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1 Preliminaries

Classical Mechanics is the first physics topic most people meet and it is typically re-encountered

several times within an undergraduate physics program. This repetition is not at all silly

because it is a vast subject that rewards repeated study with deeper insight. Its modern

importance is not diminished by the extension of classical methods to include relativity or

by the ultimate replacement of the classical world-view by quantum mechanics. Besides its

unique historical role in the development of the scientific method, classical tools also remain

extremely useful as approximations for quantum systems, especially in regimes much larger

than atomic sizes.

The purpose of these notes is to describe the calculational tools needed to analyze the

behaviour of classical systems, assuming some familiarity with basic mechanics (which is also

briefly reviewed in this section). The hope is to provide sufficient background to allow the

reader to explore on their own the many more advanced topics to which these tools lead –

like classical fields, continuum mechanics and chaotic behaviour – some of which are briefly

touched on here.

1.1 Newton’s Laws for Point Particles

This section starts with a quick reminder of Newton’s Laws of motion as applied to point

particles. A ‘point particle’ here is meant to be an object whose size is small enough to be in

practice negligible and so whose properties are completely specified by giving its position as a

function of time: r(t). We come back in later sections to making the notion of point particles

more precise but for the time being we can think of point particles being the atoms from

which larger objects are built. Much of the story of Classical Mechanics aims to clarify what

can be said about the motion of macroscopic objects given that their microscopic constituents

satisfy Newton’s laws of motion.

The position vector, r(t), of a point particle gives the distance and direction to the particle

at time t, measured relative to an origin of coordinates O, as shown Figure 1.

Referred to a right-handed Cartesian basis of orthogonal unit vectors, {ex, ey, ez}, where
(for i, j = x, y, z)

ei · ej = δij :=

0 if i ̸= j

1 if i = j
(1.1.1)

(which also defines the Kronecker delta symbol, δij). The trajectory r(t) can be equivalently

expressed in terms of its components: x(t) = ex · r(t), y(t) = ey · r(t) and z(t) = ez · r(t),

r(t) = x(t) ex + y(t) ey + z(t) ez , (1.1.2)
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Figure 1. A sketch of the vector r(t) describing the trajectory of a point particle relative to the origin

O of coordinates and a basis of unit vectors ei.

which in turn is often simply represented as a column vector

r(t) =

x(t)y(t)

z(t)

 . (1.1.3)

The velocity, v(t) := ṙ(t) = dr/dt of the trajectory is found by differentiation with

respect to time and the acceleration is similarly defined as the derivative of the velocity

a(t) := v̇(t) = r̈(t) = d2r/dt2. Since the Cartesian basis vectors ei are themselves time-

independent these definitions imply the velocity has components v = vx ex + vy ey + vz ez

where vx(t) = ẋ(t), vy(t) = ẏ(t) and vz(t) = ż(t), and similarly for a = ax ex + ay ey + az ez,

so

v(t) =

ẋ(t)ẏ(t)

ż(t)

 and a(t) =

ẍ(t)ÿ(t)

z̈(t)

 . (1.1.4)

Newton’s first and second laws then state that there exists a family of reference frames

– called inertial frames – for which a point-particle’s trajectory is given by

ma = F (1.1.5)

where m is the particle’s inertial mass (which is an intrinisic characteristic of each particle)

and F is the net force that is applied to the particle. Much of the content of Newton’s Laws

comes only after the forces summed to get F(t) are specified – perhaps as a function of r(t)

and v(t) – along the trajectory.
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1.1.1 Integration of the equations of motion

If the forces are given as explicit functions of time then (1.1.5) becomes a differential equation

to be solved for r(t). For instance if F is independent of time then integrating (1.1.5) gives

v(t) = v0 +
F

m
(t− t0) and r(t) = r0 + v0(t− t0) +

F

2m
(t− t0)

2 , (1.1.6)

where v0 and r0 are integration constants whose numerical values are determined in terms of

the initial conditions: v(t0) = v0 and r(t0) = r0. This simple motion is a good approximation

to the motion of a particle falling near the surface of the Earth if we take F = mg where g is

a universal constant acceleration whose value is 9.8 m/s2 directed towards the Earth’s centre.

Because the basis vectors ei are time-independent the integrations leading to (1.1.6) can be

done component by component:

v(t) =

vx0 + Fx(t− t0)/m

vy0 + Fy(t− t0)/m

vz0 + Fz(t− t0)/m

 and r(t) =

x0 + vx0(t− t0) +
1
2Fx(t− t0)

2/m

y0 + vy0(t− t0) +
1
2Fy(t− t0)

2/m

z0 + vz0(t− t0) +
1
2Fz(t− t0)

2/m

 .

(1.1.7)

More commonly forces are specified as a function of position rather than (or as well as)

being functions of time. Position-dependence introduces time-dependence as the positions

move, but the complication comes because the time-dependence of the positions must be

solved for as part of the determination of the time-dependence of the forces. In this case

general solutions are only known for specific types of position-dependence.

1D Simple Harmonic Motion

Perhaps the simplest example for which motion in the presence of position-dependent forces

can be solved in some generality is the case where the forces are linear functions of the

positions. We consider here the simplest example of this type: the simple harmonic oscillator

in one dimension.

The simple harmonic oscillator is defined by one-dimensional motion in the presence of a

linear restoring force about an equilibrium position. In one dimension position is determined

by a single number, so a linear restoring force has the form F = −k(x − x0) where the

equilibrium position, x = x0, is the place where F vanishes. Newton’s 2nd law for such a

problem is mẍ = F , leading to the differential equation for y = x− x0:

ÿ + ω2y = 0 with ω2 =
k

m
. (1.1.8)

This famously has general solution

y(t) = A cos(ωt+ δ) , (1.1.9)
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where A and δ are integration constants. Equivalently, y can be taken to be the real (or

imaginary) part of a complex solution

y(t) = A+e
iωt +A−e

−iωt , (1.1.10)

where A± are integration constants. These describe sinusoidal oscillations with amplitude A,

angular frequency ω and initial phase δ.

The force F = −ky is conservative, coming from a potential energy V = 1
2 ky

2, and so

the energy in such an oscillation is

E = 1
2mẏ

2 + 1
2ky

2 = 1
2mA

2ω2 . (1.1.11)

Damped oscillations

More complicated variations on the theme include damped harmonic oscillators, for which

(1.1.8) is replaced by

ÿ + γẏ + ω2y = 0 , (1.1.12)

which has general solution

y(t) = Ae−γt cos(ωt+ δ) , (1.1.13)

or equivalently

y(t) = A+e
(−γ+iω)t +A−e

(−γ−iω)t . (1.1.14)

The main new ingredient here is the damping of the oscillation amplitude over time.

Because the force F = −λẏ is not conservative the energy

E = 1
2mẏ

2 + 1
2ky

2 = 1
4mA

2e−2λt
{
λ2 +2ω2 + λ2 cos[2(ωt+ δ)] + 2λω sin[2(ωt+ δ)]

}
(1.1.15)

is not time-independent for λ ̸= 0.

Forced oscillations

Another important variation is the forced damped harmonic oscillator, for which (1.1.8) be-

comes

ÿ + γẏ + ω2y = f(t) (1.1.16)

where f(t) is a specified function of time. This has general solution

y(t) = Ae−γt cos(ωt+ δ) + yp(t) (1.1.17)

with

yp(t) =

∫ ∞

−∞
dµ ỹ(µ) eiµt where ỹ(µ) =

f̃(µ)

−µ2 + iγµ+ ω2
, (1.1.18)

where

f̃(µ) =
1

2π

∫ ∞

−∞
dt f(t) e−iµt . (1.1.19)
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For instance if f(t) = f0 sin(Ωt) then

f̃(µ) =

(
f0
2i

)
δ(µ− Ω)−

(
f0
2i

)
δ(µ+Ω) , (1.1.20)

and so

yp(t) =
f0

2i(Ω2 + iγΩ− ω2)
eiΩt − f0

2i(Ω2 − iγΩ− ω2)
e−iΩt

=
f0

(Ω2 − ω2)2 + γ2Ω2

[
(Ω2 − ω2) sin(Ωt)− γΩcos(Ωt)

]
. (1.1.21)

In addition to oscillations at the specific frequency ω, the forced oscillator also oscillates with

any frequency contained within the time-dependent driving force, with the oscillations at these

other frequencies having a specific amplitude and phase. In particular the amplitude grows

the closer the driving frequency is to the oscillator’s natural frequency ω (the phenomenon

known as resonance).

1.2 Two-body Problem

A great body of experience can be summarized by the statement that the origins of forces

acting on a point particle come from the presence of other particles. This section explores

the two-body problem partially to illustrate this but also partially to illustrate the cumber-

someness of changing variables in the traditional vector formulation of mechanics.

To this end consider Newton’s laws as applied to two particles, which both exert a force

on each other and are pushed by an external force. The expression of Newton’s law (1.1.5)

to these two particles is

m1r̈1 = F12 + Fext
1 and m2r̈2 = F21 + Fext

2 , (1.2.1)

where Fab denotes the force exerted on particle ‘a’ by particle ‘b’ and Fext
a denotes the external

force acting on particle ‘a’.

The presence of two bodies acting on one another provides an opportunity to state the

third of Newton’s laws, which applies to forces acting between two bodies. It states

Fab = −Fba for all a and b . (1.2.2)

In the present example this implies F12 = −F21. As a result the forces acting between the

two bodies cancel out if the two equations in (1.2.1) are added to one another:

m1r̈1 +m2r̈2 = Fext
1 + Fext

2 = Fext
tot . (1.2.3)

This is more suggestively written to look like (1.1.5) if it is written

MR̈ = Fext
tot , (1.2.4)
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where

M := m1 +m2 (1.2.5)

is the total mass of the two particles and the centre of mass coordinate R is defined by

R :=
m1r1 +m2r2

M
. (1.2.6)

In particular, in the absence of net external forces (1.2.4) expresses the conservation of centre-

of-mass momentum:

Ṗ = 0 if Fext
tot = 0 where P :=MṘ = m1v1 +m2v2 . (1.2.7)

It is the dynamics of the relative inter-particle separation r := r1− r2 that is sensitive to

the inter-particle forces. Taking the difference of the two equations in (1.2.1) and using the

Third Law (1.2.2) implies

µr̈ = F12 +
m2F

ext
1 −m1F

ext
2

M
, (1.2.8)

where the reduced mass µ is defined by µ−1 := m−1
1 +m−1

2 , or

µ =
m1m2

M
. (1.2.9)

Notice the dependence on the external force cancels out in the special case of a constant

gravitational field, for which Fext
a = mag (for constant g), leaving the evolution of r completely

determined by the size of F12. In the event that the right-hand side of eqs. (1.2.4) depends

only on R and the right-hand side of (1.2.8) depends only of r then eqs. (1.2.4) and (1.2.8)

decouple and the evolution of R and r can be computed independently of one another.

This is true in particular when both Fext
a = mag and F12 is a function only of r. With

these choices eq. (1.2.4) for R becomes R̈ = g and so integrates to give

R(t) = R0 +V0(t− t0) +
1
2g(t− t0)

2 , (1.2.10)

as appropriate for a freely falling centre of mass. Here V = Ṙ denotes the centre-of-mass

velocity and V0 = V(t0) is its initial value.

1.2.1 Two Body Central Forces

Consider next the special case where Fext
a = mag and F12 = −∇V (r) for some function V

that depends only of the magnitude r := |r| = |r1−r2|. Under these circumstances eq. (1.2.8)

becomes

µr̈ = −∇V (r) = −V ′(r)
r

r
= −V ′(r) er , (1.2.11)

where er(t) := r(t)/r(t) denotes the time-dependent unit radial vector that points instanta-

neously to particle 1 from particle 2.
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In this case it is also convenient to decompose the left-hand side of (1.2.11) in terms of a

basisi of unit vectors that are adapted to spherical coordinates built using the position vector

r(t). Defining coordinates {r(t), θ(t), ϕ(t)} in terms of {x(t), y(t), z(t)} using

x = r sin θ cosϕ , y = r sin θ sinϕ and z = r cos θ , (1.2.12)

we see that

er(t) =
r

r
=
x

r
ex +

y

r
ey +

z

r
ez = sin θ cosϕ ex + sin θ sinϕ ey + cos θ ez . (1.2.13)

It is convenient to define two linearly independent basis vectors by

eθ :=
∂er
∂θ

= cos θ cosϕ ex + cos θ sinϕ ey − sin θ ez , (1.2.14)

and

eϕ :=
1

sin θ

∂er
∂ϕ

= − sinϕ ex + cosϕ ey . (1.2.15)

As is easily checked the basis {er, eθ, eϕ} is also orthonormal: ei · ej = δij .

Unlike for the basis {ex, ey, ez} however the basis {er, eθ, eϕ} is time-dependent because

it is defined with the vector er parallel to r(t). As x(t), y(t) and z(t) vary with the particle

position so must also r(t), θ(t) and ϕ(t) defined using (1.2.12). Explicitly

ėr = θ̇ eθ + ϕ̇ sin θ eϕ

ėθ = θ̇
(
− sin θ cosϕ ex − sin θ sinϕ ey − cos θ ez

)
+ ϕ̇

(
− cos θ sinϕ ex + cos θ cosϕ ey

)
= −θ̇ er + ϕ̇ cos θ eϕ (1.2.16)

ėϕ = ϕ̇
(
− cosϕ ex − sinϕ ey

)
= −ϕ̇

(
sin θ er + cos θ eθ

)
.

