = 0). Once this is done the equations for the
remaining variable r — c.f. eq. (7.1.18) — become

J? J?
Pr=pit = —5 = V'(r) = —Vig(r) where Vig= S

+V(r), (7.1.26)

which we saw completely fixes the radial motion.

There is a subtlety in the removal of ignorable coordinates that this example illustrates.
Notice that if we had made the replacement py = J (and 6 = %) directly in expression (7.1.12)
for L it would have given

2

2ur?

L=2Y?+ Lr? ¢ —vi(r) = 3w + = V(r), (7.1.27)
and this, if varied with respect to r, does not reproduce the correct equation (7.1.26) because
the J? term has the wrong sign. It is crucial only to eliminate the ignorable coordinate after
all of the other variables have been varied to obtain their equations of motion.

This same subtlety does not occur if the problem is studied in the Hamiltonian formula-

tion, however, because replacing pg = J (and § = %) in the Hamiltonian (7.1.16) gives
P2 2 P2
H==" Vir)===+V, 7.1.28
2 2,U/I“2 + (T) 20 + eff(T) ) ( )

with the J? term appearing with the correct sign.
This distinction matters because it is sometimes useful to have a reduced version of the

Lagrangian within which ignorable coordinates are already eliminated. A trick for being able
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to do so is to perform the Legendre transformation from L to H, but only for the ignorable
coordinates like ¢ and not for the other coordinates like . The hybrid quantity obtained
from the Lagrangian when only some of the coordinates are transformed in this way is called
a Routhian rather than a Lagrangian or Hamiltonian. One of its virtues is that ignorable
coordinates can be eliminated directly in the Routhian before varying the other variables,
leaving a result that can be treated as a Lagrangian for those other degrees of freedom.
Suppose, then, that the generalized coordinates ¢* are divided into two groups: {¢*} =
{¢*,£“} and where we perform the transformation from L(g,&,4,&,t) to R(q,&,p,€,t) by

defining
oL

Pa = 8qa and R(q>€7p7£7t) :paqa - L(q7§7Q7€at) ’ (7129)

where as usual we imagine solving for ¢* = ¢%(q, &, p,é,t). That is, we perform a Legendre
transformation only on the ¢“ variables (which we imagine might be ignorable, though we do
not explicitly use that they are ignorable in the definition (7.1.29)).

Under small changes of the variables this definition of R implies

o e oL .., oL ., OL .., OL _,
OR = (pa0q® + ¢ 6pa)—(aqa(5q +8qa5q —&-@5& +8§0‘5€>
oL _: oL
= ("0pa — Padq® — | — 0¥ + — 6&° 7.1.30
G“0pa — Padq (agai a§a§> (7.1.30)
which implies
i = <§R> and P, = — (gi) (7.1.31)
Pa/ g T/ peé

where the subscripts make explicit what is held fixed when taking the partial derivative. We

also learn that derivatives of L and R are related by

L L
(7Y (MY (M) (%) w
¢ 4,p,¢ 08 0,0:6,€ 3 0.p:€ 3 0,9:6,€
Using these in the Euler-Lagrange equations (2.2.4) for £ then implies these can also be
written 4/ 9R R
— | = ==. 7.1.33
d <a§a> 3 ( )

As is easy to verify, equations (7.1.31) and (7.1.33) ensure that the action

Ly
s= [ ar (paqa _ R) (7.1.34)
to
satisfies 6.5 = 0 for arbitrary variations dq%, dpp and 0£“, showing that they are equations of
motion. Evidently R(q,¢ P& ,t) behaves like a Lagrangian for the variables £€* and £ but
like a Hamiltonian for the variables ¢® and p,.
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The energy for this system is found by applying eq. (2.3.8) to the original Lagrangian
and using (7.1.32) in the result, leading to

OL\ .. oL . [0R\ .,
<a§a>"( <aq>q L= <85a>5 tR. (7.1.35)

As a concrete example, the two-body central force case with 6 = 7 has the Lagrangian,

L=3pi*+ I * —v(r), (7.1.36)

and performing the Legendre transformation (7.1.29) only for the variable ¢ and not to r
leads to the Routhian

2
. ; T p
R(r,¢,7,ps) = psd — L = —“— + 2/;;’02 LV, (7.1.37)
The energy (7.1.35) for this Routhian is
ORY . i p¢ wr?
BE=—(27)itR="" 1
<8¢>T+R 2 +2,ur2+v() 2 + Verr(r), (7.1.38)

in agreement with the standard result. The virtue of using R rather than L is that we can
set py = J in R before varying r(t) and still obtain the correct equations governing how r

evolves once the ignorable coordinate is removed by replacing py with J.

Worked example: Symmetric top in a gravitational field (again)

Consider next the motion of a symmetric top of mass M in a constant gravitational field, supported
on its axis a distance ¢ from its centre of mass. In particular we wish to compute the Routhian that
describes how the remaining degrees move once these ignorable coordinates have been removed. The
Lagrangian for this system expressed in terms of Euler angles is given in (4.5.28), repeated again here

L= %{11(9.2 + @2 sin @) + T3 (¢) + ¢ cos)?| — Mgl cosf. (7.1.39)

The ignorable coordinates here are ¢ and v, whose momenta

L .
Py = gl/} =TZ3(¢ + ¢pcost) = Tha, (7.1.40)

and
L
Py = ?)¢ (I, sin? 0 + I3 cos® 0)d + T3¢ cos = Tyb, (7.1.41)

are conserved (with constant values parameterized using the integration constants a and b). Solving
these for ¢ and ¢ then gives

(;'527 and ¢ =— —

— S . T _ .
oot i (1) g (7.2

sin? 6
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The Routhian for the variable 6 is found by performing the Legendre transformation on the
ignorable coordinates v and ¢:

R(aaévavb) = p¢¢+Pw¢—L

_ T _
:Ilb<b 'a20259> T [Ila_ (b acos@) cose]

sin 3 sin? @
: b—acosf\> Tia\’
N2 1 .
— 51192 + %Il sin“ 0 (SH129> + %1-3 <1.3> — Mgéc% 9‘|
. T1a)? (b — acosf)?
— 17,47 1 Mgleost + L 1Ty ——— 7.1.43
5110 + Mgl cos 6 + o, +354 Zg ( )
The conserved energy for this Routhian is given by (7.1.35), which in this case becomes
- (OR : (Z1a)? (b — acosf)?
E=-0(—=)+R=31L,6%+ Mglcosf + +imp 7.1.44
< a0 > o g 275 2 sin? @ ( )
in agreement with (4.5.36), reproduced again here:
0?sin?0 = (o — BcosB)sin® 0 — (b — acosh)?, (7.1.45)

once we write £ = E — (Zya)?/(2Z3) and identify o = 2€/Z; and B = 2Mgl/T; as in (4.5.37).

7.1.3 Higher derivatives and the Ostrogradsky instability

As a different application of canonical methods consider next how to handle variational prob-
lems where the Lagrangian is allowed to depend on more than just ¢ and ¢, such as by being
allowed to depend also on §. This example sets up the Hamiltonian formalism for such systems
and shows them generically to produce a Hamiltonian that is not bounded from below.

When the Hamiltonian is unbounded from below the theory is usually unstable: because
there is no minimum energy configuration. Usually we demand theories to have energies that
are bounded from below since this is usually a prerequisite for the system to have a ground
state to which it can relax. If the energy is not bounded from below then the system can
always spontaneously dissipate energy into radiation, and can do so without end because there
is no bottom: there is not limit to how negative the energy can go. The observation that
higher-derivative theories are prone to this type of instability is known as the Ostrogradsky
instability, and it is a large part of the reason why we restrict our attention to Lagrangians
that depend only on ¢ and ¢ when modeling physical systems.

In order to make this point it suffices to consider only a single variable q. Consider
therefore

L=1L(q,4,4q), (7.1.46)
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for which the variation of the action 65 = f d7 6 L becomes

tr OL OL OL
58 = dr | 2= 6g 4+ == 64+ — 6
to ! [3q 179 1T g q}
oL d [dL oL "
_ { L}q -4 (&;)] 5q+ &j(sq}m (7.1.47)

+/tfd aiLfi aiL +d72 07[/ )
to 4 dq dr \ 9q dr2 \ 0g ¢

Consider first variations d¢(7) that vanish at the endpoints — dq(to) = dq(ty) = 0 —
and whose time derivative also vanishes at the endpoints — §¢(tg) = d¢(ty) = 0. For the
action to be stationary with respect to arbitrary variations like these requires the following
Euler-Lagrange equation to hold:

oL d [OL d2 /oL
3o (a7) ~a (55) =0 (7149

If the variation is not required to vanish at the endpoints then (7.1.48) still applies but
we also learn from (7.1.47) the additional information that

8—1./ _d <8L> and a—L must vanish at ¢t =t and t = t5. (7.1.49)
¢ dr \ 0§ g
For second-order equations of motion these would provide too many boundary conditions
relative to the number of integration constants that can be used to satisfy them. But be-
cause (7.1.48) can involve up to four derivatives of ¢ with respect to time, its integration can
involve four integration constants rather than the usual two. It is these additional integra-
tion constants that can allow the freedom to ask for additional boundary conditions at the
endpoints.
It is worth making the discussion concrete by having a simple example in mind, so consider
the following quadratic Lagrangian

..2
L=1 (—m2q2 Ty &2) , (7.1.50)

where the freedom to rescale ¢ has been used to set the coefficient of ¢ to unity. The Euler-
Lagrange equation (7.1.48) for this lagrangian is the following fourth-order linear ordinary

differential equation:

n
M2
where m and M are real parameters with the dimensions of frequency and n = + is a sign to

—m?q— G+ G =0, (7.1.51)
be chosen to explore the consequences of changing the sign of the 4-derivative term.

This has as its general solution

4
g=) Aje i, (7.1.52)

i=1
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where the integration constants A; are chosen to reproduce the initial conditions ¢(tp), ¢(to),

G(to) and §'(t9) and the frequencies w; are the roots to the quartic equation

4
nw
e +wr-m?=0. (7.1.53)
These are explicitly given by
4dnm?2
wi=inM? |-1+4/1+ e ] : (7.1.54)

which for m <« M become

2 2 m? 2 2 m?
wi~m {1—{—(9(]\42)] and w? ~ —nM [1—{—(9(]\42)] . (7.1.55)

Consider first n = +1. Then w? is always real, and the roots wy are also real and
reproduce the standard oscillatory solutions expected in the limit M — oo (for which the
higher-derivative term in (7.1.50) becomes negligible). In this case the roots w_ are always
imaginary, however, and this points to an instability problem since one of the solutions e~*-!
necessarily grows exponentially in time. Worse, this growth is very rapid as M — oo, despite
large M naively being the limit where the higher-derivative term should become negligible
in L. But the ' /M? term in L is only negligible compared to the ¢? term when the time
derivative is small compared to M but this is not the case for the w_ solution.

The situation is a bit different if » = —1 because in this case all of the w4 can be real
provided that 4m? < M?. Once this is violated then the square root becomes imaginary and
so w} becomes complex. Complex w again indicates a solution growing exponentially with
time, and so an instability. We see from this example that instability often arises, though the
example is simple enough to obscure whether introducing nonlinearities into the equations
might change this conclusion. Investigating higher-derivative theories within the Hamiltonian
framework provides a more robust diagnostic for potential instabilities.

In order to set up the Hamiltonian formalism for the general Lagrangian (7.1.46) it is
useful to reformulate it so that L involves only first time derivatives. This can always be done

by adding more variables. Consider therefore the alternative formulation where

tr - ty . .
S[Qi(t), (D)) :/ drL :/ a7 | L(Q1, @2, Q2) + M@z — Q1)] - (7.1.56)
to to

In this formulation there are two coordinates, @1 and @2, but there is also a constraint that
forces Q2 to be the time derivative of ()1. The variable A is the Lagrange multiplier whose

variation is designed to impose this constraint, along the lines described in §2.5.2 (see also

§A.2).
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To verify that this reproduces the same equations of motion as does the original formu-
lation using L(q, ¢, §) we vary the action (7.1.56), leading to
oL ]’ff

0S5 = | ——80Q9 — \o 7.1.57
[6Q2 Q2 Q1 ( )

to
ty oL . oL d [/ 0L .
+/t0 dT{[(m+>\:| 5Q1 + {MJFA—dt <(%22ﬂ 5Qo + [Qz—Q1]5)\} .

Requiring this to be stationary for arbitrary variations for which 6§01 and Q2 vanish at the

endpoints leads to the Euler-Lagrange equations

oL . d (0L oL .

Substituting the last two of these into the first indeed reproduces (7.1.48).
Going to the Hamiltonian formulation is straightforward with these new variables, be-
cause for them L depends only on (J1, @2, A and their first time derivatives. The starting

point is to construct the canonical momenta:

oL oL . oL
Ppi=——=-)\, Phb:=——=P , Qa, and Py:=—=0, 7.1.59
ey 2= 50, »(Q1, Q2, Q2) V=% ( )
and we assume that the second of these can be solved to give
Q2 = Q2(Q1,Q2, P2). (7.1.60)

The equation for Py cannot be similarly solved for A but this does not really matter because A
does not appear at all in the action anyway. We cannot solve for @1 just using the definitions
of the canonical momenta, but this is also not a problem (as we see below) because Q; drops
out once we use the equation for P;.

The Hamiltonian is then found from the standard expression (7.1.3):

H = PiQ1 + PaQa + P\ — {L[Qla Q2,Q2(Q1,Q2, Po)] + A\(Q2 — Q1)}
= (P1 + A\ Q1 + P2Q2(Q1,Q2, P2) — AQ2 — L[[Q1,Q2, Q2(Q1,Q2, P)]  (7.1.61)
= P,Q2(Q1,Q2, P2) + P1 Q2 — L[Q1,Q2, Q2(Q1,Q2, P2)]

where the second line uses Py = 0 and the final equality eliminates A\ using the definition
(7.1.59) for P.

What is important about this last expression is that it is linear in P, regardless of the
details of the functional form of L. In the absence of a constraint that restricts the allowed
range for P; this means that H is not a function that is bounded from below. As mentioned

earlier, it is this unboundedness that is ultimately responsible for instability.?3

23This instability is particularly pressing for the quantum theory, where everything that is possible becomes
compulsory: quantum transitions can drive the system to lower and lower energies even if the initial conditions
did not do so.
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7.2 Phase Space and Poisson Brackets

Returning to the main line of development, we wish to further explore how time evolution
works within the Hamiltonian framework. The main change from the Lagrangian picture
is that for N particles our space of paths is now categorized by 6N variables: 3 position
and 3 momentum coordinates for each particle. This 6/N-dimensional space with coordinates
{¢”,ps} is called the system’s phase space (as opposed to the configuration space spanned by
the coordinates {g*} alone), and it provides the stage on which the drama of Hamiltonian
mechanics unfolds.
The other main change is that the equations of motion — eqs. (7.1.7), repeated here

L_oH oM
q —apA pB_an

are a set of coupled first-order differential equations and so each should be expected to generate

(7.2.1)

one integration constant when solved. These 6N integration constants correspond to the
two integration constants obtained for each of the 3N variables ¢* when their second-order
differential equations are integrated in the Lagrangian approach. In both formulations 6 N
constants provide enough constants to parameterize the initial conditions {q¢*(t9), ps(to)} (or
{q*(t0),¢®(to)}) required to fully specify the evolution.

In general the rate of change of any quantity F(q,p,t) built from the basic variables ¢*
and pg is given by

dF_(OFN o (OFN . L OF _ (OF\ OH (OF\ OH  OF (7.2.2)
a \agr )1 apa ) P2 o T \ogr ) ap, \opa) 8¢t " ot -

This is particularly simple when specialized to F' = H since then most terms cancel leaving
dH OH
At ot

This is how energy conservation emerges in this forulation: H is conserved provided all of its

(7.2.3)

time-dependence comes through the time-dependence of ¢(t) and p(t), and it does not itself
have its own explicit time dependence.
Whether energy is conserved or not can be rephrased in terms of the original Lagrangian

because the definition of H implies

@H) :—(?f) , (7.2.4)
¢ q,p ¢ q,9

where the subscripts show what is held fixed when taking the partial derivative with respect
to t. We see that OL/0t = 0 is required for energy conservation. This is consistent with
how energy conservation emerges from Noether’s theorem — c.f. section §2.3.3 above — as a
consequence of time-translation invariance. For it to do so the change of the Lagrangian under
a time translation dg* = ¢* must be a total time derivative of something, and comparing

oL oL
L=+=)d"+ (2= )¢ 2.
’ (&i“)q +(an>9 (729
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to dL/dt shows that 6L = dL/dt, but only if 0L/0t = 0.

7.2.1 The Poisson bracket

The combination of derivatives appearing in (7.2.2) comes up frequently enough that it has
a name; Poisson bracket. That is, for any two functions f(q,p) and g(q,p) defined on phase
space the Poisson bracket is defined as

of dg of dg
_ _ 2.
{f,g} 0g” Op,  Opa Og¢r’ (7.2.6)

(with, as usual, there being an implied sum on A). In terms of this the evolution equation

(7.2.2) can be written

dF oF
— =4qF H —_—. 7.2.7
R G (7.27)

The Poisson bracket has a number of properties that follow directly from its definition.

For any functions f(q,p), 9(¢,p) and h(q,p) defined on phase space:

antisymmetry : {f,g} = —{g,f}
bilinearity : {f +g,h} - {f,h} + {g,h} (7.2.8)
product rule : {fg,h}:f{g,h}—i—{f,h}g.

Also,
{f , c} =0 if cis a constant, (7.2.9)

and taking a time derivative implies
o{ 1.9} ={of g} +{f 09} (7.2.10)

Finally, the Poisson bracket satisfies the following Jacobi identity:

RPN R PR ()| BRI 720 ) ST e

The Poisson bracket also simplifies if one or both of its arguments is one of the coordinates

on phase space:

{f,qA} = % and {f,pA} = (,fq‘}:, (7.2.12)
and so in particular
{q“,qB} =0, {pA,pB} =0 and {qB ,pA} =65 (7.2.13)
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7.2.2 Symmetries Revisited

We have seen in egs. (7.2.3) and (7.2.4) that for systems where the Lagrangian does not
depend explicitly on time — i.e. when JL/0t = 0 — that several related things happen:

1. First, the system described by L is invariant under time translations,
dg* =6t¢* and &g = 5tgt. (7.2.14)

This transformation is a symmetry because under it L = dt (dL/dt), which leaves the

action S = [ dt L invariant because the change in L is a total time derivative.

2. Second, time-translation invariance implies Noether’s theorem guarantees a conserva-
tion law — c.f. the discussion in §2.3.3 — which in this case is the energy as defined in
(2.3.8).

3. Third, the Hamiltonian as defined by (7.1.3) is equal to the energy as defined by (2.3.8),
and its conservation is verified explicitly by its equation of motion (7.2.3) that for time-

translation invariant systems states dH /dt = 0.

4. Fourth, for any other quantity F(q,p) defined on phase space that does not depend
explicitly on ¢ the change under a time translation is given by 0F = 6t (dF'/dt) which,
using (7.2.2), can be written:

dF
OF = 5t " = ot {F , H} . (7.2.15)

In particular, for any such F' the change in F' is given by the Poisson bracket of H with

F (and we say the Hamiltonian generates time translations).

In this section we see that a similar set of statements also hold for other continuous
symmetries, and this provides a much more intuitive identification of the conserved quantities
whose existence is guaranteed by Noether’s theorem.

To this end consider constant translations of the generalized coordinates, d¢* = €*, for
some collection of infinitesimal constants €, without yet asking that these be symmetries.
We ask whether there exist quantities, call them @4, with the property that they generate

constant translations for g# for any function of phase space. Such a quantity must satisfy

dg* =€t = eB{qA,QB} and Op, =0= eB{pA ,QB} , (7.2.16)

for all ¢* and pj.

But inspection of (7.2.13) shows that such a quantity indeed exists: it is given by the
canonical momentum for each ¢*: Q5 = pp. Furthermore, with this choice the antisymmetric
property of (7.2.8) together with the properties (7.2.9) and (7.2.12) automatically ensure

oF

B (7.2.17)

5F:eB{F,pB} =P
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for any function F'(q,p) on phase space. This is indeed how we expect an arbitrary function to
change under an infinitesimal translation of ¢*, as can be seen by Taylor expanding F'(¢+¢, p)
out to linear order in e.

Now suppose this transformation is a symmetry of the system of interest. For the present
purposes we take this to mean that the system’s Hamiltonian is invariant under this trans-
formation (for a specific choice for the e*’s). That is, when the transformation is a symmetry
we have the additional information that

s OH

5H:63{H,p3}:e dor =0 (7.2.18)

Ignorable coordinates are special cases of symmetries of this type for which only a single
coordinate shifts (such as spatial translations of a centre-of-mass coordinate for an isolated
system or a shift of the angular variable ¢ for the two-body central force problem). The
upshot is {H ,Q} = 0 for the symmetry generator @ = e®pj.