In terms of this basis of spherical polar unit vectors we then have r = r er and so

ṙ = ṙ er + r ėr = ṙ er + rθ̇ eθ + r sin θϕ̇ eϕ . (1.2.17)

Differentiating again gives

r̈ = r̈ er + ṙ ėr + ṙθ̇ eθ + rθ̈ eθ + rθ̇ ėθ + ṙ sin θϕ̇ eϕ + r cos θθ̇ϕ̇ eϕ + r sin θϕ̈ eϕ + r sin θϕ̇ ėϕ

=
(
r̈ − rθ̇2 − r sin2 θϕ̇2

)
er +

(
2ṙθ̇ + rθ̈ − rϕ̇2 sin θ cos θ

)
eθ (1.2.18)

+
(
2ṙϕ̇ sin θ + 2rθ̇ϕ̇ cos θ + rϕ̈ sin θ

)
eϕ

Using this basis the three components of (1.2.11) give the following three differential

equations to be solved for r(t), θ(t) and ϕ(t):

µ
(
r̈ − rθ̇2 − r sin2 θϕ̇2

)
+ V ′(r) = 0 (1.2.19a)

2ṙθ̇ + rθ̈ − rϕ̇2 sin θ cos θ = 0 (1.2.19b)

and 2ṙϕ̇ sin θ + 2rθ̇ϕ̇ cos θ + rϕ̈ sin θ = 0 . (1.2.19c)
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To solve these it is convenient to adapt the spherical coordinates so that the particle initially

satisfies θ(t0) =
π
2 and θ̇(t0) = 0. This amounts to choosing our polar coordinates so that the

plane spanned by r0 and v0 is the equator. But when this is true (1.2.19b) implies θ̈ must

also vanish at t = t0. This shows that if the motion is initially in the equatorial plane then it

always remains there, with θ = π
2 providing a solution to (1.2.19b) for all time.

With this choice for θ the remaining pieces of (1.2.19) become

µ
(
r̈ − rϕ̇2

)
+ V ′(r) = 0 (1.2.20a)

and 2ṙϕ̇+ rϕ̈ =
1

r

d

dt

(
r2ϕ̇
)
= 0 . (1.2.20b)

The second of these equations says that the time derivative of the combination r2ϕ̇ vanishes

and so is solved by choosing

r2ϕ̇ = J (1.2.21)

where J is an integration constant. Using this in (1.2.20a) then allows it to be written

µr̈ − µJ2

r3
+ V ′(r) = 0 . (1.2.22)

Multiplying this through by ṙ allows it to be written as a total derivative, and so integrating

gives

1
2µṙ

2 +
µJ2

2r2
+ V (r) = E (1.2.23)

for a new integration constant E.

The qualitative form for the solutions can be found by plotting the effective potential

energy Veff = (µJ/2r2) + V (r) appearing in (1.2.23) as a function of r (see Fig. 3), together

with the value of E (see Fig. 2). In this type of plot the kinetic energy of the radial motion,
2
1µṙ

2, is proportional to the difference E−Veff and so solutions exist only when this difference

is positive. Regions with E < Veff are classically forbidden. The origin r = 0 is always

forbidden (for nonzero J) provided the potential is less singular there than 1/r2.

For motion described by the energy shown in Fig. 2 an initially decreasing r(t) shrinks

until it reaches the turning point after which it starts to grow without bound. This describes

a ‘scattering’ trajectory (as opposed to a ‘bound’ trajectory for which r cannot escape beyond

a finite maximum value – see Fig. 3). The scattering angle for such an encounter is computed

by using (1.2.21) to evaluate

∆ϕ = ϕ(t→ ∞)− ϕ(t→ −∞) . (1.2.24)

The problem is solved once (1.2.23) is integrated to give r(t), as can be done by performing

the following integral (a solution by ‘quadratures’):

t− t0 =

∫ r

r0

dr

ṙ
=

∫ r

r0

dx√
2[E − V (x)]/µ− (J2/x2)

. (1.2.25)
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Figure 2. A sketch of Veff(r) ∝ −1/r vs r (with r increasing to the right) on which is superimposed

a particular (positive) value of E. Classically allowed regions are those where Veff(r) ≤ E and ṙ = 0

at the turning points where Veff(r) = E.

Once r(t) is found then ϕ(t) is obtained by integrating (1.2.21). These integrals can be done

quite explicitly for some choices of V (r). Famously, in the special case where V ∝ 1/r these

arguments lead to the conclusion that the orbits r(θ) traced out by the trajectories r(t) and

θ(t) are conic sections.

1.2.2 Kepler Problem

Perhaps the best-known example of the central body type is the Kepler problem, for which

the central-force potential is assumed to be the one responsible for Newton’s Law of Universal

gravitation:

F12 = −Gm1m2

r2
er for which V (r) = −Gm1m2

r
. (1.2.26)

In this case the required integrations can be done explicitly and doing them allows Kepler’s

phenomenological orbital laws to be derived as consequences of Newton’s second law (1.2.8)

together with his law of gravitation (1.2.26).

In this case the radial equation (1.2.22) simplifies to

r̈ − J2

r3
+
GM

r2
= 0 , (1.2.27)

once the definition µ = m1m2/M is used, where M = m1 +m2. Multiplying this through by

ṙ shows that the energy conservation equation then is

1
2 ṙ

2 +
J2

2r2
− GM

r
= E (1.2.28)

for a new integration constant E .
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The qualitative form for the solutions are again found by plotting the energy equation

(1.2.23) as a function of r, as in Fig. 3. A negative value for E is also plotted in this figure,

showing that when E < 0 the classically allowed region only includes a finite range of values

rmin ≤ r ≤ rmax, as appropriate for a bound orbit.

Figure 3. A sketch of Veff(r) ∝ −1/r vs r (with r increasing to the right) on which is superimposed

a particular (negative) value of E. Classically allowed regions are those where Veff(r) ≤ E and ṙ = 0

at the turning points where Veff(r) = E.

Circular orbits are the special case where r remains the same for all time, and so rmin =

rmax (and so e = 0 and so a → rc becomes the circle’s radius). The figure shows, circular

orbits can only occur at radii rc for which V
′
eff(rc) = 0. As the figure also makes clear, circular

orbits are the orbits with minimum energy for a given angular momentum J .

For the Keplerian potential (1.2.26) vanishing derivative implies

−J
2

r3c
+
GM

r2c
= 0 and so rc =

J2

G(m1 +m2)
(circular) . (1.2.29)

Since this implies GM/rc = J2/r2c it follows that the energy of such an orbit is

E =
J2

2r2c
− GM

rc
= − J2

2r2c
= −GM

2rc
(circular) . (1.2.30)

Eliminating the circle’s radius from these gives the relation E = Ec(J) that minimizes the

energy for a given J :

Ec = −1

2

(
GM

J

)2

(circular) . (1.2.31)

More generally the radial position changes as the orbiting objects move. For the Kepler

problem the radius changes because bound orbits turn out to be ellipses with the orbitted

particle at one focus (as we see below), so rmin = a(1− e) and rmax = a(1 + e) are the points
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of closest and furthest approach, where a is the orbit’s semi-major axis and 0 ≤ e ≤ 1 is its

eccentricity.

To see why bound orbits are ellipses (and unbound orbits are hyperbolae) we seek the

shapes r(ϕ) of the orbits rather than r(t) and ϕ(t) separately. These shapes are most easily

found from the above equations by starting with (1.2.27) and (1.2.28) and changing variables

to r(ϕ) using ṙ = r′ϕ̇ = r′J/r2 where primes here denote differentiation with respect to ϕ and

ϕ̇ is eliminated using (1.2.21). Proceeding in this way (1.2.28) becomes

1
2 ṙ

2 +
J2

2r2
− GM

r
=

(r′)2J2

2r4
+
J2

2r2
− GM

r
=

[
1
2(u

′)2 + 1
2u

2 −
(
GM

J2

)
u

]
J2 = E (1.2.32)

where the last equality performs the change of variables u = 1/r. Eq. (1.2.27) similarly

becomes

r̈ − J2

r3
+
GM

r2
=

[
r′′

r2
− 2(r′)2

r3
− 1

r
+
GM

J2

]
J2

r2
=

[
−u′′ − u+

GM

J2

]
J2u2 = 0 . (1.2.33)

The point of this exercise is the equations for u(ϕ) are simple to integrate since (1.2.33)

is Newton’s 2nd law for a harmonic oscillator that oscillates around u = GM/J2 and (1.2.32)

is the energy equation for such an oscillator. The general solution is therefore easy to write

down:

u(ϕ) =
1

r(ϕ)
=
GM

J2
+A cos

(
ϕ+ ϕ0

)
, (1.2.34)

where A and ϕ0 are integration constants. This answer could also be found by changing

variables from t to ϕ in the explicit quadrature in (1.2.25) and then performing the integral.

It is convenient to choose the origin of ϕ so that r(ϕ0) is the point of closest approach of

the orbiting bodies (the periapsis), which is the point where u(ϕ) is the largest. From (1.2.34)

this implies ϕ0 = 0. Evaluating (1.2.32) using (1.2.34) allows the integration constant A to

be related to the energy E , with

E =

[
1
2(u

′)2 + 1
2u

2 −
(
GM

J2

)
u

]
J2 = 1

2

[
A2 −

(
GM

J2

)2
]
J2 (1.2.35)

and so

A2 =
2E
J2

+

(
GM

J2

)2

. (1.2.36)

Eq. (1.2.34) is to be compared with the equation of an ellipse in polar coordinates,

r(ϕ) =
a(1− e2)

1 + e cosϕ
, (1.2.37)

where again ϕ is chosen so that ϕ = 0 is the point of closest approach. Here a is the semi-

major axis and 0 ≤ e ≤ 1 is the eccentricity. Comparing gives expressions for the conserved

quantities E and J in terms of the orbital parameters a and e:

a(1− e2) =
J2

GM
and

e

a(1− e2)
= A , (1.2.38)
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and so

J2 = GMa(1− e2) (1.2.39)

and

E = 1
2

[
A2 −

(
GM

J2

)2
]
J2 = 1

2

[
e2 − 1

a2(1− e2)2

]
GMa(1− e2) = −GM

2a
. (1.2.40)

An ellipse becomes a circle when the eccentricity vanishes, and notice that (1.2.38) implies

a→ J2/GM in this limit (in agreement with (1.2.29)).

The period of the orbit is

T =

∫ 2π

0

dϕ

ϕ̇
=

1

J

∫ 2π

0
dϕ r2(ϕ) =

a(1− e2)√
GMa(1− e2)

∫ 2π

0
dϕ

a2(1− e2)2

(1 + e cosϕ)2

=

√
a3(1− e2)3

GM

[
2π

(1− e2)3/2

]
= 2π

√
a3

GM
(1.2.41)

from which Kepler’s third law (as improved by Newton) follows:

a3

T 2
=

GM

(2π)2
. (1.2.42)

1.2.3 Conservation Laws

Of course the ability to solve the above problems so explicitly relies on being able to perform

so many time integrations. The ability to do so in the above discussion is not an accident,

and can be traced to the presence of various conservation laws.

In particular, it is the assumption that F12 = −∇V for some choice for V (r) that is

responsible for energy conservation. To see why, notice that this assumption allows (1.2.11)

to be written µr̈+∇V = 0. Taking the dot product of this with ṙ then implies

ṙ ·
(
µr̈+∇V

)
=

d

dt

(
1
2µṙ · ṙ+ V

)
= 0 (1.2.43)

which expresses conservation of energy, E, for this system where

E = 1
2µṙ

2 + V (r) =
m1m2

2M
(ṙ1 − ṙ2)

2 + V (r) (1.2.44)

is a constant along any solution r(t). As the particle moves there is a transfer from potential

energy V to kinetic energy

K := 1
2 µṙ

2 , (1.2.45)

in such a way as to ensure the total energy E = K + V remains unchanged.

Similarly, the assumption that F12 is parallel to r means r×F12 = 0, and this implies a

second conservation law. (In the above example this assumption is a consequence of choosing
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F12 = −∇V where V depends only on the radial coordinate r = |r|). The conservation law

can be found by taking the cross product of (1.2.11) with r:

r×
(
µr̈+∇V

)
=

d

dt

(
µr× ṙ

)
= 0 (1.2.46)

where the first equality uses r× F12 = 0. Clearly the angular momentum

J := r× (µṙ) (1.2.47)

must be a constant vector along the entire trajectory r(t) for all t. Because J is always

perpendicular to ṙ its conservation implies the motion takes place entirely within a plane

in space that is perpendicular to J. This is ultimately what allowed us to adapt our polar

coordinates to ensure θ = π
2 for all times. Eq. (1.2.21) then expresses that the magnitude

J = |J| of the angular momentum is constant.

Conservation laws are clearly very useful when integrating the equations of motion. But

how does one know when they exist? One of the points of the later Lagragian and Hamiltonian

formulations of mechanics encountered in §2 and §7 is that they allow a very general answer

to this question by identifying a deep connection between conservation laws and symmetries.

Before leaving the subject of conservation laws it is worth pointing out that there is

more to a useful conservation law than just finding something that remains constant along a

trajectory found by solving Newton’s equations of motion. Indeed, for the two-body example

just studied there are twelve conserved quantities that are preserved by the evolution (1.2.1)

(compared to the seven quantities contained within P, E and J).

The six ‘conserved’ quantities can be taken to be the initial conditions ra0 and va0 for the

positions and velocities for the two particles. These are clearly conserved in the sense that

every point along a trajectory ra(t) shares the same values for these initial conditions, and in

that sense the initial conditions can be regarded as independent of time along the trajectory.

These kinds of trivial conserved quantities differ from the useful ones in several important

ways. First – unlike the expressions for E, P or J – the formula giving ra0 and va0 as a function

of ra(t) and v(t) depends in a detailed way on t0. Second, the expressions for ra0 and va0

are not additive – unlike the expressions for energy, momentum or angular momentum –

inasmuch as they do not arise as a sum over separate contributions coming from each of the

two particles.