Now comes the main point: because the Poisson bracket is antisymmetric — c.f. eq. (7.2.8)
— there are two ways to read the relation {Q,H} = {H,Q} = 0. It can either be read (as
above) as saying that the transformation generated by @ leaves H unchanged, or it can
be read as saying that the transformation generated by H leaves ) unchanged. But the
transformation generated by H is just time translation and so having ) be unchanged by this

dQ

{Q,H}=5—O. (7.2.19)

That is to say: @ is conserved. This is a particularly transparent way to see why continuous

means

symmetries are related to conservation laws (that is to say, to understand why Noether’s
theorem is true). It also provides a new way to construct the conserved charge: just ask
what quantity generates the symmetry in question. This is very useful because one is rarely
lucky enough to set up a problem with all of the symmetry information provided as ignorable
coordinates.

Worked example: Generators of Angular Momentum

As an illustration we use this formulation to construct the generators of rotations acting on the position
of a particle written using cartesian coordinates {2} = {z,y, z}.
We have seen that the matrices that describe rotations about the z, y and z axes are given

explicitly by (4.4.1), reproduced here for ease of reference:?*

1 0 0 cosfly, 0 sinf, cosf, —sinf, 0
R, =10cosf, —sinb, | , Ry, = 0 1 0 or R,=|sinf, cosf, 0],
0 sinf, cosf, —sinf, 0 cosd, 0 0 1
(7.2.20)

24The signs are chosen here to give an active rotation in a right-hand coordinate system, for which a 90°
rotation about the x axis takes e, to e., a 90° rotation about the y axis takes e, to e; and a 90° rotation
about the z axis takes e; to ey.
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For infinitesimal rotation angles these become

10 0 1 0 6, 1 -6, 0
R,~|01-6,|, BRy=| 0 1 0| or Re=]6. 1 0f, (7.2.21)
. 1 —6, 0 1 0 0 1

and so imply the transformation rules respectively become

O0px =0, 0,y=—0,2, 0,2=0.y (7.2.22a)
dyx =0yz, dyy=0, byz=—0yx (7.2.22D)
o,x=—-0y, dy=0,x, 0,2=0. (7.2.22¢)

These can be written in terms of Poisson brackets as
Opy = Qx{xi ,Lx} , Oy = Gy{xi ,Ly} and d,x; = Hz{xl- , LZ} , (7.2.23)
where
Ly =yp. —2py, Ly=2p,—2ap. and L,=2xpy —yp, (7.2.24)

(or, more compactly, L; = €;j5;pi) are the components of angular momentum. The proof of this just
repeatedly uses the properties (7.2.8) through (7.2.13). For instance

{y,Lx} = {y,ypz - zpy} = y{ydoz} - {y,zzny} = fz{y,py} =—z, (7.2.25)

and similarly for the other L; and other coordinates x;.
Notice that these rotation generators also do the correct thing when they act on each other, since
the components L; of angular momentum should transform as a vector. Explicitly, we expect

O0zLy =0, OzLy=—0,L,, 6,L,=0.L, (7.2.26a)
OyLy =0yL,, 0yL, =0, 6yL,=—0,L, (7.2.26D)
0Ly =—0,Ly, 6.L,=0.L,, 6.L,=0, (7.2.26¢)
or, equivalently,
(SjLi = Eiijij . (7227)

To verify this is true we explicitly compute 6;L; = 0;,{L; , L;}. For example:

{anLy} = {ypz - Zpyazpz - xpz} = {ypz »Zp:z:} - {ypz vmpz} - {Zpyvsz} + {zpyaxpz}

ypm{pz ,Z} -0~ 0+$Py{z7pz} = =YDz + TPy = L., (7228)

and similarly for the other two possible pairs: {L,,L.} = L, and {L,,L,} = L,, all of which can be
compactly written {L; ,L;} = € Li. Using this in 6;L; = 0;,{L; , L;} then reproduces (7.2.27).

Since the angular momenta generate rotations, the arguments of this section show (again) why
angular momentum is conserved in rotationally invariant theories.

=175 —



Finally, notice also that if f and g are generators of a symmetry (so {f,H} ={g,H} =0)
then their Poisson bracket also generates a symmetry, in the sense that {{f,g},H} = 0. To
prove this use the Jacobi identity (7.2.11) to write

({0} 1y (s o)+ o fm s} w2

from which the conclusion follows. This just expresses the fact that performing two symme-
tries one after the other is also a symmetry, a fact that plays a role in concluding that the
set of symmetries forms a group (in the mathematical sense of the word ‘group’) and the
generators of continuous symmetries — together with the Poisson brackets — form an algebra

(called the Lie algebra of the continuous symmetry group).

Worked example: Charged particle in a magnetic field (again)

As another illustration of the Poisson bracket consider the point particle with electric charge ¢ moving
in a magnetic field B.

In this case the Lagrangian for the system is given by (2.6.22) restricted to the case of a vanishing
electrostatic potential ® = 0:

L=1imi*+q-A, (7.2.30)

where (as usual) the vector potential A is defined by B = V x A, and as a result is only defined up
to a gauge transformation A — A + Vw for an arbitrary function w.
The canonical momentum is defined as usual by

oL 1
p=22 —mi+gA which inverts to give ¥= — (p - qA) , (7.2.31)
or m
and so the Hamiltonian becomes
. P 1 2 1 2
H=p-it-L=—-(p-qA)~5—-(P~qA) —qA (P-qA)=—(P—qA)". (7.2.32)

2m 2m

Although p is not gauge invariant the Hamiltonian H = %mi‘2 is.
Writing the components in rectangular coordinates, r = re, +ye,+ze, and p = py e, +py, e, +

P, €., the Poisson brackets for the canonical variables are the standard ones:

{xi ,x]-} = {pi ,pj} =0 and {m 7pj} =5y (7.2.33)
The Poisson brackets for the velocities then become
{xi xg} = %{fc D) — qu(x)} - %51»]» (7.2.34)
and
{fv w]} = #{pi — qAi(x),pj — qu(:c)} - %(@AJ— - ain) - %eijkBk. (7.2.35)
k%
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7.3 Canonical Transformations

Much of the power of Lagrangian methods comes from the ease with which they allow very

general changes of variables within configuration space,

¢ — Q" =Q%a), (7.3.1)

what is sometimes called a point transformation. In these types of transformations the gener-
alized velocities transform in a way that is dictated by the underlying point transformation,
with ¢* — Q* = (9Q*/dq”) ¢°.

There is a much broader freedom to change variables possible within the Hamiltonian
framework because it treats the ¢’s and p’s as independent of variables with the p’s only
becoming related to the generalized velocities once Hamilton’s equations (7.1.7) are imposed.
It is therefore useful to consider general changes of variables on phase space, of the form

¢* = Q' =Q%q,p) and ps — Py = Ps(q,p), (7.3.2)

with both positions and momenta involved from the get-go.

The main thing we ask of such a change of variables is that it not change the physics
being studied, and this means that we must require the variational problems §S = 0 in the
two variables to be equivalent. The new system after the change of variables should still
be described by a Hamiltonian, call it?> K(Q, P), such that varying the action built using
K produces the same stationary trajectories within phase space as do the stationary curves

found using the original Hamiltonian H(q,p). That is, we require

ty

5 | " [pAq‘A —H(g,p)| =0 (7.3.3)
0
which implies
= g}i snd §, = —géi (7.3.4)
to describe the same phase-space trajectories as
5 ttf dt [PAQA ~K(Q,P)] =0 (7.3.5)
0
which implies
Q' = gp, P, = —(%{A . (7.3.6)

As discussed in §2.4, this condition is true if the integrands of the two formulations of the
action differ only by the time derivative, dF'/dt of some function F'. Written as differentials
this says

padq® — H(q,p)dt = P,dQ" — K(Q,P)dt + dF. (7.3.7)

25The Hamiltonians H and K can also depend explicitly on ¢ but we suppress writing this argument for

notational clarity.
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Any transformation that satisfies this condition is called a canonical transformation. Rewrit-
ing (7.3.7) as?¢

dF = padg" — P,dQ" + [K(Q, P) - H(q,p)] dt, (7.3.8)
shows that it is natural to regard F' = Fj(q,Q,t) to be a function of ¢* and @7, in which
case (7.3.8) implies

8F1> ( 0F, >
omN . _ — P 7.3.9
t= = (5gr) = (739)
and oF
(6;> = K(Q.P) ~ H(g.p). (7.3.10)
7,Q

The function Fi(q, @,t) is called the generating function of the canonical transformation
since the transformation is completely specified once Fj(q,@,t) is given. That is, given
H(q,p,t) and Fi(q,Q,t) the new canonical positions Q“(q,p) are defined by solving the
equations p,(q, Q) = OF;/0q” for the Q*’s. The new momenta are defined by substituting
the result for Q“(q,p) into P*(q,p) = —0F;/0Q*. The Hamiltonian in the new variables
is then found using K = H + 0,F; where p,(Q, P) and ¢®(Q, P) are found by inverting
the expressions Q*(q,p) and Ps(q,p). A useful consequence of the existence of a generating
function — and in particular the relation (7.3.9) — is the further identity

2 2
Py _ 0"l O°F _ Ops (7.3.11)
0q? 0qPoQ4 0Q40q" o0Q4
It is also possible to define a generating functional Fy(g, P) that has ¢* and Py as its
natural variables. This is found by defining Fy(q, P,t) = F} + Q*P, since then dFy =

dF) + Q*dP, + P,dQ*, which together with (7.3.8) implies

dFy = pydg” + Q* AP, + [K(Q, P)— H(q,p)] dt, (7.3.12)

and so IR 5P

2 2 A
it I — 7.3.13
<an>P,t P <aPA>q,t “ ( )
and oF
(5) = K(Q,P)— H(qp). (7.3.14)
q,P

Once Fy(q, P,t) is specified P,(q,p) is found by solving 0F,/d¢* = p, for P,. Using
this result in Q* = 0F,/JP, then gives Q*(q,p), and the new Hamiltonian is obtained from
K = H + 0,F,. A similar procedure defines a generating function F3(p,Q,t) = F1 — pag*
and Fy(p, P,t) = F5 — p,q®, should these be desired. These other forms for the generating
function allow (7.3.11) to be generalized to

0Q* IR O°F,  Ops

dq®  0qBOP, OP,0q® 0P,

(7.3.15)

26The subscript ‘1’ is added to F to distinguish it from the other generating functions defined below.
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aPA 82F3 82F3 o an

s OpsdQr  IQ4ps QA

(7.3.16)

and oA 0?2 0?2 0q®
QF_ Oh _ Oh 0 (7.3.17)
Opg Opp0P,  OP,0pg OP,

7.3.1 Preservation of Poisson brackets

Because a canonical transformation preserves the Hamiltonian structure of the equations of
motion it also follows that it preserves the Poisson brackets, in the sense described in this
section.

Consider two functions, v and w, on phase space and a canonical transformation ) =
Q(q,p) and P = P(q,p). We have two independent ways to write u and w: either u = U(Q, P)
and w = W(Q, P) or u = u(q,p) and w = w(q, p) where

u(q,p) = U[Q(q,p), P(¢,p)] and w(g,p) =W|[Q(q,p), P(q,p)]. (7.3.18)

This means there are two natural ways to define the Poisson bracket between v and w,

depending on whether the derivatives are taken with respect to (¢, p) or (Q, P):

{“7“’}@' ou Ow ou Ow or {“’W}QP ou ow  oU oW

T 9¢h dpa Dpa Og* =307 0p, _ap, 00 319)

The rest of this section shows that if (¢,p) — (@, P) is a canonical transformation then it

follows that these two notions of Poisson bracket are the same

{u,w}qp = {u,w}QP, (7.3.20)

so there is no need for the subscripts gp or QP.
The proof of this result just diligently uses the definitions. Starting with (7.3.18) shows

ou  0U 0QF 90U OPg du  OU Q" QU 0P,
an o 8@3 an + aPB an a:nd apA - aQB apA + aPB apA 5 (7321)

and similarly for the derivatives of w. Combining these then shows

{u,w}qp:f)u@w_@u@w

0QF p. | 0P, Op. | |0Q° 9q* | 0P, 0g*
- [ oU 0QF Y 8PB} [aw 0Q° Lo apc}
0QF 0q*  OPp 0¢* ]| |0Q° Opa  OFc Opa
C[oU ow  9U OW] [0Ps dQ° 9Py QC
|OP; Q¢ 9Q° 8P]J [3pA dgh  dgh apJ
oUW [8PB OP; 0Py apc} L oUW [8@3 0Q°  9Q* c’)QC}
0Pp 0Py | Opa 0g” 0q* Opa 0QF 0Q° | Opa 0g* 0q* Opa )

_[oUu oQ® oU 8P3} |:8W 0Q° oW 8Pc]

(7.3.22)
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So far we have not used that the relation (¢,p) — (@, P) is a canonical transformation.
In particular, being canonical means eq. (7.3.11) and eqgs. (7.3.15) through (7.3.17) all hold:

A B
and 007 _ 94

oP, _ Ops oQ*  Ops  OPy 0¢° B
dg8  0QA 0OqF  OP, Ops 0QA Ops  OP,’

(7.3.23)

These in turn imply

GPBaPC_(?PBaPC_an0PC+apA3PC_(9PC_O (7324)
Opa 9g*  Jg* Ips  OQF 0g* ~ IQF Ip,  0QF o

where the second-last equality uses the chain rule for differentiation. Similarly

0Q” 0Q°  0Q" 9Q° _ 0Q" Ip., N 0Q" 9q¢*  0Q"
Ops Og* dg* Op,  Opa OP. dg* OP, OP,

0, (7.3.25)

and

OPz 0Q° 0Py 0Q° 0Py Opa n 0Pz 0¢*  OPp
Opa Ogq* dq* Opa B Opa OFc dq* 0P - 0P
Using these in (7.3.22) finally gives

{u’w}qp - aaf(’/;g gc‘;; B 88QUB SJI/DZ - {u’w}QP’ (7.3.27)

5< . (7.3.26)

as claimed.

7.3.2 Examples of Canonical Tranformations

This section tries to make the above discussion more concrete by exploring simple examples

of canonical transformations.

Point transformations

Consider first the case where the generating function Fy(q, P, t) is linear in the new momenta:
Fy(q, P,t) = f*(q,1) Pa, (7.3.28)

where f“(q,t) are a collection of arbitrary functions of the generalized positions ¢*. In this
case egs. (7.3.13) become

_OF,  _ 0f”

9 "ag

_ oy
Pa = dg”

9P,

and Q* = f(q,t). (7.3.29)

The second of these equations shows the generalized coordinates are shuffled in an ar-
bitrary way and so this transformation is the point transformation ¢* — Q* = f*(q,t)
considered in earlier sections when discussing Lagrangian methods. The first of egs. (7.3.29)
can be solved for P, provided the Jacobian matrix 0f?/0q” is invertible (as is required if
the transformation from the ¢’s to the @’s is to be invertible), and it simply ensures that the
momenta transform as would follow from the definitions p, = L/d¢* and P, = dL/0Q™.
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This shows that arbitrary invertible point transformations, ¢* — Q#(q, t), are also canon-
ical transformations. If f# is time independent then (7.3.14) shows that the old and new

Hamiltonians H and K are related by simply performing the change of variables:

K(Q,P) = Hlq(Q, P),p(Q, P)]. (7.3.30)

The trivial (or ‘identity’) transformation is a special case of this transformation for which
f*(q) = ¢* and so F5(q, P) = ¢*P,. In this case egs. (7.3.29) become p, = P, and Q* = ¢*,
as expected for the identity transformation.

The harmonic oscillator

A more complicated example applies to the 1D simple harmonic oscillator, whose initial

coordinate is ¢(t) and whose Hamiltonian is as given in (7.1.10), which we write as

P omw?

H - £ 3.31
(¢,p) o Ty 4 (7.3.31)

where w? = k/m is the oscillator frequency. Hamilton’s equations in these variables are the
usual oscillator equations
. D . . 2
g=— and p=mj=—mwq. (7.3.32)
m
Consider in this case a canonical transformation generated by the generating function

Fi(q,Q) = dmwg® cot Q. (7.3.33)

With this choice egs. (7.3.9) become

F' F'
p= 88; =mwqgcot@ and P = —?%21 = %quQ csc? Q. (7.3.34)

Solving the second of these for g gives the explicit form for the resulting canonical transfor-

mation:
2P
¢g=1/— sinQ and p=V2mwP cos@, (7.3.35)
mw

which clearly mixes up positions and momenta in a nontrivial way.

This particular canonical transformation is noteworthy because the Hamiltonian is par-
ticularly simple once written in the new variables. Because 0;F; = 0 the new Hamiltonian
is

K(Q,P)=H[q(Q,P),p(Q,P)] =wPcos’Q +wPsin?Q = wP. (7.3.36)

Hamilton’s equations (7.3.6) for the new variables are particularly simple:

. 0K : 0K
Q_a—P—w and P——%—O. (7.3.37)
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The transformation has had the effect of changing ¢ into an ignorable coordinate, and
the equations of motion are solved by

Q(t)=Qo+wt and P(t)=P,, (7.3.38)

where Qg and Py are integration constants. Using these in eqs. (7.3.35) translates this solution
to the original variables

2P,
q= \/E sin(Qo +wt) and p=+/2mwPy cos(Qy+ wt), (7.3.39)

which is indeed the usual solution to (7.3.32).

This shows the power of being able to change variables in a way that mixes up positions
and momenta: the right choice for a canonical transformation can be general enough to allow
a complete solution to the evolution of a particular problem. This leads to some obvious
questions, like when is such a transformation possible? And how does one find the magic
variable change when it is?

7.3.3 Symplectic manifolds

In many ways the invariance of the Hamiltonian formulation of Newton’s laws under arbitrary
canonical transformations taken together with the central role played by the Poisson brackets
defines the essence of classical mechanics. Many modern treatments describe classical me-
chanics in those terms: as the study of the geometry of symplectic manifolds, allowing the
use of powerful tools originally designed to study problems in differential geometry.
Differential geometry is a natural language to use when formulating laws that remain
invariant under changes of coordinates. When studying gravitational physics spacetime is
regarded as a differential manifold and the focus is on understanding the properties of the
metric tensor on that manifold, where the metric is a symmetric rank-two tensor, g, (z) =

gvu (), that defines inner products and distances on the manifold through formulae like
ds? = g, (2) do* da” . (7.3.40)

Here dz* = {dt,dx,dy,dz} denotes a small coordinate displacement and ds represents the
physical invariant distance between the points separated by this coordinate displacement. One
studies how g,,, changes under changes of coordinates and identifies quantities like curvature
that characterize the geometry of the manifold in a coordinate-invariant way.

A similar approach can be taken to classical mechanics where the starting point is some
even-dimensional manifold with coordinates y* so that it is phase space that is the differential
manifold. The role of the metric is played by an antisymmetric tensor, w,,(y) = —wuu(y),
defined on this manifold. This form defines the Poisson bracket structure on the manifold,
with the Poisson bracket of two functions f(y) and g(y) defined by

of 0Og
N7
{f,g} = B (7.3.41)
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wM is called a symplectic form.

Performing a coordinate transformation y — ¢(y) and using the chain rule implies

- Of Og
- oM
{f,g} S o (7.3.42)
where 5
- oy® 0y
af v
@ w Dy By (7.3.43)

This is just the standard transformation rule for any rank-two contravariant tensor w*”.
If we define a canonical transformation as one that does not change the Poisson brackets
we see its Jacobian Jj = 0y* /Oy* must satisfy

e 0000 _ g
oyt Oy '

(7.3.44)

That is, w®? is an invariant tensor (as opposed to just transforming covariantly).
For any such a form at a given point one can use the freedom to change coordinates to

define a special set of coordinates {y*} = {¢*,pp} for which w can be written as the specific

0 I
w= (—I 0) , (7.3.45)

where the 0’s here represent n X n zero matrices and I represents the n X n unit matrix. This

matrix

is how the labels ¢* and pj arise within this general manifold formulation of phase space.
To make contact between (7.3.44) and earlier sections suppose we write out the Jacobian
for a change of variables {y*} = {¢*,ps} to {g#} = {Q*, Pg} explicitly:

(7.3.46)

~ \0P,/0q® OP,/ps

agt  [0Q"/0q" 0Q*/0ps
oy” ’

Using this to write out the right-hand side of (7.3.43) explicitly, with w” given by (7.3.45)
then gives

_ =\ (r 0% (s P (7.3.47)

oyt Oyv
from which we can see that the transformation is canonical — i.e. the left-hand side is again
given by (7.3.45) — if and only if the new variables satisfy {Q*,Q®} = {P,, Pz} = 0 and
{Q*, Pg} = 04, as found earlier.
Consider next a one-parameter canonical transformation, Q4 = Q*(q,p,u) and P, =

508 = g 09 08 _ ({QA,QB} {QA,PB}>

P,(q,p,u), for some parameter u, with u = 0 corresponding to the identity transformation.

Then if we choose u© = € to be infinitesimal we can write

Q=q¢"+eF*(q,p) and P,=ps+eE.(q,p) (7.3.48)
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for some functions F* and E,. Putting this into the Jacobian (7.3.46) then gives

(7.3.49)

05 /0y = dn+€edF*/0¢®  €dF*/0pg
VIO =\ coE,j0g® 6%+ cOE,/Ops |

Using this to evaluate (7.3.47) then shows that the condition for (7.3.48) to be canonical

at linear order in € is

aFA o aEB

= — . 7.3.50
dq” Opa ( )
This implies there is locally a function G(q,p) such that
0G oG
FA = _—— d EB,=—— 7.3.51
Opa o ! dg*’ ( )

in which case (7.3.50) is a consequence of the symmetry of double derivatives: 9>G/9q"0py =
0?G /0pp0q*. We say G generates the one-parameter family of canonical transformations.

Since the above argument could have been made starting at any point, another way to
think of the one parameter family of transformations is as an ‘active’ transformation rather
than a ‘passive’ one: i.e. as the motion of points in phase space rather than a change of
description of fixed points. In this alternate description the expression Q* = Q*(q, p, u) and
P, = P,(q,p,u), describe a family of curves in phase space along which any particular point
changes. The tangent to these curves

dP, oG

dQ* oG
_ __9& 3.52
Tu o and Tu 9gt (7.3.52)

are determined by the function G(q,p). In a general set of coordinates this would be written

W 06
du oy

(7.3.53)

This is all very reminiscent of Hamilton’s equations, since the classical equations of motion
(7.1.7) have precisely the same form as (7.3.52) where the Hamiltonian H(q, p) plays the role
of the generator G(q,p) (underlining the role of the Hamiltonian as the generator of time
translations). On one hand any one-parameter canonical transformation can be regarded as a
Hamiltonian flow for some choice of function G(g,p). On the other hand this also shows that
actual time evolution can be regarded as being a particular case of a canonical transformation.

In either case eqgs. (7.3.53) are very geometrical: canonical transformations (and time
evolution) are integral curves on the phase-space manifold whose tangents are determined in
terms of the gradients of a particular scalar function, with the special structure of classical
mechanics arising due to the properties of w,,(y). A full discussion of this goes well beyond
the scope of these notes, but the interested reader can consult texts such as those written by
Arnold or by Abraham and Marsden.

Worked example: Spin (phase-space as a 2-sphere)
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As a nontrivial example of a phase space manifold that is not simply a plane consider the phase space
for the precession of a classical spin. This is described by the spherical angles (6, ¢) that label the
point on a 2-sphere towards which the spin points at any given instant.

We take the action for this spin to be

tf .
S = / dt a ¢ cosb, (7.3.54)
to

where a is a constant. This is unusual in that it is linear in time derivatives, but this is to be expected
for a slowly moving spin system for the following reasons. For slowly moving systems the terms with
the fewest derivatives dominate and for systems that are invariant under time reversal, t — —t, the
leading term involving time derivatives must involve at least two of them and so is quadratic in the
velocities. But since spins are not time-reversal invariant their Lagrangian can involve single powers
of velocity and so their slow motion is described by an action linear in velocities, like (7.3.54).

The canonical momentum for ¢ in this case is

D = 6—L =a cosd, (7.3.55)
o

which suggests we should think of 6 as the canonical momentum for ¢. This is reinforced by the
fact that no derivatives of 6 appear in S, since this implies that if we had regarded 6 as being an
independent coordinate then its canonical momentum py = 8L/89 would be zero. Put differently:
if we regard both # and ¢ as independent coordinates then we find the system is constrained. The
constraint both states that pg vanishes and that 6 is related to py by (7.3.55).

Taking ¢ and pg = acos@ to be the canonical variables, the Hamiltonian for this system is

H(0,¢) =psd— L =0. (7.3.56)

This simply expresses that there is no energy cost for the direction of the spin to change. Nonetheless
there is nontrivial dynamics because the Poisson brackets are nontrivial.
Writing dpg = —a sin 0 df we see that the Poisson brackets in this system for phase-space variables

f(8,¢) and g(0, ¢) are given by
{f }:8f g of dg 1 (Ofag 6f89)

0p 09 96 9¢
and so in particular {¢,ps} = {¢,a cosf} = 1 (as it should). Although there is no energy cost for

(7.3.57)

the spin changing there is also no force urging such a change. Because H = 0 it is trivial to conclude
the equations of motion are

é:{a,H}:o and q's:{gz),H}:o. (7.3.58)
The rotation invariance of the problem can be shown by considering the following three generators
Ji =asinfcos¢, Jo=asinfsing and J3=a cosh. (7.3.59)

These are just the cartesian components of a vector J that points in the direction (8, ¢) with length
a. As is easily checked, the Poisson brackets of these components with one another are given by

{Jl ,Jz} - aQ{sinﬁ cos ¢ ,sin 0 sin¢}

2

= _a;ne [(—sin@ sin ¢)(cos @ sin ¢) — (cos @ cos ¢)(sin b cos q’))]
= acosf = J3, (7.3.60)
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and similarly {J>,Js} = J; and {Js3,J1} = Jo. More compactly:

{Ji »Jj} = €ijk Jk (7.3.61)

in agreement with the Poisson brackets for the angular momentum generators as given e.g. in and just
below eq. (7.2.28).

We see that the J; indeed generates rotations on vectors and so can play the role of angular
momentum. Since it is not associated with r x p for a moving degree of freedom it can be regarded
as an object’s intrinsic spin. With this interpretation the magnitude of total angular momentum (or
spin) J is J2 =J-J = a%. Egs. (7.3.59) then show that the dynamics of § and ¢ describes how the
direction in which the angular momentum points changes with time.

This dynamics can be made more interesting if the spin couples to something, such as to a
magnetic field through a magnetic moment coupling of the form V = —pB - J, where p is a constant
representing the system’s magnetic moment. The sign of V ensures the energy is lowered when the
magnetic field and the spin are aligned.

In this case the action replaces (7.3.54) with

ty )
S = / dt [a ¢ cos B + pa(By sinf cos ¢ + By sin b sin ¢ + Bs cos 0)} , (7.3.62)
to

and so the expression for pgs remains unchanged but now the Hamiltonian becomes
H= p¢¢3 — L =—pa(Bysind cos ¢ + Basinf sing + Bycosf) = —puB-J. (7.3.63)

It is convenient to choose the z-axis parallel to B, in which case H = —pua B cosf. With this Hamil-
tonian the equations of motion are

OH COH 1 9H

by = —— =0 and = — =—— —— =B, 7.3.64
Pe= "¢ and o= = T asng 90 (7.3.64)
The equations of motion can also be recast directly in terms of J, in terms of which they are
dJ;
= = {Ji 8} = —u {5, 0} B = —pesaBiy (7.3.65)
and so
J=—uBxJ. (7.3.66)

In particular d(J?)/dt = 2J - J = 0 so only the direction of the angular momentum changes. J is also
perpendicular to B and so the instantaneous change to J is perpendicular to the plane spanned by J
and B: the angular momentum precesses around the magnetic field direction.

The precession rate is found by choosing the z-axis parallel to B so By = B =0 and B3 = B =
|B|. The equations of motion (7.3.65) then imply J3 = 0 and so J3 = acos# is time-independent (as
must also be 6). The evolution of J; and Js then is

Ji=puBJy, and Jy=—uB.J, (7.3.67)

which integrates to give J; = asinf cos(wt+¢g) and Jo = asinfsin(w t+¢g) and so ¢ = wt+¢py where
the angular speed of precession is w = uB. Here both ¢y and 8 are integration constants determined
by the initial conditions.
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7.4 Hamilton-Jacobi methods*
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7.5 Connection to Quantum Mechanics

For many physicists Hamiltonians are first encountered in quantum mechanics rather than
classical mechanics and indeed the advent of quantum mechanics is one of the reasons why
Hamiltonian methods are so widely used today. This section touches just briefly on how
Hamiltonian methods facilitate the transition from classical to quantum mechanics and on
how quantum physics provides insights into the foundations of classical mechanics (including
explaining why variational principles play so large a role).

7.5.1 Commutation relations

The most obvious connection between classical and quantum methods is the correspondence
between the classical Poisson bracket, {u,w} and the quantum commutator: [@,w] = 4w —
wu that can be nonzero for the operators that represent physical observables in quantum
mechanics.

A fundamental role is played in the quantum version of a theory by the commutation
relations that state how the operators representing generalized positions and momenta fail to

comimute:

[qA,qB} - [ﬁA,ﬁB} —0 and [qA, pB} — ihé" . (7.5.1)
It is hard to miss the similarity between these expressions and the Poisson brackets given
in (7.2.13) that hold between the ¢’s and p’s. This underlies the well-known ‘quantization’
rule in which the operators describing various physical objects are promoted from classical
variables to noncommuting quantum ones, subject to the rule that the Poisson bracket in the
classical theory goes over to the commutator in the quantum theory:

{A,B} = % [A,B} . (7.5.2)

This type of rule is very powerful because it can be applied to any system for which a
Lagrangian is known. Historically this turned out to be very useful when exploring quantum
field theories like electromagnetism and general relativity, for which both classical Lagrangian

and Hamiltonian descriptions are well developed (see §10).

7.5.2 Path integrals

There is another, deeper, connection between classical and quantum mechanics. It is deeper

in the sense that it provides answers to the question of why variational methods play such
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a central role in classical mechanics and why it is the action that is the thing that should
be varied. This other connection comes from what is called the path integral formulation of
quantum mechanics.

Although it goes beyond the scope of these notes, this section provides a cartoon of how
this happens. This section assumes a working knowledge of quantum mechanics, at the level
presented in undergraduate classes. We start by computing a path-integral representation
for the amplitude in quantum mechanics of having a transition from a quantum state |q, to)
prepared as having a definite position ¢ at time ty to a state with a different position at a
different time |, t1), where t; > to. We imagine the dynamics responsible for this evolution
is described by a Hamiltonian H(Q, P).

We work in the Heisenberg picture for which the quantum operators are time-dependent
- Q =Q(t) and P = P(t) — with

Q(t) = et Q(0) e~*H! and P(t) = et p(0) et (7.5.3)
This implies a time dependence for their eigenvalues and eigenvectors as well,

Q) lg,t) =qt)lg;t) and  P(t)[p,t) = p(t)[p.t), (7.5.4)

where
g, t) = ¢ [q,0)  and  [p,t) =" |p,0). (7.5.5)

As mentioned in the previous section, the operators Q(t) and P(t) satisfy an equal-time

commutation relation (7.5.1) that resembles the Poisson bracket relation®” given in (7.2.13):

[Qt), P(t)] =i (7.5.6)

Standard arguments tell us that the commutation relations (7.5.6) imply the overlap beween

position and momentum states is given at equal times by

(a,tlp,t) = el (7.5.7)

1
V2T
We seek the analogue of this expression for eigenstates evaluated at different times, using
the Heisenberg-picture evolution (7.5.5) to do so. For infinitesimal time differences ¢’ = t+dt
one finds

. . 1 . .
(q.t+ dt|p,t) = (g, t| e H@PIU |p ) ~ emH @RI (g 3] 1) = T e~ Hlap)dttips - (75.8)

where we assume H(Q, P) = H[Q(t), P(t)] has the operator-ordering convention that all of
the P’s are written to the right of the @’s (as can always be ensured if not initially true by

repeatedly using the commutation relation (7.5.6)).

2"We work for convenience with units for which % = 1, though the missing factors can easily be recovered
at the end using dimensional analysis.
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The expression for the overlap between two position eigenstates at slightly different times

is then given by using the completeness of momentum eigenstates, which implies

(616 = / dp (¥lp. 1) (. 119) (7.5.9)

for any two states in the quantum Hilbert space. This is called ‘inserting a partition of unity’.
Doing so in the amplitude (q,t + dt|G, t) and using (7.5.7) and (7.5.8) gives:

(gt +dt|g,t) = / dp (g, +dt|p,t) (p,t|q,1) / 7= e~ Hlap)dttnla=d) — (75.10)

Now comes the main point. An expression for the overlap between position eigenstates
separated by a finite time difference T" := ¢y —t; > 0 can be found by inserting a partition
of unity using the complete position eigenstates at slightly different times, each displaced
relative to the previous one by a time step dr. That is, define N' + 2 evenly spaced instants
in time, t;, chosen such that tg = t; and ta41 =ty and with At ==t —tp, = T/(N + 1)
approaching dt as N' — oo. Then

(ar,tflai, ts) = /dm'“dq/\f (ar,trlanv,tn) -~ (g2, tolq1, t1) (a1, tilas, i) (7.5.11)

and so using (7.5.10) for each of these overlaps gives

=1

dq; dp ‘/\/+1
(g7, trlai, ti) = /H —= ] — oxp {Z > [(pl—l)((ﬂ —q-1) — H(q, pi-1) At} } )

(7.5.12)
where qo := ¢; and gnr41 := ¢y are not integrated.

This becomes a path integral in the limit A/ — oco. To see why, write the sequence
of values {qo,to;q1.t1;- - san, tas Qv ta1 ) and {po,to;p1, L1+ s DAL ENS DAL, T4l ) as
curves ¢(t) and p(t) sampled at each of the ¢;’s with the endpoints of ¢(¢) anchored at the
initial and final positions:

q(ti) =qi  and  q(tf) =qy. (7.5.13)

The sum in the exponent of (7.5.12) becomes an integral involving these curves as N’ — oo,
with At — dt and ¢; — ;-1 — ¢(t) dt in this limit, leading to the main result

asetshet) = [ 0uto) [ 2e) exo i [ afotvyic - ]| . @750

The notation [ Dg(t) and [ Dp(t) denotes functional integration, meaning an integration
over all possible different choices for the different paths ¢(¢) and p(¢). All curves ¢(¢) and
p(t) are included in this integral — not just ¢(¢) and p(t) satisfying the classical equations of
motion — and each curve contributes a phase to the overall amplitude given by the integrand
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of (7.5.14). The limits on the Dq(t) integration in (7.5.14) mean that only curves satisfying
(7.5.13) are to be summed over, while the absence of limits on the [Dp(t) integral means
this includes an integration over the initial and final values for p(t;) and p(ty).

Comparing with expressions like (7.1.5) shows that the phase weighting each path is
controlled by the action. Replacing the factors of i on dimensional grounds then shows that

each path contributes the amplitude
eSla®).p(®)]/h (7.5.15)

The total amplitude is then obtained by interfering all of these amplitudes together by sum-
ming the contribution over all possible paths. This is a very profound reframing of what
quantum evolution really is.

In particular it provides insight into why the classical path, obtained by finding the
stationary point of the action, is important. In classical systems the value of the action
is much much larger than the value of A and so the phase of the amplitude etS/h changes
very rapidly as one varies through different paths. This generically leads to destructive
interference, with the contributions of neighbouring paths cancelling one another out. But
the same is not true for paths near a stationary point of the action, however, since for these
paths the amplitudes interfere constructively because the action (by assumption) does not
change by much.

It is this constructive interference of neighbouring paths that ensures that classical paths

dominate within quantum amplitudes, at least in the classical limit where S > h.

8 Chaotic Evolution

yvada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yvada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yvada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yvada yada yada yada yada yada yada yada yada

8.1 Integrable Systems*
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8.1.1 Action-Angle variables
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8.1.2 Liouville’s Theorem
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8.2 Dynamical Systems*
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8.2.1 Phase Portraits
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8.3 Chaotic evolution*®
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8.3.1 Adiabatic Invariants
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9 Continuum Mechanics

This section picks up where §5.3 left off: a description of the macroscopic motion whose
roots lie in the motion of more microscopic constituents. From this point of view it is a
continuation of the theme of providing ever-finer detail about the motion of macroscopic
bodies that started with centre-of-mass motion, proceeded through rigid-body motion to the
pattern of small oscillations of atoms near their equilibrium positions.

This section extends the earlier treatment by making it more systematic. This also
allows a discussion that goes beyond the simplest systems to include shear and other types of
macroscopic manifestations of interatomic restoring forces. It also sets up the generalization
— given in §9.3 — of Newton’s laws to describe the macroscopic motion of fluids: systems for
which the constituent atoms do not have unique equilibrium positions relative to one another.

Together these two topics (elasticity and fluid mechanics) form the core of the applications

of Newton’s Laws to the more detailed behaviour of macroscopic collections of atoms in the
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regime where spatial resolution is insufficient to resolve the atoms and so justifies the system’s
approximate treatment as a continuous medium.

For a continuous system we imagine that there is a smallest volume, dV, that we can
resolve. This volume is on one hand assumed to be much smaller than is the physical system
of interest and on the other hand is also assumed to be much larger than the typical spacing
between the underlying constituent atoms. Rather than applying Newton’s laws atom by
atom we instead ask how they apply to such a minimal volume element. To this end this
section describes how applied forces are represented within the continuum limit.

When doing so it is worth keeping in mind that the underlying atomic picture tells us
that extensive properties like total mass or total particle number of the volume element will
be explicitly proportional to its volume dV = d3z = dx dy dz, so

dm =pdV and dN =ndV, (9.0.1)

where coefficients like p(r,t) = dm/dV or n(r,t) = dN/dV depend on the local properties of
the underlying atoms but not on the size of the volume element itself.

9.1 Stress

The goal is to implement Newton’s laws by identifying the momentum of the volume element
and equating its time rate of change to the net force acting on the volume element. Our
guideline when doing so is to have the macroscopic expressions parallel the properties found
back in §1.3 when discussing the implications of Newton’s laws for macroscopic objects atom
by atom. This comparison to the atomic point of view suggests there are two types of forces to
keep track of: body forces like the force of gravity or electromagnetism that act at a distance,
and the inter-atomic forces that, when short-ranged, cause adjacent volume elements to act

on one another.

9.1.1 Long-range body forces

The force of gravity acting on each volume element is simple to write:
dF, =gdm = pgdV, (9.1.1)

where the mass density p(r,t) is evaluated at the position of the volume element of interest
and g(r,t) can be imagined to differ for different volume elements. The gravitational force
acting on a larger region R is then found simply by adding the contribution from each of its
volume elements

Fg(R):/Rng:/Rpng. (9.1.2)

It is often useful to rewrite the gravitational body force in terms of the gravitational potential
®,, in terms of which g(r,t) = =V ®,(r,1).
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Electrostatic forces can be written in a similar way. If dg = qdV is the electric charge of
the volume element, with q(r,¢) = dg/dV the electric charge density, then the electric force

on the element due to an applied electric field E is
dF; =dgE =qEdV (9.1.3)

and so the electric force on a region R containing many such volume elements is

FE(R)—/ dFE—/ quv—/ vpEdV, (9.1.4)
R R R

where the last equality introduces the local charge-to-mass ratio: y(r,t) = q(r,t)/p(r,t).

9.1.2 Short-range interatomic forces

Writing down the macroscopic version of forces acting between different volume elements is
slightly trickier. This can be done relatively simply, however, when these forces act only over
atomic distances, which are by assumption much smaller than the size of the volume elements
of interest.

As always, the net force on the volume element is found by summing over the forces
acting on all of the atoms within the volume element. But we also know that Newton’s third
law ensures that the forces between pairs of atoms that are both interior to the same volume
element cancel out when this is done, along the lines found when deriving (1.3.2) from (1.3.1).
So the only forces that matter for any one volume element must be applied by atoms that
are not in the volume element in question. But if these forces are all very short ranged then
these atoms must be very close by and the force that they apply can be regarded as being
applied to the surface of the volume element.

Importantly, the same must also be true for the forces applied to larger regions built from
many smaller volume elements. If R consists of the union of a number of volume elements
then the net force acting on R due to short-range interatomic forces must be expressible in

two separate ways:

1. It must be given as a sum over the forces applied to each of its constituent volume

elements.

2. The result must also be expressable as a sum of forces only applied to its boundary

surface OR regardless of the shape of R.

Now comes the main point: suppose the components, dF*, of the interatomic forces acting

on any particular volume element are given by

dF' = Fldv . (9.1.5)
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Then the above two conditions can only be consistent if F? is the derivative of some quantity:

because when this is so then the components of the net force acting on a larger region R
becomes iy
. o7 g
F'(R) = - dV = n; 77 dS. (9.1.7)
R Ox oR

Here the second equality evaluates the volume integral using Gauss’ theorem to rewrite the
integral over a total derivative as the integral over the boundary of R. Here dS is a surface

area element and n is the outward-pointing unit normal at the surface element d.S.

dF 0

s

Figure 28. Sketch of the force dF applied to a small surface element of a region R, together with
the surface element’s outward-pointing unit normal n. The force components and the components of
n are related by dF* = n; 7% where 7% is the local stress tensor.