Although this additivity is explicit in the expression (1.2.7) for the conserved linear

momentum, it only becomes true for energy and angular momentum once their definitions

are extended to include the centre-of-mass motion. For instance, suppose that the external

forces also have the property that Fext
a = −∇aU for some function of position U(r1, r2), where

∇a denotes differentiation with respect to ra. In this case the equations of motion (1.2.1) for
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each body become mar̈a +∇aV +∇aU = 0 and so

0 = ṙ1 ·
(
m1r̈1 +∇1V +∇1U

)
+ ṙ2 ·

(
m2r̈2 +∇2V +∇2U

)
=

d

dt

(
1
2m1ṙ

2
1 +

1
2m2ṙ

2
2 + V + U

)
, (1.2.48)

showing that the total conserved energy is indeed additive:

E = 1
2m1ṙ

2
1 +

1
2m2ṙ

2
2 + V + U = 1

2MṘ2 + 1
2µṙ

2 + V + U , (1.2.49)

where the last equality uses the definitions of R, r, M and µ.

A similar story goes through for angular momentum when Fext
a = 0. In this case the

equations of motion (1.2.1) imply m1r̈1 − F12 = m2r̈2 + F12 = 0 and so when F12 is parallel

to r1 − r2 we have (r1 − r2)× F12 = 0 and so

0 = r1 ×
(
m1r̈1 − F12

)
+ r2 ×

(
m2r̈2 + F12

)
=

d

dt

[
r1 × (m1ṙ1) + r2 × (m2ṙ2)

]
(1.2.50)

showing that the conserved angular momentum can be written in the additive form

J = r1 × (m1ṙ1) + r2 × (m2ṙ2) . (1.2.51)

What will be useful about the methods of §2 and §7 below is that they systematically lead to

conserved quantities that are additive in this same way.

1.3 More is Similar

Before moving to alternative formulations of mechanics this section first extends some of the

previous discussion to N particles. This proves to be useful in practice because it helps clarify

how more complicated objects move under the assumption that their underlying constituents

– perhaps the atoms from which they are made – behave as classical point particles.

1.3.1 Macro vs Micro

Suppose a macroscopic object, O, is made up of a collection of N point-like atoms with the

atoms labelled by an index a, b = 1, · · · , N . These atoms experience external forces Fext
a and

mutually interact through forces Fab, which as above describe the force acting on particle ‘a’

due to particle ‘b’. Writing out Newton’s 2nd law (1.1.5) for the motion of each atom then

gives the system of equations

m1 r̈1 = + F12 + F13 + · · ·+ F1N + Fext
1

m2 r̈2 = F21 + F23 + · · ·+ F2N + Fext
2

m3 r̈3 = F31 + F32 + · · ·+ F3N + Fext
3 (1.3.1)

... =

mN r̈N = FN1 + FN2 + FN3 + · · · + Fext
N .
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The laws of motion for the entire macroscopic object must follow as consequences of

eqs. (1.3.1), and at first sight it seems remarkable that any simple laws should be possible at

all for macroscopic objects if this is so. A wonderful thing happens if all of these equations

are added together, however, since then Newton’s third law (which states that Fab = −Fba

for all a and b) implies that all of the Fab cancel in the sum, leaving

m1 r̈1 +m2 r̈2 + · · ·+mN r̈N = Fext
1 + · · ·+ Fext

N . (1.3.2)

This takes the same form as did Newton’s law for each atom:

M R̈ = Fext
tot , (1.3.3)

with total mass and net external force given by

M :=
N∑
a=1

ma , Fext
tot :=

N∑
a=1

Fext
a , (1.3.4)

provided one defines

R :=
1

M

N∑
a=1

ma ra . (1.3.5)

This shows that Newton’s law applies in the same way to the entire macroscopic object as it

did for each of the constituent atoms, provided we include only the externally applied forces,

use the macroscopic object’s entire mass and identify the macroscopic object’s acceleration

as the acceleration of the object’s centre of mass — defined by (1.3.5).

Figure 4. A sketch (not to scale) of atoms in a macroscopic object, illustrating the difference between

the atomic position ri and its position, si = ri −R, relative to the object’s centre of mass, R.
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1.3.2 Recursiveness

Furthermore, this shows that Newton’s 2nd law is recursive in the sense that it is completely

agnostic about what we consider to be the underlying point particles from which the macro-

scopic object is made. For example suppose the object described above can be regarded as

the union of two pieces, denoted A and B, so O = A ∪ B. (Maybe the macroscopic object

considered above was the Earth-Moon system and A is the Earth while B is the Moon.) Then

all sums over particle label a in the above argument can be broken up into sums separately

over A and B:

M =
N∑
a=1

ma =
∑
a∈A

ma +
∑
a∈B

ma =:MA +MB , (1.3.6)

and similarly

Fext
tot =

N∑
a=1

Fext
a =

∑
a∈A

Fext
a +

∑
a∈B

Fext
a =: Fext

A + Fext
B . (1.3.7)

If we define

RA :=
1

MA

∑
a∈A

ma ra and RB :=
1

MB

∑
a∈B

ma ra , (1.3.8)

then repeating the arguments leading to (1.3.3) separately for each of objects A and B implies

MA R̈A = FAB + Fext
A and MB R̈B = FBA + Fext

B , (1.3.9)

where

FAB :=
∑
a∈A

∑
b∈B

Fab and FBA :=
∑
a∈B

∑
b∈A

Fab (1.3.10)

describe the net forces acting between the atoms in the two larger groupings. Clearly Newton’s

third law Fab = −Fba at the atomic level implies the same is true for the macroscopic inter-

body forces:

FAB = −FBA . (1.3.11)

With these definitions we can also ask how the centre of mass for the entire system is

constructed in terms of RA and RB. The result is very familiar:

M R̈ =
N∑
a=1

ma r̈a =
∑
a∈A

ma r̈a +
∑
a∈B

ma r̈a =MA R̈A +MB R̈B , (1.3.12)

where the last equality uses (1.3.8). Eqs. (1.3.12) and (1.3.9) then show that these macroscopic

equations are consistent with (1.3.3).

Taken together, these arguments show that the relationship between Newton’s law for

the whole system and Newton’s law for its two subsystems is identical to the relationship
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derived earlier with Newton’s laws for the N atoms, specialized to the case N = 2. That is,

it is conceptually as if each of A and B were themselves to be considered to be ‘atoms’.

Clearly the same conclusion would have gone through equally well if we instead had had

more than two macroscopic groupings. The result can be very useful inasmuch as it can

sometimes be useful to regard macroscopic objects as themselves being point particles, such

as when computing the orbital motion of planets moving around the Sun. This can be done

whenever their internal structure plays no role and all that is of interest is the motion of the

overall centre of mass for each of the subgroupings of particles.

This recursive nature of Newton’s laws shows that the laws themselves cannot tell what

the fundamental smallest objects are, since they apply equally well at all levels of substructure.

If tomorrow evidence were to emerge that all of our atoms in eq. (1.3.1) turn out to contain

still-smaller teeny-weeny proto-atoms, each of which themselves satisfy Newtons second and

third laws, then nothing in the above arguments need change at all (provided we assume the

position ra to be an appropriately defined centre-of-mass coordinate for the atoms).

1.4 Coarse-grained Conservation Laws

The ability to group atoms together into macroscopic groups described above also goes

through for conserved quantities, provided these are additive (in the sense that they are

defined as a sum over contribution of each particle).

1.4.1 Linear momentum

Additivity is most obvious for linear momentum since it is so intimately tied to the motion

of the centre of mass coordinate:

P =MṘ =
∑
a

maṙa =
∑
a∈A

maṙa +
∑
b∈B

mbṙb =MAṘA +MBṘB = PA +PB (1.4.1)

which shows how the definition of momentum is also recursive: because it is additive it

can be regarded as the sum of the momenta of each atom or the sum of the momenta for

macroscopic subsystems. Either way the result is the same as the momentum associated with

the centre-of-mass motion.

Newton’s laws (1.3.1) imply (1.3.3) and this tells us what the obstructions are to mo-

mentum being conserved:

Ṗ = Fext
tot . (1.4.2)

P is conserved for any system that does not experience a net outside force: Fext
tot = 0.

1.4.2 Energy

A similar story also goes through for the total kinetic energy of motion of the constituent

atoms. In this case

K =
∑
a

1
2 ma ṙ

2
a =

1
2 M Ṙ2 + Eint where Eint :=

∑
a

1
2 ma ṡ

2
a , (1.4.3)
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and sa := ra−R denotes the particle’s position relative to the centre of mass. No linear term

in ṡa appears in (1.4.3) due to the easily proven identity

N∑
a=1

ma sa = 0 , (1.4.4)

that follows directly from the definition (1.3.5) of R.

The kinetic energy of atomic motion relative to the centre of mass can be regarded as an

‘internal’ energy, which at this point Eint could equally well describe the energy of an overall

rigid rotation of the macroscopic body, or the kinetic energy associated with altering its shape,

or the random motion of its constituent atoms for an object whose macroscopic orientation

and shape do not change. (More about the dynamics of rigid rotations and deformations of

a macroscopic object’s shape is given in §4 and §9 below.)

But we could equally well coarse grain the expression for the kinetic energy to separately

sum over the objects A and B as we did above for the centre of mass. In this case eq. (1.4.3)

becomes

K =
∑
a∈A

1
2 ma ṙ

2
a +

∑
a∈B

1
2 ma ṙ

2
a = KA +KB , (1.4.5)

where

KA :=
∑
a∈A

1
2 ma ṙ

2
a =

1
2 MA Ṙ2

A + EA int where EA int :=
∑
a∈A

1
2 ma ṡ

2
aA , (1.4.6)

and saA := ra −RA is the displacement from the centre of mass RA of object A. A similar

expression holds for KB in terms of the deviations from its centre-of-mass position: saB =

ra − RB. Additivity of the kinetic energy again implies it is recursive: it can equally well

be given as a sum over the kinetic energy of each atom, or the kinetic energy of macroscopic

subsystems containing many atoms (provided these keep the internal energy of motion relative

to the centre of mass).

The obstruction to energy conservation is found by using (1.3.1) to compute the rate of

change of kinetic energy:

K̇ =
∑
a

maṙa · r̈a =
∑
ab

ṙa · Fab +
∑
a

ṙa · Fext
a

=
∑
a>b

(ṙa − ṙb) · Fab +
∑
a

ṙa · Fext
a , (1.4.7)

where the last equality uses Newton’s third law: Fab = −Fba (note the restricted sum where

a > b). As expected the rate of change of kinetic energy is given by the rate with which

the applied forces do work on the atoms in the system. Although Newton’s third law makes

internal forces cancel out in the momentum evolution equation (1.4.2), it does not do the

same for the work done by these forces. In general energy can be transferred to and from the

relative motion of the constituent degrees of freedom.

– 19 –



The right-hand side of (1.4.7) has the form
∑

a fa · ṙa where fa := Fext
a +

∑
bFab, but it

is a famous result in vector calculus (for a quick summary see Appendix §A.4) that not all

sums of differentials of the type
∑

a fa · ṙa can be written as the time derivative of something.

In order for
∑

a fa · dra to be dV for some quantity V the vectors fa must have the form

fa = ∇aV = ∂V/∂ra. But if this were the case then ∇a × fa = 0 (for each a, with no implied

sum on a) so if the forces appearing in (1.4.7) were such that the fa’s have nonzero curl then

this is an obstruction to finding a conserved energy for the system.

There are two attitudes to take about restricting attention to conservative forces. On

one hand at a microscopic level everything we know about physics at the atomic level tells

us that energy is conserved by the forces relevant at the atomic level. So from that point of

view there is no loss of generality restricting attention to conservative forces.1

The other attitude is that life is full of friction and so one should learn to deal with it

if one wishes to be a fully qualified classical mechanic. There is nothing inconsistent with

physics being conservative at an atomic level and the existence of nonconservative forces

at a macroscopic level. From a microscopic perspective dissipative forces like friction have

their roots in the work done by interatomic forces since this allows energy to be transferred

from macroscopic motions (like the motion of the centre of mass) into incoherent relative

motion of particles (which can manifest macroscopically as heat when the incoherent motion

is sufficiently random).2

1.4.3 Angular momentum

The angular momentum about a fixed origin O is also recursive in the way described above

because

J :=
∑
a

ra × pa =
∑
a∈A

ra × pa +
∑
a∈B

ra × pa = JA + JB , (1.4.8)

where pa := maṙa. There is in general no guarantee that the angular momentum for a

macroscopic body need be expressable in terms of its linear momentum: i.e. JA might well

not be writable as r×PA for some choice of lever arm r.

The obstruction to angular momentum conservation is also found by taking the cross

product of ra with mar̈a for each of eqs. (1.3.1) and summing the result, leading to

J̇ =
∑

ra ×mar̈a =
∑
ab

ra × Fab +
∑
a

ra × Fext
a

=
∑
a>b

(ra − rb)× Fab +
∑
a

ra × Fext
a , (1.4.9)

1We see in later sections – e.g. §2.6 – how to include energy-conserving forces not associated with a scalar

potential (such as magnetic forces).
2As we see in §1.5 this description of friction is most appropriate for kinetic friction, that resists the

relative motion of objects that slide relative to one another. Static friction by contrast arises from short-range

interatomic forces FAB, acting at the interface of objects that come into contact.
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where the second line uses Newton’s third law to group the terms involving Fab together

with those involving Fba (leading to the restricted sum where a must be larger than b. The

right-hand side of this expression makes it convenient to define the total internal torque and

external torque by

τ int :=
∑
ab

ra × Fab and τ ext :=
∑
a

ra × Fext
a , (1.4.10)

since these are what obstruct having J be conserved.