The quantity 7% is called the stress tensor. The final equality of (9.1.7) shows that it
gives the direction of the force acting on any surface element relative to the surface’s normal.

T

Diagonal elements like 7%, 7% and 77° describe forces that are normal to the surface in

question (as would be the force due to a pressure within the material) while off-diagonal
components like 7%, 7% 7%% and so on describe forces that act tangent to the surface.

The torque, r X dF due to the net force on any surface element has components dt; =
€ijkT’ dF* and so is sensitive to the antisymmetric product 27dF* —z*dFJ. Using (9.1.7) this
can be written

[xiaijk — ijkTik} dV = [3k (ZEiTjk — {L‘jTik) — 4 Tij} dv . (9.1.8)

Integrating over a region R within a medium then gives

/72 [:I:iakrjk - :cjakr““] dV = 1{372 dS ny <xi7'jk = a:jrik) + /RdV (Tij - Tji> . (9.1.9)

This should also be writable as a surface term because of the short range of the interatomic

forces and this shows that the stress tensor must be symmetric:

T =17t (9.1.10)

-194 -



Because of this the torque on any region R within the medium can be written
4(R) = ;7{ ds ejrmy (l‘j’l'kl - :u’%ﬂ) : (9.1.11)
R

In the simplest case where the strain tensor is spherically symmetric it must be propor-
tional to the identity matrix, since this is the only rotationally invariant symmetric tensor
(see §A.3.1). So in this case

T = —pd (9.1.12)

sym
for some quantity p. The force acting on a surface element is then in the direction of the
surface’s outward pointing unit normal,

dF' =74 n;dS =-pn'dS or dF =-—pndS, (9.1.13)

sym

showing that p = dF'/dS is the magnitude of the inward-directed applied force per unit area
and so is naturally interpreted as the medium’s pressure.?®

Given this characterization of how forces act on different volumes within a medium we
are now in a position to express the implications of Newton’s 2nd law for continuous media.
We first identify the momentum of each volume element dp = wdV and then equate its

temporal rate of change to the net applied force, as computed above, leading to
oyt = O 4 (Fp)t, (9.1.14)

where F denotes the net body force applied.

Once this is done the momentum density 7 and the stress tensor must be expressed in
terms of the medium’s motion in order to get a differential equation that can be solved for this
motion. How this is done depends on whether or not the constituent atoms have equilibrium
positions — i.e. elastic media — or are free to move relative to one another — i.e. fluids — so
each of these is considered in turn in the next two sections.

9.2 Elastic Media

When atoms have fixed equilibrium positions relative to their neighbours then the dynamical
variable is the local displacement of the volume element from its equilibrium position. This
can be described within a continuous medium by a displacement vector u(r,t), with the

volume element’s new position r and old position related by

r=r+u(r,t). (9.2.1)

28Recall that 7%/ captures the force acting on the surface of a region R coming from the surrounding media,
and so should be inward directed if this force arises because the medium has an ambient pressure (this is the
reason for the negative sign in the definition (9.1.12)).

- 195 —



Our assumed inability to resolve distances smaller than the size of the volume element means
we can safely restrict attention to configurations for which all atoms within a single volume
element share the same displacement.

With this definition the goal now is to express both the momentum of a volume element
and the applied forces in terms of the dynamical variable u(r,t). Of these, the momentum is
easiest to do, since for a specific volume element the momentum is the sum of the momenta

of the individual atoms and so
dp=dm dyu=pdudV andso = =pdu. (9.2.2)

This implies the time rate-of-change of the momentum in a fixed region R whose position

and boundaries do not move is given by

op(R) = c'?t/de = /RdV O (p@m) . (9.2.3)

The local expression of Newton’s second law for elastic materials is then obtained every-

where within the continuous medium by combining this with eq. (9.1.14) to write
) (p atui) — Ot 4 (F);, (9.2.4)

where F denotes the net body force. In order to use this expression we need to determine

how 7% depends on the displacement u.

9.2.1 The Strain Tensor

For elastic materials it is displacement away from the equilibrium position that produces the
forces that push the atoms back to where they belong. This means that it should be possible
to express the stress tensor 7% in terms of the displacement u (at least for small u). To
the extent that the strength of interatomic forces is a function of atomic separations this
dependence should enter at a macroscopic level through the dependence of the forces on the
physical distances between volume elements.

Consider, then, two volume elements initially separated by a given coordinate distance
dr = dre, + dye, + dze.. The physical distance between these two volume elements then
is ds = V/dr - dr. After these volume elements are displaced by the displacement field u(r,t)
the distance between them instead becomes d§ = v/dr - dr where the differential version of
(9.2.1) implies df = dr + (dr - V)u. In component form this becomes dz! = dz® + dz9;u’.

The distance therefore satisfies
d5? = 6;;(da’ + da*opu’) (da? + dz'op?) = ds? + 204 dalda? (9.2.5)
where the strain tensor o;; is defined by

1 8uj+8ui+8uk%
2| 9xt Oz Ozt Oad

(9.2.6)
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The strain tensor is by definition symmetric, 0;; = 0j;, since any antisymmetric contribution
would not contribute to (9.2.5). In practice our interest is only in situations for which atoms
are displaced through distances much smaller than the distances we can resolve, in which case

the components |0;u;| are small and it suffices to use
Oij =~ %(&u] + (9]1%) . (927)

Notice that the Jacobian of the transformation from ¢ to #* = ' +u’ is jji = 07 /027 =
5;- + dju’, and so the element of volume d3z = dV itself changes by

AV — dV = dV |det J| ~ dv(l n 8iui> - dv(1 r V- u) : (9.2.8)

where |det J| denotes the absolute value of the determinant of the Jacobian. The approximate

equality evaluates this by applying the identity
detA = exp [tr <log A)} (9.2.9)

(which holds for any diagonalizable matrix A) and linearizing the result in the small compo-
nents d;u’. Eq. (9.2.9) can be derived from the expressions det A = [, \; and tr A = >, \;
where \; are the eigenvalues of A. Specializing (9.2.9) to A = Ap + 0A and linearizing in 0 A
implies det A = det Ag + 0(det A) where

§(det A) = d[tr(log A)] det Ag = [tr(Ay " 5A)] det Ay, (9.2.10)

and the linearization in eq. (9.2.8) uses the special case Ag = I and tr(0A) =V - u.
The physical significance of (9.2.8) is that the divergence of u expresses the fractional

change of volume that is induced by the displacement field u:

dv —dv

% V-u. (9.2.11)

Notice that this means the fractional change of volume induced by the displacement u is given

(for small d;u?) by the trace of the strain tensor (9.2.7), because
tro =890, ~ 0’ =V -u. (9.2.12)

In what follows it can be convenient to separate the strain tensor (9.2.7) into an ‘expan-
sion’ part proportional to the unit matrix and a ‘shear’ part that is trace-free: o;; = o*f]h + o5
with

o3 = 3 |Ogu; + Oju; — § (V- ) 51']'] and off = 3(V-u)dj;. (9.2.13)
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9.2.2 Energy and local equilibrium

This section records the energy associated with the deformation of an elastic material, keeping
in mind when doing so that any unseen random motions of the underlying atoms also carry
energy.

The starting point is the work done by a small virtual change du in the atomic displace-
ment. This is computed for each volume element by (as usual) taking the inner product of
du with the applied force, so W = du - dF = du; F'dV = du; (9;79) dV. Summing this up
over a region R in the medium then gives

SW(R) = / Su; (0;7)dV = ¢ du; 79 n;dS — 3 / 79 (9;6u; + 0;6u;) AV
R R

OR
= Su; 7 n; dS — / 7 do;;dV (9.2.14)
R R
where the last equality on the first line integrates by parts, and uses the symmetry property
74 = 77% to write the derivative of du in a symmetric way. The final line uses the definition
(9.2.7) for the strain to identify how it varies when u varies.
The last term in (9.2.14) takes a more familiar form if specialized to a rotationally in-
variant medium for which 7% = —p &%, where p is the medium’s ambient pressure (see the
discussion surrounding eq. (9.1.13)). In this case

—7956,;dV = pd (V-u)dV = ps(dV), (9.2.15)

where the first equality uses (9.2.12) and the final equality uses (9.2.11). The last term
is a contribution to the work done by a system’s pressure when the volume is changed,
as is commonly encountered in elementary courses on thermodynamics. The connection to
thermodynamics is not accidental because from a macroscopic point of view it is impossible
to be sure that any applied energy goes entirely into coherently displacing atoms within a
volume element as opposed to giving them incoherent random motions relative to one another.

The energy associated with this kind of random microscopic motion can be handled
thermodynamically however if the deformation du(r,t) takes place slowly enough to allow
the system to remain in local thermal equilibrium at all times. Here ‘local equilibrium’
means that any thermodynamic variables (like internal energy, particle number, pressure,
temperature etc) are related as described in introductory thermodynamics classes, but with
all of these variables (which are imagined to be functions of position and time) evaluated at
the same place.

For instance the ideal gas law says®® pV = NT (in fundamental units, for which Boltz-

mann’s constant is ks = 1), where p is the pressure, V is the system volume, N is the number

29 An ideal gas is used here despite ideal gasses being more fluids than elastic media because the ideal gas
law is a particularly well-known equation of state. (See §9.3 for more about fluids.) The broader point made
here about local equilibrium applies equally well to equations of state more appropriate to elastic media.
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of gas particles and T is the temperature. An equivalent way to write this is p = nT where
n = N/V is the number density of particles, which is more useful for continuous media be-
cause n (unlike N and V) can be regarded as varying in space and time (just like p and
T). Local equilibrium means p(r,t) = n(r,t) T'(r,t) locally holds for all positions and times.
The local value of any thermodynamic quantity can be regarded as being the approximately
constant value it takes across a small volume element dV'.

It might seem puzzling to work with a local equation of state because in the usual story
of statistical mechanics thermodynamics emerges in the limit N,V — oo with N/V fixed, in
which case statistical fluctuations go to zero. How can infinite volume be consistent with a
picture where thermodynamic variables arise from the statistical mechanics of the contents of
very small volume elements? The key idea here is separation of scales: the continuum limit
assumes ¢ < a: i.e. microscopic inter-atomic scales, £, are much smaller than the small size,
a, of the volume elements resolved in a continuum description. It also assumes a itself is much
smaller than the sizes of objects being described in the continuum limit (like the wavelength,
A, of a propagating wave).

Since particles and energy can both flow between adjacent volume elements as atoms
move, the appropriate statistical ensemble for each volume element is the grand canonical
ensemble (for which energy and particle number are not fixed). In this ensemble both the
energy dU = udV and the particle number dN = ndV in a volume element fluctuate between
different representatives of the statistical ensemble. But in a volume of size a® fluctuations
like An or Au are suppressed compared to their mean values 7 and @ by powers of £/a
(which is why they go to zero in the infinite-volume limit). For finite a these fluctuations are
nonzero but we assume £ is small enough relative to a that the fractional size of these thermal
fluctuations is negligible.

Local equilibrium in continuum mechanics further assumes that a/A is small enough that
e.g. the change éu ~ adu in uw between adjacent volume elements (that are separated by
a distance that is order a in size) is smaller than the thermal fluctuations in either of the
volume elements separately: du < Awu. It is because du is smaller than Au that we can treat
w as being approximately constant within any given volume element while still imagining the
average u can drift over macroscopic distances. Both Au <« w and du < Au can be satisfied
if ¢ is sufficiently small compared with a and a is sufficiently small compared to A (i.e. if
derivatives like Ou are not too big).

Returning to the main story, when local equilibrium applies the contribution of energy
transfer into random atomic motions is encorporated by including a change to the internal
energy, U = [udV, due to alocal transfer of heat. In equilibrium heat transfer can be written
as a contribution [T 6sdV where T(r,¢) is the medium’s local temperature and ds(r,t) is
the local change to the medium’s entropy per unit volume S = [ sdV.

Combining both the work done by strain and the energy change due to heating, the
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change to the internal energy in a given volume element is du = T ds — §W and so the change

in the total energy is
(HI:L/&ud&’z£/<763+7”50q)dv (9.2.16)

where the integral is now over the entire volume of the medium and the surface term in the
work done — c.f. eq. (9.2.14) — is dropped because the displacement du is taken to vanish at
the medium’s physical boundary.

Equating integrands shows that the internal energy has as its natural variables the entropy

and the system strain: u = u(s, 0y;), and

ou ou i
—_— e = v
(38)0 T and <8Uij>s T, (9.2.17)

where the subscripts emphasize what is being held fixed when the derivatives are taken. This

is the generalization of the usual statement u = u(s,V) and du = T'ds — pdV for more
elementary systems for which the only change in shape explored is a change to the overall
volume.

It is often more useful to have T as the independent variable rather than the entropy
density s and to this end we define the Helmholtz energy in the usual way: FF = U —T'S.
Writing F = [ fdV we find 6f = —s 6T + 7% §0;; and so

(géi); = —s and ((;Zj)T =74, (9.2.18)

A Gibbs energy G = F — [ T4 0;;dV similarly provides a thermodynamic potential whose

natural variables are temperature 7" and stress 7%, in which case G = f gdV implies

a9\ _ g _
<8T> s and <8Tij>T = —0ij . (9.2.19)

T

9.2.3 Constitutive Relations: Hooke’s law

With the definition of the strain tensor under our belts together with the above way to
characterize the energy associated with changes to strain we can return to the problem of
determining the expression for the stress in terms of the atomic displacements u. We do
so here by providing general expressions for the energy as a function of strain and then
differentiating to get the stress using (9.2.18).
For small strains the simplest procedure is to write the free energy F' as a Taylor expansion
in powers of ;. The leading term arises at quadratic order because the configuration u = 0
has been assumed to be an equilibrium configuration for which the stress 7 = §F/do;;
vanishes.®® This suggests the leading small-strain form for F = [ fdV has f written as a
quadratic function of o;;:
f=fo+3cMaon, (9.2.20)

30Tt can happen that the equilibrium position depends on temperature, in which case the free energy density
can contain a term linear in the strain, like a (tr o) where o vanishes for a specific temperature T = Tp.
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for some medium-dependent coefficients ¢* that satisfy ¢* = ki = ¢tk = ikl For
rotationally invariant systems the coefficients ¢/* must be built using only the Kronecker
delta and there are only two independent ways to do so consistent with the symmetries:

IRl o 5 5k and IRl o §iF 3L 4 §7k§i Their coefficients can be chosen such that
f=fot+ 5 Atra)? + poio?, (9.2.21)

where A and p are called the medium’s Lamé coefficients. The signs in this expression are
chosen so that nonzero strain increases the energy when A and p are positive.
A common alternative parameterization instead splits the strain into its shear and ex-

pansion parts — c.f. eq. (9.2.13) — and so replaces (9.2.21) with

2
f=Jot+u (Uij — 304 tra) + Sk(tro)?, (9.2.22)

and so
K=A+3u. (9.2.23)

In this way of parameterizing things « is called the bulk modulus or the compression modulus
while p is called the shear modulus. This second parameterization has the advantage that the
shear and expansion contributions to the strain are independent of one another and so the
condition that the equilibrium configuration u = 0 is stable is k > 0 and p > 0.

The stress induced by a given strain can now be found by differentiating (9.2.22) and
using the result in (9.2.18), leading to

of

W =2u Oij — %(51] (tI‘U) + I'Q(;Z‘j (tro) = QMO'ij + )\(51']' (tI‘U) . (9.2.24)
ij

Tij =
For suffiiciently small strains the stress is linear in the strain. This is the general formulation
of Hooke’s law for elastic media.
It is sometimes desirable to compute the strain that results when a given stress is applied
and this involves inverting (9.2.24) to solve for o;; as a function of 7;;. The first step in this
direction takes the trace of (9.2.24) to learn

tr7 =3ktro =3k(V-u). (9.2.25)

Using this to eliminate tro = V - u from (9.2.24) leaves a result that can be solved for oy,

leading to
1

tr7
Oij = ﬂ |:7—ij — %52] (tI'T)i| -+

o O (9.2.26)

Worked example: Strain produced by a known stress

Consider an initially cubic elastic material with given bulk and shear moduli, x and p. Suppose the
stress within the material is constant and that the faces of the cube are parallel to the x, y and z
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axes. Suppose an external pressure, peyt, 1S applied on both of the cube sides that are parallel to the
x-y plane, which applies a force purely perpendicular to the surface. What is the resulting strain and
shape the cube takes due to the applied pressure?

The external pressure applies an external force on the two sides to which it is applied that is
directed towards the interior of the cube. Keeping in mind that our conventions choose n to be an
outward pointing unit normal this means the stress at the surface of application is 7% = —pexs.
Because the resulting force is normal to the surface we also know 7% = 7Y = (. Since the internal
stress is assumed to be constant these are also the expressions for 7%%, 7%* and 7%Y throughout the
interior of the cube. An identical argument for the other sides (for which no force is applied) implies
the other components of 7%/ also vanish.

The only nonzero component of stress therefore is 7% = —pey. The fractional change in volume
of the cube is given by tro = V - u and because of (9.2.25) this is given by
trr TR

Pext
‘0= — — = == 2.2
Veou 3K 3K 3K ® 7

This being negative shows that the cube’s volume is reduced (as might have been expected).
The total stress is given by (9.2.26) and so is

1 1 1 1
0 =0 fi#£j, 0zp=0yy=DPex <6# — 9/<;> , and 0., = —Pex <3ﬂ + 9/{) . (9.2.28)

The vanishing of o;; for 7 # j implies

Ouy % _ Ouy  Ou,  Ou, %

= = =0, 9.2.29
8y+8x 8z+8x 8y+8z ( )
while the diagonal elements of o;; imply
Ouy,  Ou, 1 1 ou,, 1 1
My = Pox | — — — d = —Pox | =—+— ] . 9.2.30
Oy o <6u 9n) o 0z P <3u + 9/1) ( )
These last equations integrate to give
1 1
Uy = TPex (Gu - %) + fu(y. 2)
1 1
Uy = YPex (6#' - 9/1) + fy($7z)
and u, = —z i—i—i + faox,y) (9.2.31)
z T pCX 3/}[) 9"{ z )y b .

for integration functions f,, f, and f., each depending on the two indicated arguments. These
functions must satisfy (9.2.29), and are otherwise chosen to satisfy the boundary conditions. Setting
the centre of the cube at the orgin (z = y = z = 0) and demanding u = 0 there then fixes the
integration constants to all vanish.

For a cube whose initial sides were of length L the new lengths in the x and y and z directions

11 11
LxLyL[lerex(M%ﬂ and LZL[lpex<3M+9H>}. (9.2.32)

are
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Notice the new volume is

1 1\]? 11 P
LoL,L.=1L% 142 [ — — — 1= po [ — 4+ — :L3(1—ﬁ) 9.2.33
olyls { e (GM 9&)] { pe (3u+9n)] 3/ (9:2:33)

in agreement with (9.2.27).

9.2.4 Elastic Waves

We are now in a position to write down what Newton’s 2nd law for the elastic medium in the
small-displacement Hooke’s Law regime implies for the displacement field u(r,¢). To do so
we insert (9.2.24) into (9.2.4), leading to

d(poa) = uV3u+ (u+ N)V(V - u) (9.2.34)
which uses
(9j0ij = %(&‘ajuj + VQUZ') = % [V(V . u) + V2u] ' (9.2.35)
and
ditro = 9;0;u’ = [V(V . u)} . (9.2.36)

For simplicity consider the case where p is constant. In that case eq. (9.2.34) describes

waves moving through the medium, as can be seen by seeking solutions of the form
u(r,t) = ug e Witikr, (9.2.37)
Substituting this into (9.2.34) implies
<w2p - ,uk2>u0 —(p+Nk(k-ug) =0. (9.2.38)

This has two types of solutions. There are two independent choices for uy that are
perpendicular to k, and for these transverse sound waves (9.2.38) implies

w? = ?k? with sound speed ¢; = e (9.2.39)

p
Alternatively we can choose ug parallel to k in which case (9.2.38) implies the resulting
longitudinal sound wave satisfies

2u+ A
w? = ?k? with sound speed ¢ = s . (9.2.40)

p

Three types of sound waves propagate through the elastic medium but the longitudinal and
transverse waves move through it with different sound speeds. More general solutions are
found by superposing these particular solutions.
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9.3 Fluids

As a final application of continuum methods consider next fluids: media for which the con-
stituent atoms do not have energetically preferred fixed positions relative to one another,
even in equilibrium. Everyday liquids and gasses like air or water provide familiar examples
of systems like this.