Notice that the external torque can be written more simply in the special case that

the external force is proportional to a constant field. For instance for an applied constant

gravitational field we have Fext
a = mag and so Fext

tot = M g where M =
∑

ama is the total

mass, while

τ ext =
∑
a

ra × (mag) =

(∑
a

mara

)
× g = R× (Mg) (1.4.11)

where R is the centre-of-mass position encountered earlier in (1.3.5). This shows how a

constant gravitational force exerts a torque that is equivalent to the torque that would have

been experienced if the total gravitational force were applied at the centre of mass.

For a constant electric field E the total force exterted would instead be

Fext
tot =

∑
a

qaE = QE (1.4.12)

where qa is the electric charge of atom ‘a’ and Q =
∑

a qa is the total electric charge. The

net torque exerted by such an electric force for constant E is then

τ ext =
∑
a

ra × (qaE) =

(∑
a

qara

)
×E = RQ × (QE) , (1.4.13)

where the ‘centre-of-charge’ position, RQ, is defined by

RQ :=
1

Q

∑
a

qara . (1.4.14)

There is no reason a priori why the torque τ int due to internal forces must vanish, though

it often does in practice. As can be seen from (1.4.9), an important special case where it does

vanish is when Fab is parallel to ra− rb, such as is always true if this is a conservative central

force. But it can also vanish more generally for isolated systems should the physics responsible

for the internal forces be rotationally invariant (more about which in §2.3).

1.5 Contact Interactions: Sliding and Rolling

The above discussion shows how Newton’s Laws can be derived for macroscopic objects even

if they are initially assumed only to apply to point-like constituents like atoms. This is useful
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because the vast majority of applications of Newton’s Laws work with forces and the motion

of macroscopic bodies.

Contact interactions between macroscopic objects play an important role in elementary

treatments of mechanics, and these have not yet be discussed from the more microscopic

perspective. To this end let us specialize to the case where two macroscopic rigid bodies, A

and B, interact with each other but the forces FAB and FBA = −FAB only act over very short

range compared to all of the length scales of practical interest, so the forces are irrelevant

unless the bodies come into physical contact. In that case the sum over atoms in expressions

like (1.3.10) only runs over atoms at the surface, S, of contact between the two bodies:

FAB =
∑
a,b∈S

Fab . (1.5.1)

In general this contact force can be written FAB = N + Fsf where N is normal to the

surface of contact and Fsf is defined to be parallel to this surface. (Fsf is called the force of

‘static friction’ at the interface.) In general these forces are difficult to calculate from first

principles and so are simply determined by demanding Newton’s laws be consistent with the

geometrical constraints and the motion that is specified at the points of contact (eg. rolling,

sliding, no relative motion, and so on).

If the two objects slide along one another then FAB is purely in the normal direction (and

so Fsf = 0). In this case dissipative forces like dynamical friction arise as energy of motion is

transferred into internal degrees of freedom (such as by generating internal heat).

On the other hand if two surfaces roll without slipping relative to one another then the

surfaces of the two bodies at their points of contact do not move relative to one another. In

this case the contact force need not be normal to the surface and friction arises to the extent

that these forces exert a torque that acts to slow down the rolling. Rolling without slipping

in this way imposes a constraint on the motion that relates how quickly the rolling object

rotates to how quickly the rolling object’s centre of mass moves.

For example, a cylinder of radius R rolling without slipping along a planar surface must

turn through an angle θ = s/R radians if its centre of mass rolls a distance s and so the

speed, v = ṡ, of the centre of mass (in the rest frame of the planar surface) must be related

to the cylinder’s angular speed of rotation, ω = θ̇, by a constraint that is linear in these two

speeds:

v = ωR . (1.5.2)

We return to the significance of these types of constraints in §2.5 once we first develop a few

more useful tools.

1.6 Spacetime Symmetries

Symmetries turn out to play an important role in later sections, such as when identifying pre-

cisely when additive conservation laws exist. This section spells out several of the symmetries
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that play a role in this way (and some that do not).

In particular our focus here is on the freedom we have to redefine our origin of coordinates,

O, and the orientation of the basis vectors, ei, (see Fig. 1) without changing the component

form of Newton’s laws (1.1.5):

ma

ẍaÿa
z̈a

 =

FxaFya

Fza

 , (1.6.1)

where r̈a = ẍa ex + ÿa ey + z̈a ez and Fa = Fxa ex + Fya ey + Fza ez.

It is clear that the component forms for Newton’s equations in general do change when

performing a change of origin and/or rotation of basis vectors. For instance the equations

of motion (1.2.19) found above when changing basis from {ex, ey, ez} to {er, eθ, eϕ} did not

preserve the form (1.6.1) because (1.2.19) does not have the form

ma

 r̈aθ̈a
ϕ̈a

 =

FraFθa

Fϕa

 . (1.6.2)

The form of the component equations changed in this case because it was important to keep

track of how the basis vectors themselves also changed with time.

Our focus here is on the transformations of reference frame that do not change the

component form of Newton’s laws (1.6.1). These form an important class of redefinitions, of

which there are three different types: translations, rotations and Galilean boosts. The rest of

this section describes each of these in turn.

Figure 5. A sketch of the vectors r(t) and r̃(t) describing the same trajectory of a point particle

relative to two different origins of coordinates, O and Õ, that differ by a relative translation a and a

rotation of basis of unit vectors from ei to ẽi.
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Translations

Consider first how Newton’s law (1.6.1) changes when we shift the origin of coordinates by

a constant distance a. To this end suppose there is a second origin of coordinates Õ that is

displaced from O by a displacement a. If the position of a point of a trajectory relative to O

is given by the vector r(t) and the position of that same point relative to Õ is denoted r̃(t)

then inspection of Fig. 5 shows that the vectors r(t) and r̃(t) are related by

r(t) = r̃(t) + a . (1.6.3)

If a is independent of time then r̈ = ¨̃r and so the left-hand side of Newton’s law (1.3.1)

remains unchanged. It can also be true that the right-hand side remains unchanged, such as

when the forces acting amongst the particles involved depend only on the velocities of these

particles and/or on their relative positions, ra − rb.

Galilean Relativity

A more general class of transformations relating O and Õ that also preserve the compo-

nent form (1.6.1) of Newton’s laws starts from the observation that translations need not

be completely time-independent if all they must do is leave the acceleration r̈ unchanged.

Translations can also leave the acceleration unchanged if they are linear in time:

r(t) = r̃(t) + a+ u t , (1.6.4)

where both a and u are time-independent vectors. This is just a translation when u = 0

but more generally describes the situation when O and Õ move relative to one another with

constant relative velocity u. In the special case a = 0 this transformation is called a Galilean

boost.

The right-hand side of Newton’s law (1.3.1) can also be invariant under these trans-

formations. This will automatically be true if the forces involved depend on position in a

translation-invariant way. That is, translation invariance of the form (1.6.3) already requires

Fab to depend on ra and rb only through their difference ra − rb and this is automatically

also invariant under (1.6.4). But boost invariance also requires any dependence of forces on

velocities ṙa to only depend on relative velocities, like ṙa − ṙb.

Rotations

When writing down Newton’s law (1.6.1) we did not give much thought about the precise

orientation of the basis vectors ei we used to decompose physical quantities like positions,

velocities, accelerations and forces. Yet we can ask, would the final result (1.6.1) obtained

from (1.1.5) differ if a different orientation were used?
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To explore this consider a new basis, {ẽx, ẽy, ẽz}, that is obtained from the old one,

{ex, ey, ez}, by a rotation:

ẽj =

3∑
k=1

Rjk ek . (1.6.5)

The requirement that both the old and new bases be orthonormal implies the coefficients Rjk

must satisfy

δij = ẽi · ẽj =
3∑

k,l=1

RikRjl ek · el =
3∑

k=1

RikRjk , (1.6.6)

which can be expressed as the matrix equation

RRT = RTR = I or, equivalently R−1 = RT , (1.6.7)

where R is the matrix with elements Rij (i.e. i is the row label and j is the column label)

and RT is its transpose with elements Rji (i.e. j is the row label and i is the column label).

I is similarly the unit matrix, whose elements are δij . Condition (1.6.7) states that R must

be an orthogonal matrix.

Since both ẽi and ei form a basis any vector can be written as a unique linear combination

of either of them:

V = Vx ex + Vy ey + Vz ez = Ṽx ẽx + Ṽy ẽy + Ṽz ẽz . (1.6.8)

Using (1.6.5) and the uniqueness of the expansion in any particular basis shows that the two

component representations of V are related by

Vi =
∑
k

RkiṼk . (1.6.9)

This can be written in terms of matrix multiplication using the matrix R, withVxVy
Vz

 = RT

ṼxṼy
Ṽz

 or, equivalently

ṼxṼy
Ṽz

 = R

VxVy
Vz

 . (1.6.10)

The key question now asks whether an equation like (1.1.5) takes an identical form when

decomposed in terms of either ei or ẽj . Given the above properties of the matrix R it is

simple to see that it is, provided the matrix R is independent of t. That is if we know that

the components of position vectors and forces in two frames are related to one another byx̃ỹ
z̃

 = R

xy
z

 and

F̃xF̃y
F̃z

 = R

FxFy
Fz

 , (1.6.11)

– 25 –



then the same relation also holds for the components of velocity and acceleration because of

the assumption that Rij be time-independent. If in the frame Õ the component version of

(1.1.5) implies these components satisfy

m

¨̃x
¨̃y
¨̃z

 =

F̃xF̃y
F̃z

 , (1.6.12)

then it follows that the components in the frame O must satisfy

mR

ẍÿ
z̈

 = R

FxFy
Fz

 . (1.6.13)

But multiplication through on the left by R−1 = RT then implies

m

ẍÿ
z̈

 =

FxFy
Fz

 . (1.6.14)

Comparing (1.6.12) with (1.6.14) shows that the components in these two frames satisfy

precisely the same equation.

This might seem to be a fairly pedantic way to show what seems to be a fairly obvious

observation about the equivalence of various components of a vector equation when compared

using reference frames that differ by a rotation. But this gets the direction of implication

precisely backwards: it is because the laws of physics are equivalent in rotated frames that

we write the laws of physics using vectors, not the other way around. Laws of physics always

have the form vector = vector or scalar = scalar (or tensor = tensor) but never have the form

e.g. vector = scalar. And this is true precisely because it expresses that the laws of physics

are invariant under rotations of the frame of reference.

In §4 we shall find other, more useful, consequences of the invariance of the laws of

physics under frame rotations. In that section we instead regard the rotation as acting on the

trajectory itself rather than on the reference frame, and because rotations are a symmetry

of the laws of physics we will find that rotating the trajectory costs no energy. It is through

arguments like this that we will come to recognize why rigid bodies are characterized by

quantites like spin in addition to their centre-of-mass position.

2 Lagrangian Mechanics

This section describes the most important reformulation of classical mechanics: Lagrangian

Mechanics. This new framework turns out also to be intimately related to a very beautiful

and profound reformulation of the foundations of classical mechanics itself: the Principle of

Least Action.
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2.1 Least-Action Principle

A fundamental starting point is the reformulation of classical mechanics in more geometrical

terms. Doing so naturally leads to a framework that is equally valid in arbitrary coordinates.

The Principle of Least action starts with a conservative system – i.e. one for which the

forces arise as gradients of a potential energy, F = −∇V – and asserts that the correct

classical trajectory is the one that extremizes the value of the action, defined as the time

integral of the difference between kinetic and potential energy:

S :=

∫
dt
(
K − V

)
=

∫
dt L . (2.1.1)

The action is so important that the integrand appearing here has its own name: L := K − V

is called the system’s Lagrangian.

2.1.1 Cartesian example

To see how this works consider the Newtonian equations of motion (1.1.5) for a single point

particle in the presence of a conservative force, F = −∇V , defined in terms of the gradient

of a scalar potential V (r):

mr̈ = −∇V . (2.1.2)

As we saw in §1 the kinetic energy for this system is

K = 1
2mṙ2 . (2.1.3)

The fundamental claim is that equations (2.1.2) are equivalent to those obtained by asking

for the trajectory that extremizes the time integral of the difference between its kinetic and

potential energy:

S[r(τ)] =

∫ tf

t0

dτ
[m
2
ṙ2 − V (r)

]
(2.1.4)

subject to boundary conditions where both the initial and final positions are fixed:

r(t0) = r0 and r(tf ) = rf . (2.1.5)

The action (2.1.30) in this formulation should be regarded not as a function of r and t.

Rather, it should be regarded as a functional of the class of paths r(t) that run from r0 to

rf in the time interval t0 ≤ t ≤ tf . For each such path r(t) eq. (2.1.30) can be evaluated

and returns a real number. Different paths give different numbers and so the action is a map

from the space of paths to the real numbers. Notice that nothing in the previous paragraph

says that the path r(t) has to solve any equations of motion (like for instance (2.1.2)).

The claim to be proven is that the specific path that satisfies (2.1.2) is an extremum (i.e. a

minimum or maximum or saddle point) of the functional S[r(t)]. More precisely, suppose one

compares the value of S when evaluated at two different paths, r(t) and r̃(t) = r(t) + δr(t),
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that are ‘nearby’ one another in the sense that δr(t) is everywhere small. The path rc(t) that

extremizes S is defined to be the one for which a Taylor expansion of S[r(t)+δr(t)] in powers

of δr(t) does not have a term linear in δr(t).

This definition of an extremal path is meant to mimic the criterion used when identifying

the minimum, maximum or saddle point of an ordinary function. A point x0 is said to

extremize (i.e. be a minimum, maximum or saddle point of) an ordinary function f(x) when

the derivative f ′(x0) = 0 vanishes when evaluated at x0. Equivalently, the Taylor expansion

of

f [x+ δx]− f(x) = f ′(x) δx+ 1
2f

′′(x) (δx)2 + · · · (2.1.6)

should start off at quadratic order in δx if x = x0 is an extremum. The linear term in the

expansion of a functional about a given path can be thought of as defining what it means to

differentiate a functional, the mathematics of which is called the Calculus of Variations (see

Appendix §A.1 for a whirlwind summary).