Although fluids could still be described using a displacement field u(r, t) it is in practice
not that useful to do so. One reason it is not useful is because the freedom for atoms to move
and the absence of a preference for atoms to maintain an equilibrium relative separation means
the displacement u(r,¢) need not remain small over time. A related reason displacement is
less useful as a dynamical variable is because the internal energy is largely independent of the
relative positions of the atoms in the medium.

For fluids the internal energy instead is dominated by the kinetic energy of the atomic
motion as they move freely relative to the centre of mass. This makes the fluid velocity field
v(r,t) the more useful variable. In the continuum limit we continue to suppose our spatial
resolution only allows us to measure small regions (volume elements) of volume dV' whose
linear size is much smaller than the scales of interest but also much larger than the spacings

between the constituent atoms.

9.3.1 Conserved quantities

Since atoms within fluids can move over significant distances it is no longer true that a given
volume element will contain a fixed number of atoms, so quantities like the number density
n(r,t) of atoms or their mass density p(r,t) are no longer likely to remain approximately
constant. But because the number of atoms is conserved the only way the number of atoms
within a region can change is if atoms physically move into or out of it through its boundary.

To see what this means in a continuum language consider a fixed region R with boundary
OR that is wholly immersed within the fluid. The total number of atoms within this region,
N(R), is given by integrating the number density n(r,¢) over the region. So if the physical
position and shape of R is not changing the rate of change of the number of atoms within R
is given by

But this must equal the rate with which fluid particles move through the boundary of R.
This is characterized by the local particle flux j(r,t), defined so that the number of particles
per unit time passing through a small element of surface area dS is j - ndS where n is again
the outward pointing unit normal to the surface element in question.

The total rate with which particles enter the region R therefore is given by an integral
over its surface of the form

F:—f j-nds. (9.3.2)
OR
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The overall negative sign appears because n is outward pointing and so j - n is positive when
the flux of particles is out of the region R rather than in. Since particles are neither created
or destroyed the rate of increase of the number contained in (9.3.1) must equal the rate with

which they enter through the boundaries, given in (9.3.2). That is,

/f”“”“ﬁ% indS=0. (9.3.3)
R OR

This can be made into a local statement by converting the surface integral into a volume

integral using Gauss’ theorem, leading to the equivalent statement

On+V-j)dV =0. (9.3.4)
Al )

Since this must be true for any region R within the fluid the integrand itself must vanish,

leading to what is called the continuity equation:
on+V-j=0, (9.3.5)

as the local expression of conservation of particle number. (Compare (9.3.5) with (6.1.35)
discussed earlier.)

More information is possible if we know why the particles move through the surface
bounding R since this tells us how j depends on other variables. In the simplest case atoms
move into and out of R because they are physically being carried along by the fluid flow. In
this case the flux of particles past any particular surface element dS is given by the product

of the fluid velocity and the number density of particles (per unit volume) of the fluid:

j=nv. (9.3.6)
When this is so (9.3.5) becomes
on+V-(nv)=0. (9.3.7)
Another way to write (9.3.7) is
Din+nV-v=0, (9.3.8)

where the convective time derivative is defined by

This derivative measures to total change with time seen by fluid elements that ride along with
the flow. For any local function f(r,t) the convective derivative D;f = 0yf + v - V f is the
sum of the explicit time variation of f and the change one sees due to motion with velocity
v due to any spatial gradients V f.
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With this interpretation for D; expression (9.3.8) also has a simple interpretation. We
saw in (9.2.11) that V-u = (0 dV)/dV describes the fractional change in the volume of a local
volume element as it is locally displaced through a distance u(r,t). So V-v = &[(6dV)/dV]
is the time rate of change of the differential volume change of a collection of atoms displaced
with a velocity v = dyu. Writing (9.3.8) as

Den =-V-v (9.3.10)
n

then shows that the fractional rate of change of particle density along the flow is completely
due to the change of volume the particles occupy. That is to say: the total number of particles
does not change along the flow.

A similar story applies for the mass density, p = mn, of the fluid to the extent that the
average mass of each atom does not change in time. Here m is the mass of each atom if they
all have the same mass, or a suitable average of the masses if there is more than one type
of atom present. In this case the flux of mass across the boundary of a region is given by

mmnv = pv and so the local expression of conservation of mass becomes
Op+V-(pv)=0. (9.3.11)

The quantity pv = mn v plays another role as well, since it can also be interpreted as
the local density of momentum (per unit volume). But momentum is another conserved thing
(in the absence of external forces) and so the same argument as given above implies that the
integral over R of its local rate of change, 0;(pv), must equal the total flux of momentum
that enters through the boundary 0R. This flux can be found by an identical argument as
given above if applied separately for each component of momentum.

That is, the local density of the x component of momentum is p v, and so the local flux of
this component of momentum is pv, v. A similar result is true for the y and z components of
momentum and so flux appropriate to the momentum density pv; is given by the symmetric
tensor with components pv;v;. The local expression of conservation of momentum — i.e. the

analogue of (9.3.11) for momentum — is given by
d(pvi) + & (pvjv;) =0 (no applied forces). (9.3.12)

Writing 8j(pvl-vj) = v; 3j(pvj) + pvj &v; and Oy (pv;) = Opv; + pOv; together with
conservation of mass — i.e. eq. (9.3.11) — allows (9.3.12) to be written

plowv + (v - V)V} =pDyv =0 (no applied forces) . (9.3.13)

This also has a simple physical interpretation since v is the density of momentum pv divided
by the density of mass, and so is the local momentum per unit mass (as opposed to momentum
per unit volume). Eq. (9.3.13) then says that momentum per unit mass (or momentum per

atom) of a volume element is unchanged as one is carried along the flow.
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But momentum is famously not conserved in the presence of forces and so the expression
of Newton’s second law for fluids uses the net force applied to a fluid element on the right-hand
side of (9.3.13).

9.3.2 Navier Stokes Equations

To express Newton’s law we therefore replace the right-hand side of (9.3.13) with the net
force per unit volume applied to the fluid element. We consider two types of forces when
doing so. The first of these consists of long-range body forces applied to the volume element.
If the corresponding force per unit volume is denoted F; (with the ‘B’ standing for ‘body’
force), then Fp should appear on the right-hand side of (9.3.13).

Concretely, for a gravitational field generated by a potential ® the gravitational force
per unit volume is Fy = —p V® (which reduces to Fy = pg in the special case of a constant
gravitational field). For an electrostatic force one would instead have F = q E where q(r,t)
is the medium’s net charge per unit volume and E(r,t) is the applied electric field.

The other type of force to be considered consists of the short-range contact forces that
act between neighbouring fluid elements. The short range of these forces implies these can
only act on the boundaries of the any particular region and as a result they can be written
as a total derivative of the local stress tensor, with components F; = &7 Tij-

Adding these two types of applied forces on the right-hand side of (9.3.13) allows its
components to be written

plow; + (v - Vv | = pDw; = (Fg)i + 8jnj . (9.3.14)

For this to be useful we require an expression for the stress tensor 7 as a function of other
properties of the fluid, like its pressure or the components, vy, of its velocity. To this end it

is useful to decompose 7;; into a trace piece plus a traceless part
Tij = =D 5ij + 61']' (9.3.15)

where tr© = §70;; = 0. As we saw in the discussion around (9.1.13) the coefficient p hear
can be interpreted as the fluid’s pressure. The sign is chosen so that p is the externally applied
pressure (and so produces a force into the medium).

©;; contains the contribution of forces that arise because of the variation of the fluid
motion in space, so we seek its explicit dependence on the components of v. It is useful when
doing so to recall that our focus is on macroscopic properties of the fluid that vary only over
distances much longer than interatomic spacings, a limit for which spatial derivatives of v
can be regarded as being very small. The leading contribution to 7;; should involve the fewest
possible derivatives of v.

It is tempting to believe that this means the leading term involves no derivatives of v at

all (such as if the traceless symmetric tensor ©;; were to be proportional to v;v; — é v? ;5. But
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any term like this would not be invariant under the replacement v; — v; + ¢; for a constant
vector ¢, and so is not invariant under the Galilean transformations discussed in §1.6.
Invariance under Galilean transformations requires the components v; to appear differ-

entiated at least once. The most general form involving only a single derivative is
Gij =n |:(3ﬂ}j + 6j’l)z' — %5U<V . V):| + ¢ (V . V) 5ij s (9.3.16)

where the coefficients n and ( are regarded as being properties characteristic of the fluid. 7 is
known as the coefficient of shear viscosity while ( is the coefficient of bulk viscosity, and are
characteristic properties of the fluid.

Combining everything, using (9.3.15) and (9.3.16) in the equation of motion (9.3.14) gives
the expression of Newton’s 2nd law for fluids

POV + (v - V)v} =F, —Vp+nV?v+ ((+3n) V(V-v), (9.3.17)

which assumes 7 and ¢ are spacetime independent (as is in practice often true to good approx-
imation). Eqgs. (9.3.17) are called the Navier-Stokes equations. The Navier-Stokes equations
together with equation (9.3.11) expressing conservation of mass determine the evolution of p
and v in time for viscous fluids, assuming the quantities n, ( and p are all known as functions
of p.

The required relations between 1, , p and p are normally dictated once a choice is made
for a thermodynamic equation of state for the fluid of interest. The key assumption is that
the fluid is locally in thermal equilibrium with a given thermodynamic free energy, whose
differentiation provides a relation between the pressure p and mass density p at each position.

There are several important special cases of the Navier-Stokes equations that have broad
applications.

e Ideal fluid: An ideal fluid is one for which the viscosity terms in (9.3.17) are negligible,

in which case they reduce to what are called Fuler’s equations:
p[@tv +(v-V)v| =Fp —Vp (no viscosity) . (9.3.18)

As we see below, viscosity introduces dissipation and friction into the fluid flow and so
statements about energy conservation become much cleaner in the ideal-fluid limit. We

return in §9.3.5 below to a more precise statement of when viscosities can be neglected.

¢ Incompressible fluid: An incompressible fluid is one for which p is effectively constant,
as can sometimes be a reasonable approximation for liquids like water, for example. In

this case the expression of mass conservation (9.3.11) simplifies to the statement

V-v =0 (incompressible flow). (9.3.19)
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Using this in (9.3.17) then gives
FB p 2 . .
v+ (v-V)v=—-V|=)+vV°v (incompressible flow), (9.3.20)
p P
where v := n/p is called the kinematic viscosity.

When the flow is incompressible and the body forces satisfy Fz = —pV® then taking
the curl of (9.3.20) and using the vector identity V x V = 0 allows it to be rewritten to

involve only v:

OV xv) =V x [vx(Vxv)]=vV3V xv) (conservative incompressible flow),
(9.3.21)

where we use the vector identity

v(% v2> —vx (VXV)+(v-V)V. (9.3.22)

e Irrotational fluid: An irrotational fluid is defined as one for which the vorticity van-
ishes: i.e. V. x v .= 0. When this is true the velocity can locally be written as the
gradient of a scalar, v = V1, for some welocity potential ». Whenever this is true it
follows that the fluid circulation about any closed path C' within the fluid vanishes:

7{ v-dl=0 (irrotational), (9.3.23)
C

where dl = t ds is proportional to the unit vector t tangent to the curve C, along which
the differential arc length is ds. If a fluid is both irrotational and incompressible then
(9.3.19) implies the velocity potential 1) satisfies Laplace’s equation

V%) =0 (irrotational and incompressible). (9.3.24)

The Navier-Stokes equations describe a rich variety of phenomena whose full exploration
goes well beyond the scope of these notes. The remainder of this section restricts itself to

exploring a few representative and simple examples.

9.3.3 Hydrostatics

The simplest situation is when the fluid is not moving so v = 0 everywhere. In this case the

continuity equation (9.3.11) and the Navier-Stokes equations reduce to
Op=0 and Vp=Fp. (9.3.25)

The first of these just says that conservation of mass implies the amount of mass per unit

volume cannot change if the fluid is not moving. The second of these says that the force that
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arises because of a gradient in pressure must balance any applied body forces if the fluid is
not to move. In particular the pressure must be constant if no body forces are present.

Suppose next that a body force is present of the form Fz = —pV® for some potential
®. This form assumes the force is conservative and that its strength is proportional to the
local mass density. This is true in particular for gravitational forces and it is also true for
fictitious centrifugal and coriolis forces in non-inertial frames (such as for frames that rotate
with the rotation of the Earth). It is even true for electrostatic forces if the fluid’s charge to
mass ratio q/p is independent of position (see e.g. eq. (9.1.4)). In any of these situations the
force-balance equation of (9.3.25) then becomes

1
S VP+ Ve =0. (9.3.26)

More precise statements require knowledge of how p is related to p. For incompressible
fluids, whose density is a constant regardless of pressure, eq. (9.3.26) implies V(p + p®) =0
and so

p+ p® = constant . (9.3.27)

This states that all equipotential surfaces (along which ® is constant) are also surfaces of
constant pressure. In the special case of a constant gravitational field Fy = pg withg = —ge.
pointing in the z direction then ® = &y + g(z — z9) and so

p(z) =po—pg(z — 20). (9.3.28)

Surfaces of constant pressure (and in particular any surface of interface with another fluid like
air) must in this case be surfaces of constant z (that is to say: horizontal). And the pressure
of the incompressible fluid increases in a calculable way as a function of depth.

If the fluid is not incompressible (such as is the case, say, for air) then progress can still
be made if it is assumed to be in thermal equilibrium because this implies a relationship
between p and p. For instance for an ideal gas the ideal gas law states p = nT’, where n is
the gas’s number density (in units for which Boltzmann’s constant is kz = 1). In this case

p/p =T/m and we use p = mn where m is the average atomic mass and so (9.3.26) implies
T(r,t) + m®(r,t) = constant (ideal gas) . (9.3.29)

For a constant gravitational field ® = &y + g(z — zp) this implies
T(z) =Ty —mg(z — 20), (9.3.30)

showing how temperature falls with height for an equilibrium fluid in a constant gravitational
field.
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If the fluid is instead held at constant temperature then it is useful to think in terms of
the fluid’s Gibbs free energy per unit mass, g(7’, p), whose natural variables are temperature
T and pressure p, with standard thermodynamics arguments implying

dg = —sdT +vdp, (9.3.31)

where s(r,t) here denotes the local entropy per unit mass, in terms of which the entropy
per unit volume discussed in previous sections is s = ps. The variable v(r,t) = 1/p is
the volume per unit mass of the fluid. For isothermal situations where d7° = 0 this shows
dg =vdp =dp/p and so (9.3.26) implies

V(g + <I>> =0 (isothermal). (9.3.32)

Equipotential surfaces along which ®(r) is constant also must be surfaces of constant g(r).
Alternatively, if there is negligible heat exchange within the fluid then the fluid profile is
adiabatic instead of isothermal. In this case its entropy per unit mass does not change and

S0 its entropy per unit volume s = ps is conserved (must satisfy a continuity equation):
O(ps) +V - (psv)=0. (9.3.33)

Together with the continuity equation for mass — eq. (9.3.11) — this implies
Dis=0s+v-Vs=0. (9.3.34)

For static fluids this implies in particular 05 = 0.

For the present purposes what is important is that being at constant entropy again allows
the combination Vp/p to be written as a gradient. This is because the fluid’s specific enthalpy
density, w(r,t) = w[s(r,t),v(r,t)], has as its natural variables the entropy per unit mass, s,
and the pressure: drw = T'ds + vdp with the volume per unit mass given by v = 1/p. It
follows that

1
(VI0)aq = ;Vp (9.3.35)
and this allows (9.3.26) to be written
v(m + <I>) —0 (adiabatic). (9.3.36)

In all of these cases the conditions of hydrostatic equilibrium together with thermal
equilibrium allow the response of fluid properties to applied body forces to be computed
explicitly. In the case of a gravitational force different types of equilibrium give different
types of density profiles for different fluids, but all three examples — e.g. egs. (9.3.29), (9.3.32)
and (9.3.36) — agree on at least one thing: all thermodynamic quantities are constant along
equipotential surfaces. For a potential like ®(z) = gz the pressure, temperature and density
are all functions of z only. If one were to have a thermodynamic variable like temperature
vary at fixed z in a gravitational field then the fluid configuration cannot be static. As applied
to the atmosphere this is part of the reason for the existence of the phenomenon of wind.
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Archimede’s principle

The Navier-Stokes equations contain in particular many older observations about the prop-
erties of fluids. One such is Archimede’s principle that provides a criterion for whether an
object of mass M and volume V will float or sink when immersed within a fluid subject to a
gravitational field. The principle states that the object floats (sinks) if its mass is less than
(heavier than) the mass of the fluid that it displaces.

To see why this follows from (9.3.25) consider the balance of forces on the immersed
object. The net force applied to the immersed object is the force of gravity and the sum of

the fluid pressure applied to its surface:
Foet = Mg — j{ npdS, (9.3.37)
OR

where n is (as usual) the unit outward-pointing normal vector and the integral is over IR
(the boundary of the immersed object). The integral over the pressure is not zero because
hydrostatic equilibrium implies the pressure of the fluid is higher at depth because its gradient
must balance the force of gravity on the fluid.

Archimede’s principle follows if one imagines removing the immersed object and replacing
it with the fluid, in which case for constant gravitational field (9.3.25) implies

Vp=Fz =pg. (9.3.38)
Integrating the left-hand side of this over the volume R the immersed object would have

/VpdV:% pndS (9.3.39)
R OR

on use of Gauss’ theorem. Integrating the right-hand side of (9.3.38) instead gives My(R) g

occupied then gives

where Mg (R) is the integral of the fluid density over the region R and so is the mass of fluid
that the immersed body displaces.
So integrating (9.3.38) over R implies

y{ pndS=My(R)g. (9.3.40)
OR

Comparing this to (9.3.37) then shows that the net force on the immersed object can be
written

Frot = [M — Ma(R)|g, (9.3.41)

and so the force is directed up if M < Mg(R) and is directed down if M > My(R), which is
pricely what Archimede’s principle would say. The object neither rises or sinks if M = Mg(R).

- 212 -



Self-gravitating systems

A variant of the above discussion is the case where the gravitational field is sourced by the
fluid itself (rather than being a given field that is applied from the outside). The gravitational
potential is determined by solving Poisson’s equation

V20 = 4mp (9.3.42)

where p is the mass density responsible for the field. For self-gravitating fluids the gravita-
tional field experienced is sourced by the fluid itself.

In such situations one solves for p, p and ® together, using the equation of state p(p),
the fluid equation (9.3.26) and Poisson’s equation (9.3.42). The gravitational field can be
eliminated from these by taking the divergence of (9.3.26) and using (9.3.42) in the result,
leading to the following condition for mechanical equilibirum:

1
V- (p vp> = V20 = —4np. (9.3.43)

For instance, for a spherically symmetric source it is useful to use spherical polar coordi-
nates and choose p = p(r) and p = p(r). In this case (9.3.43) becomes

1d [r? /dp
il = = —471p. .3.44
r2dr [p <dr>] e (9.3.44)

The above derivation shows that this equation follows purely by requiring mechanical equi-
librium and so does not depend at all on whether or not the fluid is in thermal or chemical
equilibrium.

Equilibrium can enter by providing an equation of state p(p), after which (9.3.44) becomes
an ordinary differential equation that can be solved for p(r). Once this is done both p(r) and
®(r) can then be determined using the equation of state and (9.3.42).

For spherically symmetric solutions the first derivative of p (or any other scalar) must
vanish at the origin: p'(0) = 0. This means the solution found by integrating (9.3.44) is
completely determined by the value pg chosen for p(0). For the equations of state of physical
interest p(r) found by integrating (9.3.44) decreases monotonically with r, until eventually
p — 0 as r — R. This is interpreted as the exterior of the self-gravitating object. The mass
of the object is then found by integrating the solution M = 4x fOR drr2p(r).

This procedure predicts that for a given equation of state both M and R are determined
by the single parameter pp. This implies there must be a relationship M = M(R) relating
mass and radius for self-gravitating objects built from materials sharing the same equation
of state. This is indeed borne out by observations of stars, for which e.g. Hydrogen burning
‘main-sequence’ stars fall along a line when plotted in the M-R plane, while e.g. ‘red-giant’
stars (that burn different nuclear fuels and so do not share the same equation of state) fall
along a different line.
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9.3.4 Steady Flow

Consider next situations where v is nonzero but time-independent. In this case the Navier-

Stokes equation (9.3.17) becomes
p(v - V)v=Fy—Vp+nV?v+ ((+in)V(V-v), (9.3.45)

For static flows the velocity field v(r) is tangent to the trajectories r(t) of fluid particles,

dr . dr dy dz
— x v or, equivalently — =-—=—.

9.3.46
dt (o Uy Vz ( )

Solutions r(t) to (9.3.46) for given v(r,t) are called streamlines of the fluid flow. For time-
dependent v(r,t) the streamlines to which the condition (9.3.46) leads need not be the same
as the trajectories of individual fluid particles. From this point of view streamlines provide a
running snapshot of all particle trajectories at a given time, but any given particle need not

remain on its initial streamline if v(r,¢) depends on ¢.

Bernoulli’s equation

It turns out that (9.3.45) in some circumstances implies a simple statement for how velocities
vary along streamlines. To find out what this is we take its dot product with the streamline
direction (the unit vector v in the direction of v). When doing so it is useful to specialize
to body forces of the form Fp = —pV® as well as use the general vector identity (9.3.22).
Using these in (9.3.45) leads to

D=

1
V(0?) —vx (VXv)=—-Vp—Vd+ vy + (g + ”) V(V V). (9.3.47)
p p p o 3p
Next take the dot product of v with (9.3.47), keeping in mind that v x (V x v) is
perpendicular to V. One then finds

v v(%zﬂ + <I>) + i vp=v. [”v% + (C + 77) v(V- v)} . (9.3.48)
p p p o 3p

This is an equation with which one could get emotionally involved if the left-hand side could be
written as the gradient of something, VW. In this case v- VW is just the rate of change of W
along a streamline. W would in particular be a constant along the streamline if the viscosities
on the right-hand side of (9.3.48) could be neglected. As mentioned earlier, neglect of the
viscosities in the Navier-Stokes equation is called the ideal fluid limit — c.f. the discussion
around eq. (9.3.18) — and it can be a good approximation in many real systems.

A simple case where the left-hand side of (9.3.48) is a gradient is when the flow is incom-
pressible (such as is water in many applications). In this case p is constant and the left-hand
side is

V-V (;vz + %’ + (I)) (9.3.49)
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and so %UQ—F (p/p)+® is conserved along a streamline if the fluid also has negligible viscosities.

Another case where the left-hand side of (9.3.48) is a gradient is when the flow is adiabatic
so Vp/p = Vw where w is the Gibbs energy per unit mass — c.f. eq. (9.3.35). In this case the
left-hand side of (9.3.48) becomes

v V(%vz Fw ot <I>) , (9.3.50)

and so %Uz + w + ® is conserved along streamlines if the viscosities can be neglected.
Conservation of the quantities appearing in (9.3.48) or (9.3.50) along a streamline is called

Bernoulli’s equation, and they each have the spirit of an energy conservation condition along

a streamline. From that perspective the fact that viscosity obstructs this kind of conservation

speaks to its interpretation as source of energy dissipation within the fluid.

Cyclones

As a variation on the current theme of steady flows we next consider the implications of
the Navier-Stokes equations for long-range flows within the atmosphere. There are several
peculiar things about the atmosphere when it is regarded as a fluid. First, the atmosphere
is not that thick compared to its physical extent along the Earth’s suface. This means that
short-scale phenomena of size less than a few km are described by fluid that is free to move
(under the influence of gravity) in all three spatial dimensions. The same is not true for
phenomena on much larger scales because for these the motion is effectively only in the two
dimensions parallel to the Earth.

It is also true that the surface of the Earth is not an inertial frame and so besides gravity
the quantity ® governing the properties of the body forces also includes the effects of the
fictional centrifugal and coriolis forces. We explore one of the consequence of these fictitious
forces in this section: their role in the formation of cyclones in the atmosphere.

The starting point is eq. (3.3.4) that expresses the acceleration experienced by a fluid
particle as seen by a reference frame at the Earth’s centre that rotates with the Earth. The

upshot is to replace the local acceleration due to gravity, g, with

g—Qx(er)—2Qx%. (9.3.51)

For applications to the Earth’s atmosphere we can take the magnitude |r| of all fluid positions

to be approximately the Earth’s radius Rg, while the angular coordinates keep track of the

latitude and longitude of the fluid elements we consider. The velocity appearing in (9.3.51)
can similarly be replaced by the fluid velocity v in the rotating frame.

From this point of view the effect of the Earth’s rotation on fluid motion is to replace

the gravitational body force F = pg appearing in (9.3.17) with

F; = P(geff —2Q x v) , (9.3.52)
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where
ger(0,0) =g — Q x (2 x1)=(—g+ Q*Rgsin?) e, + Q> Ry sinf cosh ey, (9.3.53)

and Q(0,¢) = Qe,, where Q = 7.292 x 107°/s. (See (3.3.5) for the various sizes of the
different terms.)
The equation governing steady atmospheric flow of an ideal fluid (no viscosity) in a

reference frame rotating with the Earth is found by using (9.3.52) in (9.3.45) to get
p(v-V)v= p(geff —-2Q x v) —Vp, (9.3.54)

We seek a steady flow solution of these equations that describes a cyclone: a circular pattern
of flow around a region of low or high pressure whose radius is much smaller than the Earth’s
radius but possibly much wider than the height of the atmosphere.

To this end suppose we denote by x and y the east-west and north-south directions near
a particular latitude and longitude (0, ¢) on the Earth’s surface, with x = y = 0 being a
local maximum or minimum of pressure. Define polar coordinates on the surface of the Earth
around this point, with x = pcos? and y = psin, and define the unit vectors e, and e,
pointing along these two directions. Because these are both parallel to the Earth’s surface
they can be expressed in terms of the spherical polar coordinates, (r, 8, ¢), used in §3.3, whose
origin is at the Earth’s centre and whose z axis points towards the North Pole. In particular
e; = e, points in the direction of increasing longitude while e, = —ey points in the direction
of increasing (decreasing) latitude in the northern (southern) hemisphere.

In these coordinates we imagine there to be an atmospheric pressure gradient, p = p(o),
that is just a function of the radial coordinate p. The derivative p’ = dp/dp is positive for a
low-pressure region and p’ is negative for a high-pressure region.

To find a solution with the fluid velocity moving in a circle around the centre of high or

low pressure we take
v =1v(p)ey = —v(p) sind e, + v(p) cosV e, . (9.3.55)

This and the choice p = p(p) implies in particular that Vp « e, is perpendicular to v o ey
and so the winds move along lines of constant pressure. This is by contrast with the situa-
tion without the coriolis force, for which forces generated by the pressure gradient produce
motion in the direction of —Vp, and so is perpendicular to the lines of constant pressure.
Wind initially rushing radially in to a low-pressure region gets deflected to the side by the
coriolis force, with the cyclone configuration (9.3.55) corresponding to a steady flow where
the pressure gradient and coriolis forces are parallel, but acting in the opposite directions.
The choice (9.3.55) implies v > 0 gives flow towards increasing ¥ and so represents a

counter-clockwise cyclone (seen from above) while v < 0 similarly implies clockwise flow (seen
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from above). Using the expression for the gradient in polar coordinates V = e, d,+ (ey/0) Oy
together with (9.3.55) implies

2 2
(v-V)v= g (g:;) = —%(cosﬁez + sinvﬂey) = —% €. (9.3.56)

Unsurprisingly, with the choices made above the acceleration Dyv = 9yv + (v - V)v gives the
centripetal acceleration required for circular motion.
We may neglect the component of g.g that is tangent to the Earth’s surface®' and seek

the components of the pressure and coriolis forces tangent to the Earth’s surface,

d
Vp = d—]; e, = 7' (0) €, (9.3.57)

and the horizontal component of the coriolis force becomes

—2(Q2 X V)hor = —20Q(e; X €y)hor = 2082 | (€2 X €4)hor SINVY + (€. X €g)por COSV
= 20 cos Oy(e, cosV + e, sind) = 2vQdcos e, , (9.3.58)

where the cross products in these expressions are evaluated using (3.3.15) together with the
identifications e, = e, and e, = —ey.
Combining everything, each term in eq. (9.3.54) points in the e, direction, leading to the

single equation relating v to p’/p

2 !
Yol 9yQcosty, (9.3.59)

0 P

This expression must hold for all ¢ > 0 and this is what determines the radial wind profile
within the cyclone, given a known pressure profile. At the centre the pressure distribution
can only remain smooth if p’ — 0 as ¢ — 0, and so (9.3.59) implies that v also vanishes at
the centre. This is true no matter how large v is for large o, and is the origin of the ‘eye’ of
a hurricane.
Far from the centre of the cyclone we can take g large and so drop the left-hand side of
(9.3.59), implying ,
% ~ 20Q2cosfy (far from cyclone’s centre). (9.3.60)
It is clear that for this to work the sign of v must be correlated with the sign of p/, with the
correlation differing in the northern and southern hemispheres (since cosfy > 0 in the north
and cosfy < 0 in the south). In the northern hemisphere counter-clockwise motion (v > 0)
goes with a low-pressure region (p’ > 0) and clockwise motion (v < 0) similarly goes with a

high-pressure region (p’ < 0). The correlation is opposite in the southern hemisphere.

31The discussion in §3.3.1 shows that tangential component of the centrifugal force points south in the
northern hemisphere and north in the southern hemisphere and vanishes at the equator and at the north and

south pole, so its neglect is a good approximation at the near-equatorial latitudes relevant for most cyclones.
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For general p solving (9.3.59) for v gives

/
v=—Qcoslypo+t \/Q2 cos? Opo? + or (9.3.61)
p

where the sign of the root is to be chosen to ensure v — 0 when p’ — 0 (and so depends on
the sign of Qcosfp). For low-pressure regions the square root is always real because p’ > 0
and so in principle the larger the pressure gradient the larger the wind speed. This is why
hurricanes form around low-pressure regions. For high-pressure regions by contrast we have
p’ < 0 and so increasing |p/| eventually leads to the square root becoming imaginary, in which
case no real solution exists for v. This is why hurricanes do not form around high-pressure
regions.

High and low pressure zones differ because circular flow requires the centripetal accel-
eration to be directed inward and the size of the required acceleration grows like the square
of v. For low-pressure regions the pressure gradient points inward while the coriolis force
points outward, so higher pressure gradients can drive the required centripetal acceleration.
For high-pressure regions the pressure gradient points outward and the coriolis force points
inward, but the coriolis force only grows linearly with v and so cannot provide sufficient force

when the wind speed is too large.

9.3.5 Boundary conditions and viscosity

The Navier-Stokes equations (supplemented by the continuity equation and any thermody-
namic relations) play the role of Newton’s 2nd law and so provide the evolution equations
required to evolve any particular fluid configuration forward in time. But a well posed pre-
diction also requires boundary conditions to be specified, such as on surfaces when a fluid
comes into contact with other objects (like the edge of a container or the interface between
water and the atmosphere).

The boundary conditions we use turn out to depend in an important way on whether
or not the viscosity terms can be neglected. To see why, recall that viscosity introduces
dissipation and friction into the fluid’s motion, in the sense that viscous terms obstruct
Bernoulli’s equation expressing energy conservation along a fluid streamline. In this sense
ideal fluids can be thought of as being ‘friction free’, and the boundary condition usually
imposed at a solid surface when using ideal fluids asks that the fluid velocity be tangent to
the surface: i.e.

container
n

on boundary (ideal fluid), (9.3.62)

Vp =V -n=20

where n is a unit vector normal to the surface. This boundary condition forbids the fluid
from penetrating into the container that surrounds it, while slipping along it without friction.
For viscous fluids a different boundary condition is used: the fluid velocity is asked to

equal the velocity of the surrounding container, so that the relative velocity of fluid and
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container vanishes:

Vp = v - = MR and gy = NI on boundary (viscous fluid), (9.3.63)
and so in particular both components should vanish if the container is not moving. Physically
this kind of boundary condition arises because of the attractive short-ranged inter-atomic
forces at play between the fluid molecules and those within the container. In particular this
constrains both the normal and tangential components of v at the container interface.

It might seem odd to have a different number of boundary conditions in these two cases,
but it nonetheless makes sense mathematically because v only appears with single spatial
derivatives in the ideal case, but is second-order in spatial derivatives in the viscous case (and
so needs more boundary conditions to fix all of the integration constants).

Historically there was considerable debate about which of these boundary conditions
should hold for real fluids, with the debate partly driven by the fact that measurements
showed that for some real fluids flow velocities actually did seem to satisfy (9.3.63), such as
at the walls for the flow of a fluid through a pipe. Yet sometimes the very same fluids seemed
to be well-described as ideal fluids that slide along their container walls, subject to (9.3.62).
What could be going on?

The answer turned out to be the existence of boundary layers. In real fluids (9.3.63)
applies but this can sometimes be masked because the fluid transitions from full flow to zero
flow only through a comparatively narrow boundary layer, with the fluid outside the boundary
layer behaving much like an ideal fluid. In such fluids viscosity only plays an important role
near the boundary. This section sketches how one tells when fluid viscosity can be neglected
and when it cannot.

We start with the Navier-Stokes equations for an incompressible flow, including viscos-
ity, since very viscous fluids are in practice often also incompressible. For these the mass
density is constant and so the continuity equation (9.3.11) becomes V - v = 0. The Navier-
Stokes equations themselves become (in the absence of body forces) (9.3.20), repeated here

for convenience of reference:
v+ (v-V)v=-V (i) +vViv, (9.3.64)

where v := n/p is the kinematic viscosity.

The key observation is that the (v - V)v term scales differently than does the V?v term,
since the former is quadratic in v and linear in derivatives while the latter is linear in v
and quadratic in derivatives. These two terms involve only a single parameter v, which has
dimensions of (length)?/(time).

In any particular application the solution v(r,¢) acquires a dependence on the character-
istic scales of the problem through the boundary conditions. (Perhaps one computes the flow

pattern around an object of linear size L moving at a speed u relative to the fluid.) Keeping
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in mind that p/p has dimensions of velocity squared, every term in (9.3.68) has dimension
velocity /time, or equivalently (velocity)?/(length).

If one scales out the characteristic length scale L and speed u by defining dimensionless
variables v, & and ¢ through the definitions

v=uVv, r=1Lt and t=Li/u, (9.3.65)
then (9.3.68) becomes
“2[<§<z+(<z Vv +v (L —562\7}—0 (9.3.66)
L t p/\ R — 3 J.

and so any solution v(t,7) depends on v only through the dimensionless combination called

the Reynold’s number,
ulL
et

R:= (9.3.67)

The importance of the viscosity term depends on the size of R for any particular appli-
cation. In particular, the viscosity term can be neglected relative to the convective (v - V)v
term in the limit of large Reynold’s number R > 1, leading to the perfect fluid limit:

v+ (v-V)ve -V <p> . (9.3.68)
p
In the opposite case of low Reynold’s number, R < 1, it is the convective term that can be

dropped, leading to the approximate linear evolution equation
p 2
v ~ -V <> +vViv, (9.3.69)
p

The linearity of this system allows (9.3.69) to be explicitly solved in many interesting situa-
tions, despite viscosity playing an important role.

Inspection of (9.3.67) shows that small R occurs when speeds are small and distances
are short. But the boundary condition (9.3.63) makes this always true near a stationary
boundary since the boundary conditions set v — 0 there. This is why viscosity can dominate
the behaviour near boundaries even while being negligible further into the fluid’s bulk.

9.3.6 Time-dependent flows

This section closes with a discussion of time-dependent phenomena, most notably wave prop-
agation within fluids. Besides providing a simple illustration of time-dependent methods, a
discussion of waves helps underline the ubiquity of wave phenomena in continua and also to
highlight how transverse waves are harder to to support in fluids due to the absence of shear
stresses.
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Small-amplitude Waves

To study waves in a fluid consider an adiabatic ideal fluid, for which the equations of motion
are (9.3.11):
Op+V-(p-v)=0 (9.3.70)

and the Navier-Stokes equation in its form (9.3.18) in the absence of body forces:
p[@tv +(v-V)v| = —vp. (9.3.71)

We seek solutions to these equations by perturbing about a static solution. That is, we

write
p=po+p, P=po+p (9.3.72)

where pg and pg satisfy (9.3.70) and (9.3.71) with v = 0, which implies py and py are both
constants, related to one another by the fluid’s equation of state p = p(p). We wish to solve
for the quantities p(r,t) and p(r,t) and v(r,¢) under the assumption that these are all very
small, so that (9.3.70) and (9.3.71) can be expanded in these variables, keeping only the linear
terms to first approximation.

In this case the linearized equations become

Op+ poV-v=0 (9.3.73)
and
. (dp S 204
poOv >~ —-Vp=—|— Vp=—-c;Vp, (9.3.74)
dp ad

where the last equality defines ¢ = (dp/dp)aq and the subscript ‘ad’ indicates that the
derivative dp/dp is performed with the entropy density fixed. The velocity v can be eliminated
between these two equations by taking the time derivative of (9.3.73) and subtracting from
it the divergence of (9.3.74), leading to

Ot p = —poV - v = 2V3p. (9.3.75)

This shows that the pressure fluctuation p satisfies the wave equation —92p + c2V?p = 0
with wave propagation speed ¢s; (compare with (5.3.16)). Eq. (9.3.73) then shows that the
compression mode V - v of the velocity field also satisfies a similar equation with the same
propagation speed. Because V -v describes a local change in the volume of the fluid — c.f. the
discussion around (9.3.10) — the joint oscillations of p and V - v describe a compression wave
that passes through the fluid.

What about the transverse components of the fluid? The velocity field has three compo-
nents and V - v only tracks one combination of these. The other two can be chosen to satisfy
V -v = 0 and are called the transverse part of the fluid because if one seeks a wave solution
of the form v = voe KT then V.v = 0 implies vo - k = 0. This part of the velocity
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field contributes to its curl, V x v rather than its divergence, so its evolution can be found
by taking the curl of (9.3.74). This leads to

O (V xv) =0, (9.3.76)

showing that the transverse components of the fluid velocity do not oscillate. They do not
do so because the absence of shear stress in a fluid means there is no restoring force for these
modes that can drive an oscillation.

10 Classical Fields

This section explores the situation where the dynamical variables of interest are fields % (r, )
defined throughout space and time rather than a discrete collection of variables ¢*(t).

The most basic comparison between fields and dynamical variables in classical mechanics
suggests that for fields the role of the index ‘A’ is partially played by spatial position r, in
addition to the discrete index a that distinguishes multiple fields from one another. This
means that any instances where A is summed over must be replaced by a sum over a and an

integral over position.

10.1 Scalar fields

To see how this works in detail, consider a single scalar field ¢(r,¢). The assumption that
Y(r,t) is a scalar (as opposed to a vector or tensor) field just means that it returns a single
number for every position in space and time (much like a varying temperature field T'(r, )
might do). This is a simplifying assumption that is dropped once we look at other fields, like

electromagnetism, in later sections.

10.1.1 Lagrangian formulation

The Lagrangian L[y(r,t), 0y (r,t)], for this field is defined so that its variation reproduces
the field equation satisfied by (r,t). In practical examples this field equation is local in the

sense that it involves the field and its derivatives all evaluated at the same point, such as
O(x,t) = 3 VA(r,t) = V (1), (10.1.1)

for example, where c, is a constant. The point is that 9?1 and V2t are both evaluated at the
same positions and times and V (¢) is an ordinary function of ¢(r, ) — such as V (¢) = 1 m?i?
or something more complicated — with its argument also evaluated at the same position and
time.

This kind of field equation arises if the Lagrangian comes as a local integral over space

of a function of the field and its derivatives all evaluated at the same spacetime point:

Ly, 9] == /d?’x L(p, 0, NP, -+ ), (10.1.2)
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where d3z is just a shorthand for the spatial volume measure dz dydz. Requiring L to be
a ‘sum’ over position in this way is similar to the way that the Lagrangian for independent
physical systems {¢®} and {Q%} is obtained by adding the Lagrangian for the subsystems:*?
L(0,Q.4.Q) = L(g,d) + L(Q, Q).

The integrand L is called the system’s Lagrangian density. For slowly varying fields it
suffices to restrict to functions £ that depend only on undifferentiated and singly differentiated
fields while neglecting any dependence on multiple derivatives like 921 or V4.

The action obtained from such a Lagrangian is then given by the spacetime integral of
the Lagrangian density

= /dtL = /d4a: L(h, 0p, V) . (10.1.3)

This way of writing the action is particularly convenient in relativistic theories because in
this case the measure d*z = dtd3z = dtdz dy dz is Lorentz invariant and so the same must
also be true for £ (unlike, say, L or H). This makes its form easier to guess than for the
Lagrangian or the Hamiltonian directly.