Notice that extremizing the action is a geometric criterion that specifies the path itself

rather than its parameterization in terms of a specific set of coordinates. This type of formu-

lation lends itself to a formulation of Newton’s equations of motion that are equally valid in

any coordinate system. And changing coordinates in a scalar function like K or V is much

easier than doing so directly with vector equations of motion like (2.1.2).

To see why the equations of motion can be obtained in this way, explicitly perform the

variation by evaluating S[r(τ)] at a pair of nearby trajectories, r(τ) and r(τ) + δr(τ) that

share their initial and final values, and so δr(t0) = δr(tf ) = 0. The stationary configuration

is the one for which δS := S[r+ δr]− S[r] vanishes for arbitrary choice of δr(τ). The action

S[r(t)+δr(t)] can be Taylor expanded in powers of δr(t) and the curve r(t) is said to extremize

S[r(t)] if this expansion has no term linear in δr(t).

To see what it means for S[r(τ)] to be stationary under small variations, expand the

integrand in powers of δr and stop at linear order. Stationarity is equivalent to requiring the

term linear in δr must vanish for arbitrary choices of δr(τ), which requires:

0 = δS :=

∫ tf

t0

dτ
{[m

2
(ṙ+ δṙ) · (ṙ+ δṙ)− V (r+ δr)

]
−
[m
2
ṙ · ṙ− V (r)

]}
linear in δr

=

∫ tf

t0

dτ
[
mṙ · δṙ− δr · ∇V

]
=
[
mṙ · δr

]tf
t0
−
∫ tf

t0

dτ
[
mr̈+∇V

]
· δr , (2.1.7)

where the last line performs an integration by parts to trade δṙ for δr. We demand this to

vanish for all possible δr(τ) subject to the requirement that δr(tf ) = δr(t0) = 0 vanishes

at both endpoints. Since this boundary condition makes the surface term
[
mṙ · δr

]tf
t0

vanish

in (2.1.7) the vanishing of the term linear in δr(τ) requires the coefficient of δr to vanish
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everywhere within the integrand, which the last line of (2.1.7) shows requires3

mr̈+∇V = 0 for all t, (2.1.8)

in agreement with the equations of motion (2.1.2).

The quantity premultiplying δr(τ) in the last expression of (2.1.7) is called the functional

derivative of the functional S[r(t)] with respect to the path r(t) and denoted

δS

δr(t)
= mr̈+∇V . (2.1.9)

Notice that the functional derivative of a functional is a function and not a number, since it

is a function of t.

The variation of S can equally well be done one component at a time. Writing K =
1
2m(ẋ2 + ẏ2 + ż2) and V = V (x, y, z) and repeating the steps taken in (2.1.7) gives

0 = δS :=
{
S[x+ δx, y + δy, z + δz]− S[x, y, z]

}
linear in δx, δy, δz

=
[
m
(
ẋδx+ ẏδy + żδz

)]tf
t0

(2.1.10)

−
∫ tf

t0

dτ

[(
mẍ+

∂V

∂x

)
δx+

(
mÿ +

∂V

∂y

)
δy +

(
mz̈ +

∂V

∂z

)
δz

]
,

and so

δS

δx(t)
= mẍ+

∂V

∂x
,

δS

δy(t)
= mÿ +

∂V

∂y
and

δS

δz(t)
= mz̈ +

∂V

∂z
. (2.1.11)

The condition of extremality is δS/δx(t) = δS/δy(t) = δS/δz(t) = 0, which again reproduces

the Cartesian components of Newton’s equation (1.6.1).

2.1.2 Polar coordinates

As mentioned earlier, from a purely pragmatic standpoint, rephrasing the equations of motion

as a least-action principle has the advantage that it simplifies the derivation of the equations

of motion in non-Cartesian coordinates.

For example, imagine changing from Cartesian coordinates {xi} = {x, y, z} to spherical

polar coordinates {qn} = {r, θ, ϕ}, defined by eqs. (1.2.12) (repeated here for convenience)

x = r sin θ cosϕ , y = r sin θ sinϕ and z = r cos θ . (2.1.12)

3Since there are many nonzero functions whose integrals are zero one might wonder why the vanishing of

the integral in (2.1.7) must require that the integrand must everywhere vanish. The reason for this is δS must

vanish for all possible δr. To establish why (2.1.33) vanishes near a particular time t we simply choose δr(τ) to

vanish everywhere except in an arbitrarily small neighbourhood around τ = t. This argument can be repeated

for all possible choices of t (except the endpoints - more about endpoints in what follows).
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Direct differentiation shows that

ẋ = ṙ sin θ cosϕ+ rθ̇ cos θ cosϕ− rϕ̇ sin θ sinϕ

ẏ = ṙ sin θ sinϕ+ rθ̇ cos θ sinϕ+ rϕ̇ sin θ cosϕ (2.1.13)

ż = ṙ cos θ − rθ̇ sin θ , (2.1.14)

and so the kinetic energy in spherical polar coordinates is given by

K = 1
2m
(
ẋ2 + ẏ2 + ż2

)
= 1

2m
(
ṙ2 + r2θ̇2 + r2 sin2 θ ϕ̇2

)
(2.1.15)

The action in spherical polar coordinates for a particle with a potential energy V then is

S[r(t), θ(t), ϕ(t)] =

∫ tf

t0

dτ
[
1
2m
(
ṙ2 + r2θ̇2 + r2 sin2 θ ϕ̇2

)
− V

]
. (2.1.16)

To find the conditions for extremality for this action we expand

δS =
{
S[r(t) + δr(t), θ(t) + δθ(t), ϕ(t) + δϕ(t)]− S[r(t), θ(t), ϕ(t)]

}
linear in δr, δθ, δϕ

=

∫ tf

t0

dτ

{
m
[
ṙ δṙ + r2θ̇ δθ̇ + r2 sin2 θ ϕ̇ δϕ̇+

(
rθ̇2 + r sin2 θ ϕ̇2

)
δr + r2ϕ̇2 sin θ cos θ δθ

]
−∂V
∂r

δr − ∂V

∂θ
δθ − ∂V

∂ϕ
δϕ

}
(2.1.17)

=
[
m
(
ṙ δr + r2θ̇ δθ + r2 sin2 θ ϕ̇ δϕ

)]tf
t0
+

∫ tf

t0

dτ

{[
m
(
−r̈ + rθ̇2 + r sin2 θ ϕ̇2

)
− ∂V

∂r

]
δr

+

[
− d

dt

(
mr2θ̇

)
+mr2ϕ̇2 sin θ cos θ − ∂V

∂θ

]
δθ +

[
− d

dt

(
mr2 sin2 θ ϕ̇

)
− ∂V

∂ϕ

]
δϕ

}
.

The first term vanishes because of the condition that δr, δθ and δϕ all vanish at t = t0 and

t = tf . The remaining terms vanish for all variations only if the coefficients of δr, δθ and δϕ

are all separately zero, leading to the following three equations:

0 = m
(
−r̈ + rθ̇2 + r sin2 θ ϕ̇2

)
− ∂V

∂r
(2.1.18a)

0 = −m
(
2rṙθ̇ + r2θ̈

)
+mr2ϕ̇2 sin θ cos θ − ∂V

∂θ
(2.1.18b)

0 = −m
(
2r sin2 θ ṙϕ̇+ 2r2 sin θ cos θ θ̇ ϕ̇+ r2 sin2 θ ϕ̈

)
− ∂V

∂ϕ
. (2.1.18c)

In the special case where V depends only on r these agree with eqs. (1.2.19), which were

found with much more effort in §1.

2.1.3 Target-space Geometry

More generally, imagine changing variables from Cartesian coordinates xi(t) to a general set of

coordinates ql(t) obtained through a general redefinition of the form xi(t) = f i[ql(t)] for some
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set of invertible functions f i. The main restriction at this point is that the transformation is

local in time: the xi(t) can be computed given only the values of the ql(t)’s evaluated at the

same time. The action principle formulated in this more general context has a geometrical

character that helps understand why the equations of motion take the same form for arbitrary

coordinate choices.

In these new coordinates the potential energy is given by V = V (x) = V (q), where

V (q) = V [x(q)] and the potential energy is4

K = 1
2mδij ẋ

iẋi = 1
2mGkl(q) q̇kq̇l , (2.1.19)

where the quantity in the kinetic term is given explicitly by

Gkl(q) = δij

(
∂xi

∂qk

)(
∂xj

∂ql

)
. (2.1.20)

The quantity Gkl(q) is sometimes called the target-space metric because it is a symmetric

and positive definite matrix and so can be regarded as a geometrical metric on the ‘target

space’ (which is defined as the space in which the functions ql take values). It plays the

same role in (2.1.19) as does the metric δij in Cartesian coordinates: Gkl quantifies an inner

product between vectors and so in particular provides the ‘length’ of the velocity vector whose

components are q̇k in the same way that the Cartesian metric δij does for the velocity vector

with components ẋi.

This metric analogy can be made even more explicit by asking how Gkl(q) changes if

one performs another coordinate change from qk to q̃r = f r(q), for some functions f r(q).

Performing this coordinate change in (2.1.20) implies the metric in the new coordinates is

related to the old one by

G̃rs(q̃) = Gkl[q(q̃)]
(
∂qk

∂q̃r

)(
∂ql

∂q̃s

)
, (2.1.21)

which is recognizable as the transformation rule of a rank two covariant tensor under a

general coordinate transformation. Any symmetric and positive rank two tensor can always

be interpreted as a metric.

Returning to our main line of argument, the action written using the coordinates qn is

S =

∫ t

t0

dτ
[m
2
Gkl(q) q̇kq̇l − V (q)

]
, (2.1.22)

4From this point on we adopt the Einstein summation convention in which there is an implied sum over

any repeated index. For example δqk∂kV really means
∑

k δq
k∂kV . This notation keeps there from being too

much clutter from summation signs.
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and so the condition δS = 0 reads

0 = δS :=

∫ t

t0

dτ
{[m

2
Gkl(q + δq)(q̇k + δq̇k)(q̇l + δq̇l)− V (q + δq)

]
−
[m
2
Gkl(q) q̇kq̇l − V (q)

]}
linear in δq

=

∫ t

t0

dτ
[
mGkl(q) q̇lδq̇k +

m

2
δqr∂rGkl(q) q̇kq̇l − δqr∂rV (q)

]
(2.1.23)

=
[
mGkl(q)q̇kδql

]t
t0
+

∫ t

t0

dτ

{
− d

dτ

[
mGkl(q)q̇l

]
+
m

2
∂kGlr(q)q̇lq̇r − ∂kV (q)

}
δqk ,

where ∂r denotes ∂/∂q
r.

The equations of motion are found, as usual, by asking this action to be stationary with

respect to arbitrary variations that vanish at the endpoints: δqk(t0) = δqk(tf ) = 0. The

result written in terms of the coordinates q (rather than x) is

0 =
d

dt

[
mGkl(q)q̇l

]
− m

2
∂kGlr(q) q̇lq̇r + ∂kV (q)

= mGkl(q) q̈l +mΛklr(q) q̇
lq̇r + ∂kV (q) , (2.1.24)

where Λklr(q) is the following combination of derivatives of Gkl(q)

Λklr :=
1
2

(
∂lGkr + ∂rGkl − ∂kGlr

)
. (2.1.25)

This is another quantity familiar from the theory of differential geometry, called the ‘Christof-

fel symbol of the first kind’ constructed from the metric Gkl.
This can be solved to give an equation for q̈k once the matrix Grs that is the inverse to

Gkl is found. That is, given the matrix of coefficients Grs that satisfies GrkGkl = δrl (with an

implied sum over the repeated index k), the above equations of motion imply

m
(
q̈k + Γklr(q) q̇

lq̇r
)
+ Gkl∂lV (q) = 0 , (2.1.26)

where the ‘Christoffel symbol of the second kind’ is defined by

Γklr := GksΛslr := 1
2 G

ks
(
∂lGsr + ∂rGsl − ∂sGlr

)
. (2.1.27)

Eqs. (2.1.26) provide some insight into how the form of the equations of motion can

remain the same even after performing arbitrary redefinition from qk to q̃ r = f r(q). The

equation found in the new variables is again of the form (2.1.26), but built using the new

metric G̃rs, its inverse G̃
st and the corresponding Christoffel symbol Γ̃rst built from these two

tensors. What is important is that the metric (and its inverse) and the quantities ∂lV and

Dq̇k = q̈k + Γklr q̇
lq̇r are tensors under coordinate transformations and so (2.1.26) is a tensor

equation (in which tensors that transform in the same way are equated to one another). As

a result once the equation is true for one set of coordinates it necessarily remains true in any

set of coordinates, because of an argument very similar to the one made for rotations in §1.6.
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2.1.4 Multiple Particles

Another straightforward generalization extends the above to include multiple particles inter-

acting with one another and with external sources through conservative forces, so
∑

bFab =

−∇aV and Fext
a = −∇aU , where both U and V are functions of the particle positions ra,

with a = 1, . . . , N . In this case the Newtonian equations of motion (1.3.1) become:

mar̈a = −∇a (U + V ) . (2.1.28)

As we saw in §1 the kinetic energy for this system is

K = 1
2

∑
a

maṙ
2
a , (2.1.29)

and so the action in this case is

S[r(τ)] =

∫ tf

t0

dτ

[
1
2

∑
a

ma ṙ
2
a −

(
U + V

)]
(2.1.30)

The equations of motion (1.3.1) are obtained by demanding that S be stationary subject

to boundary conditions where both the initial and final positions of each particle are fixed:

δra(t0) = δra(tf ) = 0 , (2.1.31)

Proceeding as before we find

0 = δS :=
∑
a

∫ tf

t0

dτ
[
maṙa · δṙa − δra · ∇a(U + V )

]
=

[∑
a

maṙa · δra

]tf
t0

−
∑
a

∫ tf

t0

dτ
[
mar̈a +∇a(U + V )

]
· δra , (2.1.32)

where the surface term vanishes by virtue of (2.1.31). Requiring this to vanish for all possible

choices for δra for all t and a then implies

mar̈a +∇a(U + V ) = 0 for all a and all t, (2.1.33)

in agreement with the equations of motion (1.3.1).

2.2 Euler-Lagrange Equations

Now that we have some confidence that the least-action principle properly reproduces New-

ton’s equations correctly it is worth identifying what these equations look like in a more

general context. We therefore generalize the discussion in two separate ways:

� We allow the label ‘A’ of the generalized coordinate by qA(t) to run over both the com-

ponents i = 1, 2, 3 of position in space and over the label a = 1, · · · , N that distinguishes

particles from one another, so A = {a, i}.
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� We allow the Lagrangian to be an arbitrary function of qA(t) and q̇B(t) (evaluated at

the same time), L = L(q, q̇, t), and do not assume it has the more restricted form given

in (2.1.22). We also allow it to depend explicitly on time (in addition to its implicit

dependence on time through the trajectories qA(t)).

These more general forms allow for the possible freedom to redefine coordinates that might mix

up the positions and velocities and might also mix up the coordinates for different particles.

These choices lead to the action

S =

∫
dt L(q, q̇, t) , (2.2.1)

for which the variation is

δS =

∫ tf

t0

dτ
{
L[q + δq, q̇ + δq̇]− L[q, q̇]

}
linear in δq

(2.2.2)

=

∫ tf

t0

dτ

[
∂L

∂q̇A
δq̇A +

∂L

∂qA
δqA
]
=

[
∂L

∂q̇A
δqA
]tf
t0

+

∫ tf

t0

dτ

[
− d

dτ

(
∂L

∂q̇A

)
+
∂L

∂qA

]
δqA ,

where there is an implied sum over the repeated index A. δS found in this way is required

to vanish for arbitrary δqA(τ) subject to the boundary condition

δqA(t0) = δqA(t) = 0 . (2.2.3)

The form found above for δS shows that this implies qA(τ) satisfies the following Euler-

Lagrange equations of motion:

d

dτ

(
∂L

∂q̇A

)
− ∂L

∂qA
= 0 . (2.2.4)

Evaluating the time derivative d/dτ using the chain rule then shows that the equations

of motion are explicitly second-order in time derivatives:

∂2L

∂q̇A∂q̇B
q̈B +

∂2L

∂q̇A∂qB
q̇B +

∂2L

∂q̇A∂t
− ∂L

∂qA
= 0 , (2.2.5)

where there is again an implied sum over B in the terms that involve this index. The partial

time derivative ∂/∂t differentiates with both qA and q̇B held fixed (as opposed to d/dτ , which

differentiates both the explicit time-dependence in L and the implicit time-dependence hidden

within qA(t)). Eqs. (2.2.4) or (2.2.5) are the forms to be used throughout most of the rest of

these notes.

2.3 Symmetries and Conservation Laws

One of the advantages of the least-action formulation of classical mechanics is the clear answer

it provides for when to expect equations of motion to respect additive conservation laws (like
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conservation of energy, momentum and angular momentum): they are tied to the existence

of symmetries (as this section shows explicitly).

To start things off it is useful to identify the immediate analogs of the momentum and

energy in the case when we use generalized coordinates like qA. We seek functions of F (q, q̇, t)

that are constants when q and q̇ are evolved using the classical Euler-Lagrange equations

(2.2.4). That is, F should satisfy

dF

dt
=
∂F

∂q̇A
q̈A +

∂F

∂qA
q̇A +

∂F

∂t
= 0 when q(t) satisfies

d

dτ

(
∂L

∂q̇A

)
− ∂L

∂qA
= 0 . (2.3.1)

To keep the result additive when including many particles we start by seeking choices for F

that are linear in the Lagrangian since (as we shall see) it is the kinetic part of L that matters

and this is often additive – see e.g. eq. (2.1.30).

2.3.1 Generalized Momenta

A first guess can be called the generalized momentum, pA, defined by

pA :=
∂L

∂q̇A
. (2.3.2)

Inspection of the equation of motion (2.2.4) shows that this satisfies

dpA
dt

=
∂L

∂qA
(2.3.3)

when the equations of motion hold and so pA is conserved for any coordinate qA that only

appears in L through its derivate q̇A. Any generalized coordinate that only appears differen-

tiated in L is called an ignorable coordinate, because – as we see in more detail in §7 below –

its influence on the other degrees of freedom can be summarized by the constant value taken

by the corresponding generalized momentum in the equations of motion.5

We have already seen two examples of this. The first of these is the two-body problem

studied in §1.2.1 with a mutual force that depends only on the relative separation r1− r2. In

this case the coordinates are {qA} = {r1, r2} and the Lagrangian is the N = 2 special case of

(2.1.30):

L = 1
2

(
m1ṙ

2
1 +m2ṙ

2
2

)
− V (r1 − r2) . (2.3.4)

This becomes an example of conserved generalized momentum if we change variables to

centre-of-mass and relative positions, {qA} = {R, r} (see the discussion surrounding (1.2.6)),

in which case

L = 1
2

(
MṘ2 + µṙ2

)
− V (r) , (2.3.5)

5It is worth noting in passing that although the effects of an ignorable coordinate on the evolution of other

variables amounts to replacing their momenta with the conserved constant to which they are equal, this is

only true if it is done within the equations of motion. This is not equivalent to making this replacement in the

Lagrangian itself before deriving the equations of motion.
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where M and µ are respectively the system’s total and reduced masses (defined in (1.2.5)

and (1.2.9)). In terms of these variables the variable R enters L only through Ṙ and so the

corresponding generalized momentum

P =
∂L

∂Ṙ
=MṘ = m1ṙ1 +m2ṙ2 , (2.3.6)

is conserved (compare with (1.2.7)).

This same example also contains the second case of conserved generalized momentum, as

can be seen when the relative position r(t) is expressed in terms of spherical polar coordinates:

{x(t), y(t), z(t)} → {r(t), θ(t), ϕ(t)} using (1.2.12). In this case the r-dependent part of L is

given by (2.1.16) with V = V (r). This shows that the variable ϕ(t) only appears in L through

ϕ̇ and as a result its generalized momentum

pϕ =
∂L

∂ϕ̇
= r2 sin2 θ ϕ̇ (2.3.7)

is conserved. Once coordinate are adapted to ensure θ(t) = π
2 for all t we see that pϕ

conservation is equivalent to conservation of the magnitude of angular momentum J = |J|
(see (1.2.21)).

This illustrates the power of the least-action formulation: because the equations of motion

(2.2.4) are equally valid for any choice of generalized coordinate we are free to use the freedom

to redefine variables to make as many coordinates as possible ignorable, in which case their

evolution comes down to the conservation of an appropriate generalized momentum.

2.3.2 Energy Conservation

A second very general guess for a conserved quantity is the energy, defined as

E :=
∂L

∂q̇A
q̇A − L = pAq̇

A − L , (2.3.8)

where the Einstein summation convention is in force so there is an implied sum over the

repeated index A. To see when and why this might be conserved we compute its derivative

with respect to time, using (2.2.4) to simplify the result:

dE

dt
=

d

dt

(
∂L

∂q̇A

)
q̇A +

∂L

∂q̇A
q̈A −

(
∂L

∂q̇A
q̈A +

∂L

∂qA
q̇A +

∂L

∂t

)
= −∂L

∂t
, (2.3.9)

where the second equality eliminates (d/dt)(∂L/∂q̇A) using (2.2.4). We see that E is very

generally conserved whenever L does not depend on t apart from the implicit t-dependence

associated with the path q(t).

To see why (2.3.8) can be interpreted as energy, evaluate it for the special case of the

two-body Lagrangian given in (2.3.4). Using coordinates {qA(t)} = {r1(t), r2(t)} we have

∂L

∂q̇A
q̇A =

∂L

∂ṙ1
· ṙ1 +

∂L

∂ṙ2
· ṙ2 = m1ṙ

2
1 +m2ṙ

2
2 (2.3.10)
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and so

E =

(
∂L

∂ṙ1
· ṙ1 +

∂L

∂ṙ2
· ṙ2
)
− L = 1

2m2ṙ
2
1 +

1
2 ṙ

2
2 + V , (2.3.11)

which is to be compared with the U = 0 limit of (1.2.49).

2.3.3 Noether’s Theorem

There is a very deep reason behind the existence of these conservation laws: each one is as-

sociated with a continuous symmetry. This connection between symmetries and conservation

laws is called Noether’s theorem.

For the present purposes a symmetry is a change of the path qA(t) → q̃ A(t) that leaves

the action completely unchanged:

S[q(t)] ≡ S[q̃(t)] for all q(t) . (2.3.12)

It is important in what follows that the above expression applies for all choices of initial path,

q(t). For example, the action

S[r(t)] =

∫ tf

t0

dτ
[
1
2mṙ2 − V (|r|)

]
(2.3.13)

encountered in earlier sections is invariant under r(t) → −r(t) for any initial choice of path

r(t). (This particular symmetry under reflection of coordinates is called parity.)

A continuous symmetry is a symmetry for which there is a family of such changes, qA(t) →
q̃ A(ω, t) for which the the action remains unchanged for all values of a continuous parameter ω.

It is conventional to choose the parameter such that the particular choice ω = 0 corresponds to

the trivial transformation for which q̃(0, q) = q. It is often useful to restrict to transformations

that are arbitrarily close to the trivial transformation, for which ω = ϵ≪ 0, since in this case

the transformation rule can be Taylor expanded in powers of ϵ:

δϵq
A := q̃A(ϵ, q)− qA = ϵ

(
∂q̃A

∂ω

)
ω=0

+O(ϵ2) . (2.3.14)

There can of course be more than one parameter’s worth of symmetries. §1.6 already

provides several examples of continuous symmetries: the three-parameter family of spacetime

symmetries of translation r → r + a; the three-parameter family of rotations r → R r with

RTR = I and the three-parameter family of Galilean boosts r → r + u t. In these examples

the continous parameters are the three components of the vectors a and u and the three

angles (more about which below) that define any 3 × 3 orthogonal matrix R. When more

than one parameter is available we gather them all into a collection ωα, where the index α

runs from 1 to the total number of independent continuous parameters. In this case (2.3.14)

generalizes to

δϵq
A := q̃A(ϵ, q)− qA = ϵαfA

α (q) +O(ϵ2) where fA
α :=

(
∂q̃A

∂ωα

)
ω=0

, (2.3.15)
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and there is an implied sum (as always) over the repeated indices ‘α’ and we specialize to the

infinitesimal case ωα = ϵα where each of the ϵα’s is assumed small enough to justify neglecting

quadratic and higher terms.

Whenever there is a continuous symmetry the action satisfies

S[q] ≡ S[q̃(ω, q)] for all ωα and for all qA(t). (2.3.16)

Specializing to a transformation close to the trivial one, ωα = ϵα, and Taylor expanding in

powers of ϵα leads the leading term of (2.3.16) to be written

0 ≡ δS[q] := S[q̃(ϵ, q)]− S[q] = ϵα
∫ tf

t0

dτ

[(
∂L

∂q̇A

)
ḟA
α +

(
∂L

∂qA

)
fA
α

]
= ϵα

[(
∂L

∂q̇A

)
fA
α

]tf
t0

+ ϵα
∫ tf

t0

dτ fA
α

[
− d

dτ

(
∂L

∂q̇A

)
+

(
∂L

∂qA

)]
. (2.3.17)

where we assume ϵα does not depend on t (since any t-dependence can be lumped into fA
α (q))

and integrate by parts to remove the derivative from ḟA
α . The zero in the first equality is a

consequence of the transformation (2.3.15) being a symmetry for which (2.3.16) is true. What

is important is the symmetry condition (2.3.16) implies eq. (2.3.17) is an identity that holds

for all paths qA(t) and all parameters ϵα.

The final step is to specialize (2.3.17) to the special case where qA(t) = qA(t) satisfies the

Euler-Lagrange equation (2.2.4):[
d

dτ

(
∂L

∂q̇A

)
−
(
∂L

∂qA

)]
q(t)

= 0 . (2.3.18)

In this case the integral in the second line of (2.3.17) vanishes and the remainder implies

Qα(tf ) = Qα(t0) where Qα(t) :=

(
∂L

∂q̇A

)
fA
α . (2.3.19)

This is a conservation law – it states that Qα remains unchanged from t0 to tf – and it is

additive to the extent that L itself is. And it is constructive: once the Lagrangian and the

symmetry transformation (2.3.15) is given eq. (2.3.19) provides an explicit formula for the con-

served quantity Qα – called the Noether charge – as a function of qA and q̇A. The construction

shows that there is one conserved charge for each independent continuous symmetry.

2.3.4 Examples

The symmetries encountered to this point can now in retrospect be identified as the conse-

quences of symmetries.

� Conservation of generalized momentum pA encountered in §2.3.1 when L is independent

of qA can now be seen as a consequence of L having a shift symmetry: L remains

unchanged if qA → qA + constant.

– 38 –



� Conservation of energy as derived in §2.3.2 can similarly be seen as a consequence of

L being invariant under time translation: t→ t+ constant, which in particular implies

∂L/∂t = 0.