Given a Lagrangian density £ we solve the variational problem as before: take the dif-
ference, 6S[y] = S[¢ + 0v] — S[yp] between two neighbouring configurations ¢ and ¥ + §
and demand that its linear term in J7 vanish for arbitrary d¢. For instance, varying (10.1.3)

gives

, oL oL
o5 = [ da [ W ) T v W}

— 5SS,t‘+/d4 Bi ) <6(?9f1/1)> -V <aav£¢>] 5 (10.1.4)

where 055 . denotes the ‘surface terms’ obtained by integrating by parts in space and time:
oL oL
6Sst. = [ d*z |0y [ 5= 6 V-
o= [afo ( 05™) + (5552%)]

= [/d3 (({W ] /dt}[d%n (Ww 5zp) (10.1.5)

Here §_ denotes a surface integration over the boundary of the spatial integration region for

which n is the outward-pointing normal vector, that arises when Gauss’ theorem is used to
evaluate the spatial integral over the total divergence.
If we vary over configurations that all agree at the initial and final times and on any

spatial boundaries then dv vanishes everywhere in space at ¢; and ¢, and for all time on the

32Having the actions for independent systems add in this way, S = S + Sg, ensures that the correspond-
is

ing quantum amplitudes e*® = ¢*4¢“B factorize, as will their squares (which in quantum mechanics gives

probabilities). This is what is expected for the probabilities of statistically independent processes.
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spatial boundary B. Demanding 45 = 0 for arbitrary §¢ satisfying these conditions then
implies the integrand in the second term on the second line of (10.1.4) must vanish:

gi_at <a(aaﬁp)> L v <aav£¢> =0. (10.1.6)

These are the classical field equations implied by the action (10.1.3).

If the action is also to be stationary for nonzero 41 on the boundary then we must
demand that the coefficients of d1) also vanish on the temporal and spatial boundaries in
0Ss4., in addition to demanding that (10.1.6) hold everywhere else.

For instance, starting with the following simple Lagrangian that is quadratic in :

S = /d4 L (0)? — 32V - Vp — dmPe)p? (10.1.7)
with constant coefficients ¢? and m? leads in this way to the field equation
—02 + Vi) —m?p =0, (10.1.8)
This is called the Klein-Gordon equation and it has plane wave solutions
Y(r,t) = C exp|—iwt + ik - r] where w? = ¢2k? + m?. (10.1.9)

When m — 0 it reduces to the wave equation — c.f. eq. (5.3.16) — with ¢, being the wave
speed.

The Klein-Gordon equation is a relativistic equation when ¢, is chosen to be the speed
of light (cs — 1), since in that case (943)? — c2(Vy))? — —n 8,9 8,1 and the combination

—0f + V2 = 9,0, =0, (10.1.10)

becomes the d’Alembertian operator. In this case the dispersion relation for w(k) has the
same form as does the relativistic energy-momentum relation E? = p? + m? for a particle
with rest energy m. It is often encountered once fields are quantized because then its quanta

are relativistic spinless particles (like pions or the Higgs boson).

10.1.2 Hamiltonian formulation

The Hamiltonian formulation of this field theory goes through straightforwardly, keeping in
mind that the sum over A in quantities like p,¢* goes over to an integral over all of space.
For the scalar field case under discussion the configuration space variables are ¢*(t) —

¥ (r,t) and so the canonical momenta p, = 0L/0¢* become

oL

M) = S )

(10.1.11)
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We are to regard this as giving II as a functions of ¢ and 9y. Eq. (10.1.11) is then regarded
as an expression to be solved to eliminate the time derivative 0yt in favour of the v and II.
It is assumed here that solutions of this type to (10.1.11) exist, though we see below that this
need not be so for physically interesting examples.

The system’s Hamiltonian is then given by p,¢* — L, which (once the sums are turned

into integrals) becomes
H= /d% [H O — L, dyb) (10.1.12)

in which 0y is traded for II by solving (10.1.11). Once this is done the Hamiltonian is
regarded as a function of ¢ and II and their spatial derivatives (but not 9;1). Evidently the

Hamiltonian is the spatial integral over a Hamiltonian density, H,
H = /d3ﬂc H with H=TIow — L. (10.1.13)

To see this in detail consider applying these definitions to the Klein-Gordon example,

whose action is given by (10.1.7), repeated here:
S = /d4a: [% (0r)? — 12Vep - Vo — %mzcgzbg] . (10.1.14)

In this case (10.1.11) becomes

oL
e = 56m)

whose solution for the ‘velocity’, Oy = I1, is in this case trivial.
The Hamiltonian (10.1.12) then becomes

= Opp(r, 1), (10.1.15)

H= /d3x[H2 — LW, (b, H))} - /d?’azB 12+ L2(Vy)? + %m%pﬂ . (10.1.16)

This is clearly bounded from below since H > 0 and it is minimized if and only if H = 0.
Because H is the sum of squares each of them must vanish when the energy is minimized,
implying dyp = Vi = 0 and ¢ = 0. This minimum energy configuration is often called the
vacuum configuration.

The Poisson brackets can be formulated in a similar way, keeping in mind that functions
on phase space in this case are functionals of 1(r) and II(r): F = F[¢(r),1I(r)]. Directly
applying the Poisson bracket definition (7.2.6) — and as usual converting the sum on A to an

OF oG oF oG
{r.c}=[am [w(r) 5Ti(r)  aTi(m) w(r)] | (10-1.17)

integral — gives

In particular (7.2.13) becomes

{¢(r,t) ,Q/J(r’,t)} = {H(r,t) ,H(r’,t)} =0 (10.1.18)
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while

{w(r,t) ,w(r’,t)} = {H(r,t) ,H(r’,t)} =0 and {w(r,t) ,H(r’,t)} = §3(r—r'). (10.1.19)
For some applications the Hamiltonian formulation can be less useful than the Lagrangian
formulation and for others it can be preferable. In the Klein-Gordon case, for instance, the
Lagrangian formulation makes Lorentz invariance manifest in the limit ¢; — 1 since £ is a
Lorentz scalar while H is not. But the Hamiltonian formulation is often more useful when
quantizing fields because then the correspondence between Poisson brackets and commutators
makes the commutation relations easier to guess.
Given the Hamiltonian, quantization proceeds by demanding the operators @ and II

satisfy the canonical equal-time commutation relations suggested by the Poisson bracket
relations like (10.1.19):

[w(r, £, I(x, t)} —isr—r). (10.1.20)
For multiple scalar fields ¢%(r,t), with a = 1,--- , N, this becomes
[¢“(r, £), I, (r, t)} = 6% 03 (x —y), (10.1.21)

where IT;, = 9L£/9(9;¢") are the canonical momenta.

10.2 Electromagnetism

The next relativistic system to examine in a Lagrangian light is electromagnetism itself. In
this case the Lagrangian density turns out to be simple:

1 1
Lpn = 5 (E2 - B2> = 1 prFlw ) (10.2.1)

where the first way of writing things expresses the result directly in terms of the electric and
magnetic fields while the second version shows that Lg,, is manifestly a Lorentz scalar, since
F,, is an antisymmetric Lorentz tensor. In this relativistic version the indices are raised
and lowered as usual using the Minkowsky metric 7,, and its matrix inverse n*, so that
F FM =g AgPF Fy, = 26" Fy Fy; + F; FY9 = —2E? + 2B2.

Although neither E nor B are differentiated in Lz,,;, we have seen that these are not all
independent of one another in any case, and the basic variables in the problem are instead
the vector potential A and the electrostatic scalar potential ®, related to E and B by E =
—OtA —V®and B=V x A, or F,, = 0,A, — 0,A, where the spatial parts of A, are given
by the components of A and A? = —A4y = ®.

It is A and ® that are to be regarded as the dynamical variables. To check this we
compute 05 by varying ® and A to verify that this reproduces the Maxwell equations. For
Sem = fd?’xEEM we have

0Spn = /d4$ [—E (00A +ViP) —B - (V x 5A)}

= 654 + /d4a:[(8tE —VxB)-JA+(V-E) 5@} (10.2.2)
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where the surface term is
ty iy
685t = — [/ Bz E- 6A] +/ dt% d?zn- (~EéP + B x JA). (10.2.3)
ti t; B

Requiring 6.5 vanish for arbitrary A and 0P gives two of the (source-free) Maxwell equations
V-E=0 and E—-V xB=0. (10.2.4)

The other two Maxwell equations, V- B = 0 and ;B + V x E = 0, are consequences of the
definitions B=V x A and E = —9,A — V.

10.2.1 Constraints

Things get more interesting once we try to formulate electromagnetism using the Hamiltonian
formalism. To do so the first step is to find the canonical momenta. For A the momentum
(up to a sign) turns out to be the electric field itself, because

0L g
o — = _E=0A+V0. 10.2.
5OA) E=80A+V (10.2.5)

A complication arises once we seek the momentum for ® though because Lg,, does not
depend on 0;® at all, and so its canonical momentum vanishes identically:

aEEZ\/I
I, =
* 7 9(0,®)

=0. (10.2.6)

This is a constraint, and it complicates the Hamiltonian treatment of the electromagnetic field.
Although (10.2.6) cannot be solved to determine 9;®, this does not matter when calculating
the Hamiltonian itself since 9;® only enters multiplied by Il (which vanishes):

H= /d%[ﬂ WA + 11, 0,P — ﬁEM} - /d% [%(E2 +B2)+E- vqﬂ . (10.2.7)

Constraints like (10.2.6) become a problem when quantizing the theory because they
complicate the formulation of the Poisson brackets, whose properties are used as a guide when
identifying the quantum commutation relations. It is difficult to reconcile how both Iy = 0
and a canonical relation — c.f. eq. (7.2.13) or (10.1.19) — like {®(x,t),Hs(y, )} = 63(x — y)
can be reconciled.

It is precisely for this problem that the techniques of §11 were developed, though a full
description of how it applies to electromagnetism goes beyond the scope of these notes.

11 Constrained Hamiltonian Systems

As the above chapters show, constraints arise frequently within classical mechanics, where
‘contraints’ here mean relations, ¢(q,p) = 0, that are imposed on the dynamical variables
outside of their equations of motion.
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In the simplest situations, such as those encountered in §1.5, the constraints express
how two objects in contact move past one another (e.g. ‘rolling without slipping’ or ‘sliding
without friction’), and so are merely simple summaries of what are really solutions to more
complicated equations of motion that express what short-range inter-atomic interactions do
when two bodies come into contact. For these types of constraints §2.5 describes two ways to
proceed: solve the constraints explicitly when you can and if not use the method of Lagrange
multipliers.

The role of constraints takes a new turn once Hamiltonian methods are used because for
these the Poisson brackets play such an important role. Constraints complicate the Poisson
bracket story because it is very often true that the quantity ¢(q, p) set to zero by a constraint
does not have vanishing Poisson brackets with other variables, and when this happens it
cannot be consistent simply to set ¢(q,p) = 0 (since the zero function has vanishing Poisson
brackets with all other quantities). This issue becomes particularly pertinent for quantum
systems, for which the Poisson bracket’s role in specifying commutation relations (see §7.5)
plays such a central role. Once promoted to operators should constrained variables ¢(q, p)
be represented by the zero operator? If so they cannot have nonzero commutation relations
with other operators.

This turns out not to be just an academic exercise because all theories with gauge sym-
metries, such as electromagnetism but also including every theory that is generally coordinate
invariant, are constrained systems of this type. Quantizing these theories requires knowing
how to handle constrained Hamiltonian problems in a systematic way, and describing the
techniques for doing so is the purpose of this chapter. The systematic formalism for handling
such situations turns out to have been developed only relatively recently (during 1950s) by
Dirac — yes, that Dirac — and that is the formalism presented here.

11.1 Constraints and Poisson Brackets

Consider, then, a system with Lagrangian L(q, ¢), for which the equation defining momenta,
pa = OL/0¢*, cannot be solved to obtain ¢* as a function of the ¢’s and p’s. An obstruction

for being able to do so arises whenever the Jacobian dp,/d¢” is not invertible, which occurs

9L

whenever

Primary Constraints

The condition that one or more eigenvalues of 9*L/(0¢® 9¢*) vanish imposes a relation
amongst the coordinates in the problem and is the sign that there exist relationships amongst

the p’s and ¢’s of the form
¢m(q,p) =0 (11.1.2)
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where the index m = 1,--- , M counts the independent number of constraints of this type.
Constraints like these that follow directly from (11.1.1) are called primary constraints. The
symbol ‘x 0’ is read as ‘is weakly zero’, where the word ‘weakly’ is meant to convey that
although our interest is in ¢’s and p’s for which ¢,,, vanishes, the Poisson brackets of ¢,, with
other dynamical variables need not also be zero.

Although the standard construction of the Hamiltonian from the Lagrangian fails (be-
cause we cannot solve for ¢* as a function of the ¢’s and p’s), for time-translation invariant
systems we do expect there to exist a conserved energy, H.(q, p), that could be regarded as the
Hamiltonian even though its simplest construction from the Lagrangian does not go through
on the surface satisfying (11.1.2) as straightforwardly as usual. Part of the problem defining
the Hamiltonian on the surface satisfying (11.1.2) is that the requirement that the Hamilto-
nian agree with the energy does not define it uniquely if this agreement is only required to
hold when ¢,,(¢, p) = 0, since we can always instead define it to be

H(va) = HC(Q)p) + )\mﬁbm(q’p) ) (11-1~3)

(with, as usual, an implied sum over m), for some coefficients \,,. Any such a quantity agrees

with H. on the constrained surface because ¢, (g, p) ~ 0 implies

H(q,p) = He(q; p) (11.1.4)

for all A,,.
The equations of motion obtained from these different choices for Hamiltonian are not

all the same, however, because (7.2.7) becomes (assuming 0F /0t = 0)

F(q,p)={F,ﬁ}={F,ﬁc}+Am{F7¢m}- (11.1.5)
In particular the equations of motion for the phase-space coordinates themselves are
~ 0H, o¢p
A =0t HY = SRNE W L 11.1.6
q {q ) } apA + apA ( a)
. ~ 0H, Obm
P = {PB 7H} = ok Mogr (11.1.6Db)

These are the most general evolution equations that are consistent with the equations gener-

ated by H,. for motion along the constrained surface ¢,,(q,p) =~ 0.

Secondary constraints

In order for a system of constraints to be consistent we must demand that the constraints

remain true as time evolves. This means that we require

bn(a,p) = {¢>nﬁ} - {gan} + Am{¢n,¢m} ~0. (11.1.7)
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If this is not already true for original collection of primary constraints then one of two
things must happen. It could happen that (11.1.7) does not impose new conditions on the ¢’s
and p’s and instead just implies ¢g- and p-dependent relations amongst the A,;,’s. Alternatively,
the right-hand side of (11.1.7) could involve new independent functions of the ¢’s and p’s and
if so then these are new constraints — called secondary constraints — that must also weakly
vanish if the constraints are to be consistent with time evolution.

In the latter case these new constraints must be added to the primary constraints and
(11.1.7) computed again, possibly introducing further secondary constraints, with the process
repeated until no new constraints are generated by time evolution. Once this is done the

complete list of constraints is longer
QSG(LLP) =0 with a = 1a 7T (1118)

where M is the number of primary constraints appearing in (11.1.2) and T'= M + L where
L is the number of new secondary constraints generated by time evolution.

As mentioned above, consistency with the equations of motion also imposes relations
amongst the \,’s, and these imply that the coefficients A, can be solved to give Ay, = A\y(q, p)-
This is what allows the Hamiltonian to be expressed as H=H (¢,p).

11.1.1 Classes of Constraints

Given a self-consistent set of constraints like (11.1.8), then functions on phase space can be
usefully divided into First Class and Second Class according to whether or not their Poisson
bracket with the constraints are all weakly zero. That is, by definition R(q,p) is a first-class
function on phase space if

{R , gba} ~0Va=1,---,T (first-class function) , (11.1.9)

A second-class function on phase space is one that is not first class: it has a nonzero Poisson
bracket with at least one of the constraints in (11.1.8). Clearly the definition of second-
class functions is ambiguous because one can always add to it a first-class function without
changing is Poisson brackets with the constraints.

The collection of constraints themselves can in particular be separated into first-class
and second-class categories because the ¢,’s are themselves examples of functions on phase
space. Once this is done it is also true that the square of a second-class constraint is itself a

first-class constraint because the definition of the Poisson bracket implies

{qbi’qba} =2¢>n{¢n,¢a} ~0, (11.1.10)

where the final weak equality follows because all of the constraints satisfy ¢, ~ 0.
Once sorted into first-class and second-class constraints, the constraints are denoted
{ba} = {Wi, a0} where ¢; (for i = 1,---,I) are the first-class constraints and ¢, (for a =
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1,---,N) are the second-class constraints. Here I + N = T', where recall that 7" counts the
number of primary and secondary constraints: a = 1,--- ,T. Notice that the original primary
constraints can be either first class or second class, and the same is also true for the secondary
constraints.

The distinction between first-class and second-class constraints is the crucial one. As
we see below, second-class constraints are just ordinary constraints in the way that was
encountered in the more elementary treatments of §1.5 or §2.5. The way they will be handled
parallels what was done for these constraints in earlier sections. The first-class constraints are
different though. As mentioned above, the freedom to add one of these to any second-class
constraint introduces a fundamental ambiguity into the definition of second-class constraints.
In this sense their presence is closely related to the existence of gauge symmetries, which
are ambiguiities in the definitions of variables, the most famous of which is the ambiguity
A - A+ Vyand & — & — 9;x that leaves physical quantities — i.e. the electric field
E=-0A—-V® and B =V x A - completely unchanged. The strategy for dealing with
first-class constraints is similar to what one does with gauge symmetries: introduce new
constraints (‘choose a gauge’) that convert the first-class constraints into second-class ones.
Then use the same formalism that is used for any other type of second-class constraints.

11.1.2 Dirac Brackets

An important property of the second-class constraints is that the matrix C,g, defined by

Cog = {%,@5} (11.1.11)

is invertible. If it were not invertible it would have a zero eigenvector, but this eigenvector is
then a first-class constraint because the linear combination of the ¢,’s to which it corresponds
by construction has a vanishing Poisson bracket with all of the other constraints. So once all
first-class constraints are identified the remaining second class constraints produce a matrix
Cqp that can be inverted. But its definition also implies Cyg3 = —Cp, is antisymmetric, and
any odd-dimensional antisymmetric matrix has a zero eigenvector. So there must always be
an even number of second-class constraints.

Denoting the inverse matrix for C,g by Cojﬁl, we know

CapChy = CoyChy = bary (11.1.12)

because these are the component versions of the matrix equations CC~' = C~'C = 1. What
is useful about C~! is that it allows us to take any phase-space quantity F(q,p) and build
from it a new quantity ﬁ(q, p) that is equal to F'(¢q,p) when the constraints are satisfied but
whose Poisson bracket with all of the second-class constraints is weakly zero.

To this end define

~

F(q,p) == F(q,p) — {F , SOa}Ca,B ©p - (11.1.13)
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Clearly this satisfies

{13,%} ~ {F,w} - {FaWa}Caﬂ {s% 7807}
_ {F,%} — {F,(pa}cag Oy, = {F,%} - {F,%} —0, (11.1.14)

as claimed, where the first line follows because only the Poisson bracket between g and ¢,
must be computed in the second term because all other contributions are explicitly propor-
tional to g and so are weakly zero. Notice that there is no guarantee that {ﬁ , ;) is weakly
zero for first-class constraints.

Because the Poisson bracket of F (gq,p) with second-hand constraints is weakly zero, it
follows that there is no inconsistency between its Poisson brackets and choosing ¢, =~ 0.
For instance if the rule for quantizing is to replace F with an operator Fop, (as opposed to
replacing F itself with F,,), with the Poisson bracket going over to the commutator, then
there is nothing inconsistent about the constraints ¢, ~ 0 being represented by the zero
operator (with which all other operators must commute), because {ﬁ , 0o} =~ 0 for all p, and
all F.

We see from this that all second-class constraints can be made consistent with the Poisson
bracket structure simply by replacing every phase-space observable F(q, p) by F (¢,p), defined
by (11.1.13). Notice also that although F~F-soFandF agree with one another once the
constraints are satisfied — it is not true that {F,G} ~ {F,G}.

It is possible to define a new bracket {F',G}, that has the property that {ﬁ ,é} ~
{F,G}p, however. The required bracket is called the Dirac bracket and is defined by

{F,G}D — {FG} — {F,%} co {905,0} . (11.1.15)
Straightforward application of the definitions implies the Dirac bracket satisfies
{F,G} ~ {ﬁ@} ~ {ﬁG} ~ {F@} (11.1.16)
D
as well as the Jacobi identity

{A, {B , C}D}D n {B : {C,A}D}D + {C, {A,B}D}D ~0. (11.1.17)

As applied to the Hamiltonian H. the above procedure leads to
0:=H,— {Hc,%}(};g 05, (11.1.18)
and so comparing this to (11.1.3) shows that
H=H with \s= —{HC , %} cot. (11.1.19)
11.2 Applications*

yvada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yvada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yvada yada yada yada yada yada
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11.2.1 Relativistic Point Particle (again)

yvada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yvada yada yada yada yada yada

11.2.2 Electromagnetism (again)

yvada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yada yada yada yada yada yada
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A Refreshers on useful tools

This appendix gathers together some topics that are normally seen in a physics program but

which might need refreshing for this course.