� Conservation of linear momentum P is a special case of conservation of generalized

momentum when the generalized coordinate is simply the Cartesian coordinate for

each particle in the system: {qA} = {xai} where xai for i = 1, 2, 3 are the Cartesian

components of the position vectors ra for each particle relative to the basis vectors

ei = {ex, ey, ez}. Here the label ‘a = 1, · · · , N ’ runs over the different particles present.

Conservation of linear momentum therefore follows from the symmetry of translation

invariance, under which all particle positions shift by the same amount: ra → ra + a.

Equivalently, this corresponds to a constant shift R → R + a for the centre-of-mass

R =
∑

amara with all relative positions ra − rb held fixed.

� Conservation of pϕ = mr2ϕ̇ for the central-force problem studied in §1.2.1 is also a

special case of conservation of generalized momentum which we’ve seen corresponds to

the conservation of the length J of the angular momentum vector J = r × p. In this

case the symmetry is ϕ→ ϕ+ constant, which is a rotation about the ez axis (that lies

perpendicular to the plane of the particle’s orbit).

More generally, for a general rotation R, choosing the rotation to be very close to the

trivial transformation corresponds to writing Rij = δij + Θij where the components of Θij

are very small. Expanding the orthogonality condition RTR = I – see (1.6.7) – out to linear

order then implies the matrix with components Θij must be antisymmetric: Θij = −Θji.

Any 3× 3 antisymmetric matrix has only 3 independent components, which is the same

as for a vector in 3 dimensions. This is no accident: the matrix Θij can be related to a vector

Θ with components Θk by writing Θij =
∑

k ϵijkΘk, where ϵijk is the Levi-Civita tensor,

which is defined to be completely antisymmetric under the interchange of any pair of indices

and by convention is chosen with ϵ123 = ϵxyz = +1 (see Appendix A.3.1). In matrix form this

reads  0 Θxy Θxz

Θyx 0 Θyz

Θzx Θzy 0

 =

 0 Θz −Θy

−Θz 0 Θx

Θy −Θx 0

 . (2.3.20)

We saw in §1.6 that a rotation of the basis vectors ẽi =
∑

j Rijej implies the components

of a vector V relative to these bases are related to one another by Ṽi =
∑

j RijVj (see

eq. (1.6.10)). For an infinitesimal rotation this becomes δVi = Ṽi − Vi =
∑

j ΘijVj . In terms

of the vector Θ this becomes δVi =
∑

jk ϵijkVjΘk, which is just the component version of the

vector equation

δV = V ×Θ (passive rotation) . (2.3.21)
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Now comes the main point. Suppose the Lagrangian L(ṙ, r) is invariant under a rotation

where – in the spirit of the Noether theorem’s proof – we actively rotate the particle’s path

(as opposed to passively rotating the basis vectors ei for fixed particle path).6

δr = Θ× r (active rotation), (2.3.22)

corresponding to an active rotation of r = xi ei, where the three components Θi of Θ are

the three continuous symmetry parameters. Then Noether tells us to expect three conserved

charges, Qi, given by (2.3.19), which in this case takes the form

Qi(t) :=

(
∂L

∂ẋj

)
f ji = pj f

j
i , (2.3.23)

with the usual implied sum over j and where pj are the components of the momentum p.

The components f ji can be read off from (2.3.15), which in this case reads

δΘx
j = Θif ji = ϵj ikΘ

ixk and so f ji = ϵj ikx
k . (2.3.24)

The conserved charge that follows from rotation invariance therefore is

Qi = ϵj ikx
kpj = ϵikjx

kpj which is the component version of Q = r× p = J . (2.3.25)

This shows that conservation of the angular momentum vector is a consequence of rotation

invariance.

2.4 Ambiguities in L

There is one symmetry discussed in §1.6 for which we have not yet encountered a conservation

law: Galilean boosts. For instance consider N particles interacting through a potential V

that is a function only of inter-particle displacements: ra − rb. This is invariant under the

boosts δra = u t where ra is the position of the a’th particle because the boost cancels in

ra − rb. Boosts also do not change the acceleration δr̈a = 0 and so the equations of motion

mar̈a +∇aV = 0 are invariant (as claimed in §1.6).

We discuss this case separately here because it turns out not to produce a useful con-

servation law. This section aims to determine why not, and to understand when this occurs

more generally. It also provides an excuse for examining more explicitly how much freedom

6The distinction between active and passive transformations is subtle but important. In a passive rotation

all physical vectors are held fixed but one rotates only the basis vectors with respect to which a vector’s

components are defined. An active transformation instead rotates all vectors, much as one would do if one

were on a rotating object (see §3.2). An active transformation (with basis vectors held fixed) has the same

effect as a passive rotation, but with the rotation in the opposite direction. If the transformation rule for the

components of V under a passive rotation is Ṽi = RijVj (as derived above) then the transformation rule for

components under the same active rotation would be Vi → (R−1)ijVj = (RT )ijVj = RjiVj (and so δV has the

opposite sign).
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there is beyond symmetries to change a system’s Lagrangian without changing its equations

of motion.

Unlike the cases considered above, Galilean boosts are examples of a symmetry of the

equations of motion that are not symmetries of the Lagrangian. Although the potential V

is invariant, boosts are not symmetries of the kinetic energy because ṙa → ṙa + u. The

Lagrangian changes under an infinitesimal boost by

δL = L̃− L =
∑
a

1
2 ma

[
(ṙa + u)2 − ṙ2a

]
= u ·

∑
a

maṙa +O(u2) . (2.4.1)

How can a symmetry of the equations of motion not be a symmetry of L? What is

important is that L changes by a total time derivative

δL =
d

dt

[
u ·
∑
a

mara

]
, (2.4.2)

and so the action changes only at the endpoints

δS =

∫ tf

t0

dτ δL =

[
u ·
∑
a

mara

]tf
t0

. (2.4.3)

Because this does not depend on r(t) for t ̸= t0, tf it cannot change the Euler-Lagrange

equations obtained by varying r at these intermediate times.

Not having the action be invariant means the first equality in (2.3.17) that started off the

proof of Noether’s theorem does not go through as initially argued. To fix this let us suppose

that under the transformation δqA = ϵα fA
α the Lagrangian satisfies

δL = ϵα
dWα

dt
for some Wα(q, q̇, t) , (2.4.4)

and so δS =
∫ tf
t0

dτ δL = ϵα[Wα(tf )−Wα(t0)] instead of δS = 0 as was previously assumed.

Under these circumstances eq. (2.3.17) is instead replaced by

Wα(tf )−Wα(t0) =

[(
∂L

∂q̇A

)
fA
α

]tf
t0

+

∫ tf

t0

dτ fA
α

[
− d

dτ

(
∂L

∂q̇A

)
+

(
∂L

∂qA

)]
. (2.4.5)

Once evaluated at a solution to the Euler-Lagrange equation (2.2.4) this still leads to a

conservation law, though one that differs from (2.3.19):

Qα(tf )−Wα(tf ) = Qα(t0)−Wα(t0) , (2.4.6)

with Qα again as given in (2.3.19). The total conserved charge in this case becomes

Qα −Wα =

(
∂L

∂q̇A

)
fA
α −Wα . (2.4.7)
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What does this mean for the case of Galilean boosts? In this case we have {qA} → {xia}
given by the Cartesian components of the position vectors ra and the symmetry parameters

are the three components of u so we have

Wi =
∑
a

maxia and f jai = δji t (independent of a) . (2.4.8)

In this case the Noether charge predicted by (2.4.6) becomes Qi −Wi =
∑

a[piat − maxia]

and so

Q−W =
∑
a

(
pa t−mara

)
= P t−MR , (2.4.9)

where M =
∑

ama is the total mass, R = M−1
∑

amara is the centre-of-mass position and

P =MṘ is the centre-of-mass momentum (as defined in §1.3.1).

We see from this that the conclusion of Noether’s theorem is indeed true, since this states

that

P(t) t−MR(t) (2.4.10)

should be independent of t. This is indeed a true statement since our assumption that

the potential energy V depends only on position differences ra − rb implies the centre of

mass experiences no external force, so the general solution to the centre-of-mass motion is

that of a free particle: R = R0 + V0(t − t0) (compare with the g = 0 limit of (1.2.10)).

Consequently P = MṘ = MV0 is constant and MR(t) = MR0 +P(t− t0) for all t and so

P t−MR(t) = P t0−MR0 is time-independent, as claimed. This result is not that useful as

a conservation law, however, because it doesn’t really say much more beyond what already

follows from momentum conservation. The extension of translation invariance to include

time-dependent translations (such as boosts) doesn’t add much new by way of conservation

laws, due to the explicit dependence of the ‘conserved charge’ on t.

This section teaches us two things.

� Invariance of the action under a continuous symmetry always implies a conservation

law, though this conservation law is more useful if the symmetry transformation δqA =

ϵαfA
α (q, q̇, t) does not itself depend on time: ∂fA

α /∂t = 0. Because the conserved quantity

is linear in ∂L/∂q̇A it is additive whenever the kinetic part of L is.7

� Invariance of the equations of motion and of the action under a symmetry can, but need

not, require the Lagrangian to be invariant, provided the variation of the Lagrangian

is a total time derivative: δL = dW/dt for some W (q, q̇). If the Lagrangian is not

invariant then it is important when constructing the conserved charge to keep track of

W – i.e. use (2.4.6) rather than (2.3.19)).

7This statement is cleanest when L = K − V but becomes less clear cut if L is not of this form.
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The second bullet point is part of a broader observation that is useful to keep in mind

when trying to guess the Lagrangian for a given system: there is not a unique Lagrangian

that produces any given set of Euler-Lagrange equations. In particular, two Lagrangians that

differ by a total time derivative – i.e.

L1(q, q̇, t) = L2(q, q̇, t) +
dG

dt
(2.4.11)

for some choice for G(q, q̇, t) – produce exactly the same Euler-Lagrange equations (though

can give different conditions for stationarity at the endpoints if δqA is allowed to vary at the

initial and final times).

A second example of different Lagrangians giving the same equations of motion is

L1(q, q̇, t) = λL2(q, q̇, t) , (2.4.12)

where λ is some constant. This type of rescaling of L leaves the equations of motion (2.2.4)

completely unchanged. This sometimes can be useful, such as if the Lagrangian is a homo-

geneous function of the variables in the sense that there exist two constants a and b such

that if we scale q → λq and t → λat then L → λbL for arbitrary constant λ. For example if

K = 1
2mδij ẋ

iẋj then

K → λ2−2aK if we scale xi → λxi and t→ λat. (2.4.13)

If the potential scales the same way then so too does L and this means that the rescaling is

a symmetry of the equations of motion.

If, for instance V → λ2V , as would be appropriate if V were purely quadratic in the xi

(such as if V ∝ r2 where r =
√
x2 + y2 + z2 or any other quadratic combination of positions)

then V scales the same way as does K if a = 0. Rescaling harmonic oscillator positions but

not scaling time is a symmetry of the equations and this is why the period of a harmonic

oscillator does not depend on the amplitude of the oscillation.

Similarly, if V is linear in the position coordinates xi (such as is true for the gravitational

force Fg = mg, for which V = mgz) then V → λV as xi → λxi. This scales the same

way as does K if a = 1
2 , and so if a particle is allowed to fall from rest under the influence

of a constant gravitational field the distance travelled is a quadratic function of time (as it

famously is – see eq. (1.1.6)).

Alternatively, if V ∝ 1/r where r =
√
x2 + y2 + z2 then V → λ−1V , which is the same

scaling as for K if a = 3
2 . Any periodic solution to the Kepler problem of finding orbits for

an inverse-square force can be rescaled to a new one provided t→ λ3/2t when xi → λxi. This

is why Kepler’s third law relates the period P and semimajor axis a of an orbit by P ∝ a3/2

(or P 2 ∝ a3, as it is usually stated).
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2.5 Constraints

An important role in classical mechanics is played by contraints: relationships imposed inde-

pendent of the equations of motion that relate the system variables qA and q̇A. One of the

virtues of the least-action principle is the relative ease with which such constraints can be

incorporated into the analysis of motion.

Examples of constraints arise when examining even very simple systems. Examples in-

clude weights connected by ropes on pulleys (in which case the fixed length of the rope relates

the motion of one weight to the motion of the others); a ball that rolls without slipping along

a surface (in which case the constraint relates the distance the centre of mass travels to the

angle through which the ball rolls – see e.g. eq. (1.5.2)); or a bead that is trapped to move

along a wire of a fixed shape. Constraints also arise whenever the motion of a macroscopic

‘rigid body’ is described, in which internal forces are assumed to constrain each constituent

atom not to move relative to all the others so that all that matters is the motion of the centre

of mass and rotation about this centre of mass (more about this in §4).

In each of these examples we understand the constraint to be a phenomenological expres-

sion that in principle could be derived given a better understanding of all of the forces that

act between all of the atoms within the system (rope, ball or bead) of interest. These forces

are complicated but all that matters is that their net effect is to impose a large energy cost

for allowing the atoms to move relative to one another. The potential energy as a function

of the positions of all of the atoms is a very complicated function but within the landscape

of its minima and maxima lies a deep and narrow trough along which the relative positions

of the atoms is fixed.

This picture of the interatomic potential fits well with our intuition about inter-atomic

forces: they are often weakly attractive when the atoms are widely separated (because of

the ability of their internal electrons to adjust in the presence of the electric fields sourced

by the electrons of other atoms) but are strongly repulsive at short distances (because the

Pauli exclusion principle discourages electrons from being too near one another). What is

important is that this potential does not similarly constrain things like centre-of-mass position

or angular orientation, and as we see in §4 there is a good symmetry reason for why this is

so.