A.1 Calculus of Variations

The calculus of variations is that branch of mathematics that works out how to do calculus —
i.e. differentiate and integrate — for functionals rather than functions. Recall that a function
can be regarded as a map between two sets f : A — B having the property that for each of
its arguments, a € A, the function returns a unique b = f(a) € B. The set A is called the
function’s domain and the set B is called its range. For a real function the range B = R is
the set of real numbers. For ‘ordinary’ functions, x(t), of everyday experience the domain is
also the real numbers (or a subset thereof).

From this perspective a functional is just a function whose argument is itself a function
(or a set of real functions) or a ‘path’, z(t), that maps R — R. A real functional is a rule that
returns a real number for each path in its domain. For the functionals encountered in physics
the rule defining the functional often arises as an integral over the specified path, such as the
length, s[x(t)], of a path in n-dimensional flat Euclidean space, E,,.

For instance, suppose we consider the set of paths x(t) where the parameter ¢ along the
path runs from tg < ¢ < t;. Then the tangent vector to the path x(¢) is given by x = dx/d¢t
and the length of the path is the functional

six(t)] = /t1 dt |x(t)| = /1 dt Vx -x = /1 dt \/x%(t) +a3(t) + -+ E2(t). (A.1.1)
to 0 0
Notice that the integral is invariant under changes in how the curve x(¢) is parameterized
because changing to w where ¢t = t(u) is a monotonic function because the Jacobian |d¢/du|
cancels between the integration measure d¢ = du |dt/du| and the change to the integrand
\/W = |du/ dth/W . As a result we are free to parameterize the curve any way
we like when computing s[x(t)] and we use this freedom to arrange that the initial and final
points on the curve are labelled by tg = 0 and ¢; = 1 respectively.

The calculus of variations enters when we ask optimization questions like: which path
between to fixed points has the minimum length? To answer these types of questions it is
useful to have a notion of differentiation for functionals, in order to use the criterion that the
first derivative of a functional must vanish when evaluated at a minimum (or maximum or
saddle point).

The rule for defining derivatives of functionals is designed to follow what one does for
derivatives of ordinary functions. For functions the derivative is defined as a limiting process,
where one computes the slope of the straight line that connects z(¢) and z(t + At) in the
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limit that At is taken to zero:
o dr L w(t 4 At) — x(1)
W= = AT a (A.1.2)

By analogy the same thing is done for a functional like s[z(t)]: one first compares the value,
slz(t) + dx(t)] for a path x(t) + dx(t) that differs slightly from the initial path, z(t), and
computes the difference: ds := s[z(t) + dx(t)] — s[z(t)]. By contruction, this must vanish
when dx(t) = 0 and so for small enough dz(t) it should be sufficient to Taylor expand in
powers of dz(t) and stop at linear order. One then defines the coefficient of dz(¢) to be the
derivative, denoted ds/dx(t):

ds 1= s[z(t) + dz(t)] — s[z(t)] = /0 dt <5;$(8t)) sx(t) + O[(6z)?] . (A.1.3)

When varying the path there is a choice whether or not one is free to vary the enpoints of
the path z(0) or z(1) as well as the points in between. The simplest case chooses not to vary
the endpoints, in which case we consider only variations dx(¢) that vanish at the endpoints:
0z(0) = dz(1) = 0. The results found in this case also apply when the endpoints are allowed
to be varied because having the freedom to vary the endpoints includes the case where one
chooses not to vary the endpoints. Varying the endpoints introduces new conditions at the
endpoints (as described later in this section).

To see how this works consider the example where s[x(t)] = s[z1(t),...,z,(t)] is the
length of a path in n-dimensional Euclidean space, as defined in (A.1.1). In this case applying
the definition (A.1.3) gives

1
5S:/dt {\/(i1+(55E1)2+"'+(£‘Cn+51'§n)2 CL‘%++$%}
0

:/ qr  TLoBLE +x75"”"+0(5w§) , (A.1.4)
0 1/x%++m%

where we use that the integrand is an ordinary function and we already know how to dif-

ferentiate and Taylor expand those. Eq. (A.1.4) does not quite have the form sought on the
right-hand side of (A.1.3) because in (A.1.4) the deviation dz;(¢) appears differentiated. To
fix this we integrate by parts to remove the derivative from dz;, leading to

=1
[9&15$1+-'-+9&n5xn]t
s =

_ ' (A.1.5)
af et ar |,

_/0 dt {dt [\/m s+ 0 (027 5

If we restrict to variations that do not change the endpoints then we know dz;(0) for all 4

oz 4+ 4 In
! dt

@y + -+ i

and so the surface term on the first line of (A.1.5) vanishes. What remains on the right-hand
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side has the same form as (A.1.3) and so we can read off the functional derivatives:

(forall0<t<landeachi=1,---,n). (A.1.6)

ds _i T
Sxi(t)  dt

@y + -+ il

Notice that the resulting functional derivatives are themselves functions of ¢. We have an
independent derivative for each independent label for x;(¢); that is, a separate derivative for
each ¢ and t.

We can now use this to see which curves minimize the path length between two fixed
points, by asking which curves make ds/dz;(t) vanish for all 7 and for all 0 < ¢ < 1. Although
the n equations found by setting (A.1.6) to zero look complicated they have a very simple
solution: #; is a constant for all 7. The paths with shortest lengths therefore are linear

functions:

xz(t) = A; + Bt (A17)

where A; and B; are integration constants. These integration constants are found by requiring
the solution to pass through the two specified endpoints, x;(0) = a; and x;(1) = b;, and so

Ai = a; and Bi = bz‘ — Qa; . (A18)

Because the tangents to the curves defined by (A.1.7) are constant vectors these curves can be
recognized as the equations for straight lines. Famously, in Euclidean geometry the shortest

distance between to points is a straight line.

A.1.1 Varying the endpoints

We can also see now what happens if we allow ourselves the freedom to vary the endpoints
in addition to varying the paths in between the endpoints. Demanding s vanish for all
variations dz;(t) includes as a special case the situation where we do not vary the endpoints.

As a consequence we still can concluded that ds/dz; as given in (A.1.6) must vanish for each

1=1,---,n:
d & .
— - - (for0<t<landeachi=1,---,n). (A.1.9)

This in turn ensures that the second line of (A.1.5) vanishes.

But the first line must also vanish if we are to successfully have extremized s and because
dx; need mnot vanish at the endpoints this requires we must also demand separately that the
surface term on the first line of (A.1.5) should vanish. Because the variations at each end are

independent this means that

T10x1+ -+ Tp oz,

e

=0, (A.1.10)
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separately, for both ¢ = 0 and ¢ = 1. Because dz; need not vanish there anymore, eq. (A.1.10)

requires our solutions to (A.1.9) must also satisfy the boundary conditions
%;(0) =2;(1) =0 (for all 7). (A.1.11)

Not surprisingly, if we ask for the curve with the shortest distance and if we are also allowed
to move the endpoints to help achieve this then the shortest curve has z;(t) independent of
t and so the two endpoints of the curve lie at the same point: the shortest curve in this case
has zero length.

A.2 Method of Lagrange multipliers

Suppose one wishes to minimize or maximize a function h(x,y) of two independent variables,

x and y. This is relatively easy to do, by finding those x = z,, and y = y,, that make the

oh oh
Z° Y =0. A21
(ax>xm,ym (8y>xm,ym 0 (A-2.1)

For instance suppose x and y locally describe local coordinates for the surface of the earth

partial derivatives of h vanish:

and h(z,y) describes the local height of the terrain for some part of the earth’s surface. Then
T and ¥y, might pick out the highest and lowest points of the terrain in the local area.

A more complicated problem is to minimize h subject to a constraint that relates x
and y. For instance, suppose a road crosses the terrain with a route described by the curve
¢(z,y) = 0 for some function ¢(x,y). Then a constrained problem might ask for the highest
or lowest point of the terrain that is encountered by someone who moves only along this road.
This is not necessarily found by (A.2.1) unless z,, and y,, happen by chance also to satisfy
Ty Ym) = 0.

In principle this constrained problem can be handled by solving the constraint ¢(x,y) = 0
to find the function y = y(x) that satisfies c¢(z,y(z)) = 0 as an identity for all . For instance
if ¢(x,y) = 22 +y? — 1 then the constraint c¢(z,y) = 0 implies 22 + y? = 1, a condition solved
by y = n(z) = £v/1 — 22. Once this constraint is solved then evaluating h(z,y) along this
curve gives a function of the single independent variable z: h(x) := h(z,y(x)) that expresses
the values for h(z,y) seen along the curve. The minima of h(z) are then found (as usual) by
setting to zero the derivative of h restricted to lie along this curve:

dhp(z)\ _ (0oh (I (on _0 (A.2.2)
dz Tc ax Ze,n(xe) dz Tc ay ze,(2c) . -

A variation on this approach chooses a more general parameterization of the constraint,
by finding functions z(#) and y(#) that satisfy c(z(0),y(#)) = 0 for all . For instance, the
choices () = cos § and y(#) = sin § have this property for the example ¢(z,y) = 2% +y* — 1.

In this case the extrema are found by differentiating h(x(0),y(0)) with respect to 6 and setting
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the first derivative to zero. These types of alternative parameterizations can be useful because
they can sometimes avoid the singular behaviour seen above in h(z) near x = +1 (which are
points where the parameterization of the curve in terms of x break down.

The method of lagrange multipliers is just a simpler way to obtain x. without having to
explicitly solve for the curve y = y(x). The idea is instead to minimize the quantity

flx,y,\) :=h(x,y) + Ac(z,y) (A.2.3)

with respect to all three independent variables x,y and A. This leads to the following three
equations:

8f—%—i-)\%:o, or _on )\@— and or

9r 0z ' O by oy oy oan =0 (A.24)

whose solutions can be denoted x;, y; and \;. Lagrange’s claim is that (x;,1;) coincide with
(z¢,ye) and so the solutions to (A.2.4) agree with those of (A.2.2).

To see why this is so first notice that the third equation in (A.2.4) states that c¢(z;,y;) =0
and so y; = y(z;) lies on the constraint curve. Next, notice that the derivative of y(z) is related
to those of ¢(z,y), using the fact that ¢(z,y(z)) = 0 is an identity for all z, and so remains
true once differentiated. Differentiating this with respect to x using the chain rule leads to
the conclusion (also true for all z)

@ + @ @ =0 and so (dt)) = — (80/&%) . (A.2.5)
Z,Yi

Or Oy dx dz dc/dy

Finally taking the following linear combination of the first two equations of (A.2.4) and using
(A.2.5) leads to the inference

d 0
). (@), (5)
Ty, Y/ Y7 e

0
0= (5

() G ()

Oz TLYLAL 9c/dy YL dy TLYLAL
_ (‘%

ox

<8h

Ox

) )y
Oz UYL ac/ay UYL Iy dy T,y

_|_
+ — dy 8h> , (A.2.6)
Y1

dx Oy

which shows that (z;,y;) automatically satisfy (A.2.2) and so (x;,y;) = (¢, yc), as claimed.

A.3 Vector identities and Kronecker and Levi-Civita tensors

This appendix derives several of the vector identities that arise frequently in the main text.
These identities ultimately trace their roots to the properties of 3 x 3 rotation matrices, R.
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That is, we saw in the main text that under a rotation of basis vectors the components
of a given vector V get transformed by matrix multiplication, V. — RV, or in components,
Vi = >_; RijVj (see eq. (1.6.10)). Here the rotation matrices R are 3-dimensional orthogonal
matrices — i.e. those satisfying R"R = I. In component form the orthogonality condition
becomes

> RjiRj = 6, (A.3.1)
J
where the Kronecker delta 6;; = 0 if 7 # j and d;; = 1 if ¢ = j are the components of the unit

matrix.

A.3.1 Invariant tensors

The set of orthogonal N x N matrices forms a group, denoted O(NN), and so rotations in 3
dimensions involve the group O(3). Notice that taking the determinant of the orthogonality
condition implies

det(R"R) = (detR)* =1, (A.3.2)

which uses the properties det(AB) = (detA)(detB) and detl = 1. It follows that detR = +1.
The subgroup of O(3) with unit determinant is called SO(3) (for special orthogonal group).
The matrix —I is an example of an element of O(3) that is not in SO(3).

The components of a matrix M similarly transform under rotations by undergoing a
similarity transformation: M — RM RT, or in components

Mij — Z RikMklel . (A.3.3)
kl

These rules ensure that a matrix product like MV transforms the same way as does V because
MV — (RMR")(RV) =R(MV).

From this point of view the unit matrix is special: it is the only 3 x 3 matrix that is
completely unchanged by rotations because orthogonality ensures RIRT = RRT = I. In
that sense the Kronecker delta can be regarded as being an invariant tensor. Substituting
M;; = 6;; into the right-hand side of (A.3.3) returns ¢;;, same as on the left-hand side, by
virtue of (A.3.1).

The 6;; is the only invariant tensor for O(3) but there is a second tensor that is almost
an invariant tensor. This is the Levi-Civita tensor €;;;, which is defined to be completely
antisymmetric under the interchange of any pair of indices, so €;j;, must vanish if any two
indices take the same value (e.g. €112 = 0). The value when all indices are different is uniquely
fixed by choosing the convention that €123 = +1 and all others are found by permutation (so
e.g. €391 = —€123 = —1 and so on).

Notice in particular that any 3-index tensor, A;;;, that is completely antisymmetric
under the exchange of any pair of indices must be proportional to €;;,. In particular, consider
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evaluating the following quantity for any matrix M;;:

Aijk = €tmn Mg M Mgy (A.3.4)
Ilmn
Because this is completely antisymmetric under the interchange of any two indices it must
be proportional to €;;;. Explicit evaluation for a particular matrix M shows that the propor-
tionality constant is the determinant: detM, so

> €tmn M Mjom My, = (detM)eyjy, . (A.3.5)
Imn
Now comes the main point: specializing (A.3.5) to M = R where R is an orthogonal
matrix shows that

Z €imn R Rjm Rn = L€, (A.3.6)

Ilmn
where the sign is the determinant of R (which must be a sign because of (A.3.2)). This shows
that the Levi-Civita tensor is an invariant tensor of the group SO(3) but is only an invariant
pseudotensor under O(3) because it changes sign when detR = —1.

But if €5 at most changes sign under an arbitrary O(3) transformation then it must
be that any quantity that is quadratic in the Levi-Civita tensor must be an invariant tensor
of O(3) and so must be constructable in terms of the Kronecker delta. This can be verified
explicitly, leading to the identity

€ijk €abe = 0ia Ojb Oke £ (5 other permutations) (A.3.7)

where 0;; is the usual Kronecker delta that is unity if ¢ = j and zero otherwise. This last
identity can be proven by verifying that both sides agree on the symmetry of their indices and
checking specific values for a, b, c, 4, j, k. A second pair of identities comes from contracting
the above with Kronecker deltas:

Eijk €abe 5ia = 0jb 6kc — 5jc 5kb and eijk €abe 52‘(1 (5jb =2 5kc (A.3.8)
and so eijkeijk = 6.

A.3.2 Vector identities

Why do we care? Invariant tensors are useful because they appear when we multiply vectors,
using the dot or cross product. In components the dot product of two vectors can be written
using the Kronecker tensor

c=a-b= Z aibjéij = a1b1 + asby + asbs . (A39)

v
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In components the cross product of two vectors d = a x b can be written in terms of the

Levi-Civita tensor as

di = Z eijkajbk y (A310)
ik
and so
di = agbs —agby, do = azby —a1bz, d3 = aiby — ashy. (A.3.11)

Vector identities arise when products involving these quantities are simplified using the
properties of ;5 or identities like (A.3.7) or its children (A.3.8). For example antisymmetry
of €;;, together with a - (bxc)= €;jkaibjcy, implies

a-(bxc)=b-(cxa)=c-(axb). (A.3.12)
Similarly, the result of two cross products: d = a x (b x ¢) has components

di = Z eijkaj(eklmblcm) = Z(éiléjm — 5im5jl)ajblcm = Z(ajbicj — ajbjci) (A313)
Jkim jlm J

where the second equality uses the first of egs. (A.3.8). Consequently for any three vectors
we have the identity
ax(bxc)=(a-c)b—(a-b)c. (A.3.14)

Another useful identity of this type gives the dot product of two cross products:

(axb)-(cxd) = Z (€ijk0jbk) (EimnCmdn) = Z (0jmOkn — 0jnOkm)ajbpCmdy

ijkmn jkmn
=) (ajbcjdi — azbeerd;) = (a-c)(b-d) — (a-d)(b-c). (A.3.15)
jk

A.4 Vector calculus

This appendix contains a (very short) review of the basic facts of multivariate vector calculus
(in three spatial dimensions) used in the main text.

The gradient of a scalar field is perhaps the simplest vector derivative to define. Consider a
scalar field ¢(x) that returns a real number for each position throughout space. (Temperature
as a function of position is an example of such a scalar field.) A vector field can be built from

o¢ 9¢ 9¢

= €y - — €, = 0; ) A41
Vo 9 & +8yey+aze pe ( )

where there is an implied sum over ¢ in the last form, {z,y,z} are the three Cartesian

its derivatives:

coordinates and e; point along the three Cartesian axes so that x = zre, +ye, + ze..
This transforms under rotation the way the notation suggests: it is a 3-dimensional vector.
Geometrically, the vector V¢(x) points in the direction along which ¢ increases the most

quickly starting at the given point x.
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A vector field,
Ax)=A,(x)e; + Ay(x) ey + A (x) e, = Aje;, (A.4.2)

is a vector that is specified independently at each position throughout space. For physical
applications its component functions are usually imagined to be smooth enough that it can
be differentiated as many times as needed.

There is more than one way to combine derivatives with vector fields in a way that
transforms sensibly (i.e. as a tensor) under rotations. In particular given a vector field A(x)

one can always define a scalar field by taking the ‘divergence’:

o _0A, 0A, 0A, .
divA:=V.A:= o + 3y + 9, = 0;A; (A.4.3)

This is a scalar in the sense that if {z/,y/, 2’} are rotations of {z,y, 2z} then the formula for
V - A is precisely the same as above, but using the primed coordinates: V- A = 0 Ay +
Oy Ay + 00 A

A second combination of derivatives — the ‘curl’ — of a vector field transforms as a vector,
and is defined by

0A 0A 0A 0A 0A 0A
1A = A= (72 -"Z)e, E_ =2 —Y %) e,
e VX (&z 8y>e+(8x 62>ey+<8x 6y>e

= €; EijkajAk ; (A.4.4)

where ¢, is the completely antisymmetric Levi-Civita symbol discussed in the previous
Appendix.

A straightforward application of the definitions shows that the following two identities
are true for any multiply differentiable scalar and vector field. The symmetry of a second
derivative — e.g. 0%¢/020y = 0?¢/dy0x — implies the curl of a gradient vanishes:

Vx(Ve)=0, (A.4.5)

for any ¢(x). The inverse of this is also locally true: if a vector A satisfies V x A = 0 in some
region around a point x then it is also true that there exists a scalar ¢ such that A = V¢, at
least in a sufficiently small region around x.
A similar statement for the second derivative of a vector field states that the divergence
of a curl vanishes:
V- (VxA)=0, (A.4.6)

for any A(x). Besides being sufficient this is also (locally) necessary: if a vector field satisfies
V - A = 0 in some region about a point x then there exists another vector field C such that

A =V x C, at least in some sufficiently small region around x.
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Applying a divergence to a gradient similarly gives the Laplace operator:

9% 9% 9%

2 5.
V- (Vo) =Vidi= ox? Oy 0227

(A.4.7)

while a simple calculation (again simply using the definitions) shows that applying a curl to
a curl gives

Vx(VxA)=V(V-A)-V?A. (A.4.8)

Vector identities, such as (A.4.5) through (A.4.8), are often easier to prove using notation
where a vector’s components are listed with indices. That is, since the components of V x v
are €;j;,0jvy, then the components of V x (V x v) has components €;1,€x1m0;0;vy,. This can be
simplified using the identities (A.3.7), from which expressions like (A.4.8) are easily derived
(compare with the derivation of (A.3.14)).

B Other reading
Here are a few useful upper-level textbooks on classical mechanics.

1. Goldstein, Classical Mechanics, Addison-Wesley, 1950.

2. Arnold, Mathematical Methods of Classical Mechanics, Springer Graduate Texts in
Mathematics, 1989.

3. Landau & Lifshitz, Mechanics, Pergamon Press, 1969.

4. Tong, Classical Dynamics, Cambridge University Press, 2025 (see also https://www.damtp.cam.ac.uk/user
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