The good news is that the motion of macroscopic bodies does not require a detailed

understanding of these forces because their net effect is to fix the relative positions and/or

velocities of different parts of macroscopic bodies, and this can be described relatively simply

in terms of geometric constraints (provided we know how to handle constraints when analyzing

a system’s equations of motion).
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2.5.1 Holonomic constraints

In §2.1.3 above we used the Lagrangian formalism to rewrite the 3N components of the

positions ra(t) of N particles in terms of an equal number of generalized coordinates qA (with

A = 1, · · · , 3N) and arrived in this way at Euler-Lagrange equations expressed using the

more general coordinates. Having an equal number of coordinates was required in order for

the transformation between ra to qA to be invertible.

But the discussion above about constraints suggests that the requirement that we use

3N generalized variables is too strong, since often constraints arise as consequences of the

properties of interactomic forces. There may be more than one such a constraints and each

one reduces the number of independent variables needed to describe the system. In the case

of a rigid body this reduction is draconian: one might start with an Avogadro’s number of

atoms but be left only with six independent variables (centre-of-mass position and angular

orientation) once the constraints are taken into account.

Consider a set of Nc constraints the form

cα(q1, q2, · · · , qN , t) = cα(q, t) = 0 , (2.5.1)

with α = 1, . . . , Nc. One can often solve these equations to eliminate Nc of the variables

qA = qA(q̂, t), leaving the system described by a reduced set q̂u with u = 1, . . . , 3N − Nc

unconstrained generalized coordinates. The number of unconstrained variables left after doing

so is called the number of degrees of freedom in the system. If the holonomic constraints cα

do not depend on time they are called natural. When they are time-dependent they are often

called forced constraint.

It must be said that it is not always possible to frame constraints as a set of implicit

conditions like (2.5.1) (as is discussed in more detail in §2.5.3 below). When it is possible the

constraints are said to be holonomic. For simplicity we start off here assuming the constraints

are holonomic in this way.

It helps to keep the discussion concrete by explicitly thinking through a simple example,

so first a pause to work through an example with a forced holonomic constraint.

Worked example: Bead on a rotating circular wire

Consider a small bead of mass m free to move without friction along a circular wire of radius R. This

provides a well-known simple example of a forced holonomic constraint if the wire is made to move.

We here work through the case where the circular wire rotates with constant angular speed ω about

a vertical axis that is also a diameter of the circular wire (see Fig. 6).

For this system the constraints are easy to express if we use spherical polar coordinates, (r, θ, ϕ),

for which the z axis (θ = 0) is chosen to be the vertical axis of rotation. We choose the direction

of this axis such that θ = 0 points down. The Lagrangian for a point particle of mass m in polar

coordinates is as given in §2.1.2, with kinetic energy K = 1
2m(ṙ2 + r2θ̇2 + r2 sin2 θ ϕ̇2). In these

coordinaes the potential energy of the mass due to the Earth’s gravitational field is similarly V = mgh
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Figure 6. The geometry of a bead of mass m free to slide along a circular wire with radius R, with

the wire rotating with angular speed ω about a vertical axis that is also one of its diameters.

where h = r(1− cos θ) is the height above the bottom of the circle. In the absence of constraints the

Lagrangian for the motion of the bead in these coordinates therefore is

L = 1
2m
(
ṙ2 + r2θ̇2 + r2 sin2 θ ϕ̇2

)
−mgr

(
1− cos θ

)
. (2.5.2)

To this must be added the constraint that the bead move along the wire, which fixes the radius

to be constant: r(t) = R for all t. The value of θ describes where the bead is on the circle and so

is an unconstrained generalized coordinate. The value of ϕ sets the plane of the circular ring. If the

circular wire rotates about the z axis with angular speed Ω then the constraints are:

r(t) = R and ϕ̇(t) = Ω , (2.5.3)

These constraints are simple enough to be explicitly solved so that r and ϕ can be eliminated as

independent degrees of freedom: r(t) = R and ϕ(t) = Ω t, where we shift the origin of ϕ so that

ϕ(0) = 0.

This leaves θ(t) as the only unconstrained degree of freedom and evaluating the Lagrangian

L(r, θ, ϕ) at the solution to the constraints allows the identification of the Lagrangian Lc(θ) =

L(R, θ,Ωt) effectively governing the evolution of θ:

Lc =
1
2mR

2
[
θ̇2 +Ω2 sin2 θ

]
−mgR

(
1− cos θ

)
. (2.5.4)

The generalized momentum for θ then becomes

pθ =
∂Lc

∂θ̇
= mR2 θ̇ , (2.5.5)

while the Euler-Lagrange equation for θ obtained by demanding
∫
dτ Lc be extremized is

θ̈ =
(
Ω2 cos θ − g

R

)
sin θ . (2.5.6)

Eq. (2.5.6) shows that the character of the motion depends strongly on the relative size of the

parameters Ω2 and g/R. Time independent solutions can only arise when the right-hand side of this

equation vanishes, and when Ω2 < g/R this only happens when θ = 0 or θ = π (see left-hand panel of

Fig. (7)). Of these only θ = 0 is a stable configuration because in this case small deviations δθ from
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(a) Ω2 < g/R (b) Ω2 > g/R

Figure 7. Plots of the right-hand side of eq. (2.5.6) in the parameter range Ω2 < g/R (left panel)

and in the parameter range Ω2 > R (right panel).

equilibrium generate accelerations θ̈ with the opposite sign (as appropriate for the restoring force in

an oscillation). For θ near π the signs of θ̈ and (θ − π) agree (indicating instability).

These physically make sense because the bead is unstable when at the top of the wire (θ = π)

but oscillates stably when displaced from the bottom of the wire (θ = 0). For small deviations |θ| ≪ 1

near θ = 0 eq. (2.5.6) approximately becomes

θ̈ =
(
Ω2 − g

R

)
θ +O(θ2) , (2.5.7)

which has the same form as a simple harmonic oscillator (see §5 for more on harmonic oscillators)

ẍ = −ω2x (2.5.8)

for which the general solution is x(t) = A cos(ωt+ b) where A and b are integration constants and ω

is revealed to be the angular velocity. Consequently (2.5.7) describes simple harmonic motion with

oscillation angular frequency ω given by

ω =

√
g

R
− Ω2 . (2.5.9)

This frequency approaches the frequency of a simple pendulum as Ω → 0 but vanishes when Ω = g/R

(indicating the onset of an instability).

For Ω2 > g/R two new things happen (see the right panel of Fig. 7). First, θ = 0 becomes an

unstable stationary point, just like θ = π. But two new stable equilibria also arise at θ = θ⋆ with

cos θ⋆ =
g

RΩ2
. (2.5.10)

Eq. (2.5.6) implies small oscillations, θ = θ⋆ + δθ, around this point are approximately described by

δθ̈ = −Ω2 sin2 θ⋆δθ +O[(δθ)2] , (2.5.11)

and so have angular frequency

ω = Ωsin θ⋆ =

√
Ω2 − g2

R2Ω2
. (2.5.12)
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When Ω ≫ g/R we have θ⋆ → π
2 and ω → Ω corresponding to oscillations about an equilibrium

with the bead at the same height as the circular wire’s centre. By contrast, the oscillation frequency

(2.5.12) vanishes when Ω → g/R from above (at which point θ⋆ → 0 and the stable minimum at θ = 0

re-emerges for Ω2 < g/R).

⋆ ⋆ ⋆

The method used in the above example explicitly solves the constraint equations to

eliminate some of the variables so that the remaining variables are all unconstrained. The

good news is that the Euler-Lagrange equations for these remaining unconstrained variables,

q̂u, have the same form – eqs. (2.2.4), or (d/dt)(∂L̂/∂ ˆ̇qu) = ∂L̂/∂q̂u – we’ve been studying all

along, provided that their Lagrangian is computed from the original Lagrangian by eliminating

the constrained variables

L̂[q̂, ˙̂q, t] = L[q(q̂, ˙̂q), q̇(q̂, ˙̂q), t] . (2.5.13)

The equations remain unchanged because eliminating the constrained variables does not

change the fact that the Lagrangian is a function of the new variables and their first deriva-

tives (with, for instance, no dependence on higher derivatives) and so satisfies the same

assumptions that led to (2.2.4).

However, as mentioned earlier, it is not always possible to formulate constraints in a way

that can be solved this explicitly, so it is useful to have another way to proceed that does not

rely on the ability to solve the constraints by brute force.

2.5.2 Method of Lagrange Multipliers

An important alternative approach to constrained problems is called the method of Lagrange

Multipliers. A variant of this technique is often used when minimizing ordinary functions, as

is briefly summarized in Appendix §A.2.

Suppose we wish to extremize an action S[q(t)] subject to a collection of Nc constraints

cα(q, q̇, t) = 0, with α = 1, . . . , Nc. As always, the idea is to trade this for a different problem

for which all extremizations can be done without constraints, but in this case to do so despite

not being able to solve the constraints explicitly. The method of Lagrange Multipliers tells

us to proceed as follows: first, one keeps all of the original variables q (i.e. temporarily ignore

the constraints). Then one adds a new dynamical variable λα(t) for each constraint. The new

variables λα(t) are called Lagrange Multiplier fields.

The main idea is this: the solution to the extremal problem for the original constrained

action is the same as the solution to the related problem of extremizing a slightly different

action:

S[q(t), λ(t)] =

∫ tf

t0

dτ
[
L(q, q̇, τ) + λαc

α(q, q̇, τ)
]
, (2.5.14)

without imposing constraints at all. Here L(q, q̇, t) is the original Lagrangian ignoring the

constraints and there is the usual implied sum over α. The point is that S is to be varied
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with respect to all of the q’s and with respect to λα. Because the action is linear in λα the

extremal equations obtained by varying them are very simple: they just impose the desired

constraints cα(q, q̇, t) = 0. The variation of the q’s now receives contributions from both S[q]

and from the cα but the arguments of Appendix §A.2 show why the result agrees with the

result found in the constrained problem.

To see how this works it is again worth examining in detailed a simple example.

Worked example: The Atwood Machine

Consider the example of an Atwood’s machine involving two masses that are connected by a taut rope

of length ℓ that is wrapped around a frictionless pulley whose axis is horizontal (so the masses are

hand suspended under the pulley) – see Fig. 8. The mass of the rope and pulley are neglected so

gravity can be regarded as acting only on the two masses and we can ignore the kinetic energy of the

rotating pulley.

Figure 8. The geometry of the Atwood machine: two masses suspended by a rope of length ℓ wrapped

around a pulley of radius R whose axis of rotation is horizontal.

In this case the masses are free to move vertically as the pulley rotates, so each has a position

variable, yi(t) with i = 1, 2, measuring its height above a reference point, which we take to be the

height of the centre of the pulley (which we can also take to be the zero of the potential energy, which

is, after all, only defined up to an additive constant). Adopting the convention that positive y means

‘down’ – as in the figure – then the potential energy for each mass is −mig yi (up to an additive

yi-independent constant), where g ≃ 9.8 m/s2 is the acceleration of gravity at the Earth’s surface.

The kinetic energy of each of the masses is similarly 1
2mi ẏ

2
i , so the total kinetic and potential

energies are

K = 1
2m1ẏ

2
1 +

1
2m2ẏ

2
2 and V = V0 −m1g y1 −m2g y2 , (2.5.15)

where V0 is an arbitrary constant. The Lagrangian for the entire system would then naively be

L = K − V and so

L = 1
2

(
m1ẏ

2
1 +m2ẏ

2
2

)
+
(
m1y1 +m2y2

)
g − V0 . (2.5.16)

This is ‘naive’ because it ignores the fact that the masses are tied together by the rope and so cannot

move independently of one another (for a taut rope). Since the rope has a fixed length ℓ the positions

of the two masses must satisfy the constraint

ℓ = y1 + y2 + πR (2.5.17)

– 49 –



where R is where the radius of the pulley. This system is simple enough that we can solve it explicitly,

first by explicitly solving the constraint and second by using the method of Lagrange multipliers.

The constraint (2.5.17) is trivial to solve: y2 = −y1 + ℓ− πR and so ẏ2 = −ẏ1. From here on in

we use these to eliminate y2 from L and we denote y1 simply by y for notational convenience. The

lagrangian (2.5.16) then becomes

L = 1
2 (m1 +m2)ẏ

2 + (m1 −m2)gy − Ṽ0 , (2.5.18)

where Ṽ0 is another constant (whose value is not needed).

With these choices the generalized momentum is

p :=
∂L

∂ẏ
= (m1 +m2)ẏ (2.5.19)

and so the Euler-Lagrange equation (2.2.4) defining the extremum becomes

dp

dt
− ∂L

∂y
= 0 or ÿ =

(
m1 −m2

m1 +m2

)
g . (2.5.20)

This agrees with the result found by applying F = ma to each mass though does so without having to

first identify the magnitude T of the tension on the rope. The masses experience constant acceleration

whose value can be much smaller than g if the two masses are close to being equal (which in practice

makes it much easier to measure the value of g more precisely).

Next solve this model using the method of Lagrange multipliers, to verify that it gives the same

solution. In this case we introduce one Lagrange multiplier field λ(t) and replace the Lagrangian

(2.5.16) with the new one:

Lnew = 1
2

(
m1ẏ

2
1 +m2ẏ

2
2

)
+
(
m1y1 +m2y2

)
g − λ

(
y1 + y2

)
, (2.5.21)

which drops the irrelevant additive constant in L. We now vary y1, y2 and λ without imposing any

constraints among them, demanding
∫
dτLnew be extremized. This leads to three conditions:

δy1 : −m1ÿ1 +m1g − λ = 0 (2.5.22a)

δy2 : −m2ÿ2 +m2g − λ = 0 (2.5.22b)

δλ : y1 + y2 = 0 . (2.5.22c)

Eqs. (2.5.22a) and (2.5.22b) provide an interpretation for λ. These equations express Newton’s

2nd Law in the vertical direction for the two blocks if λ is the tension on the rope. Writing (as before)

y1 = y and using (2.5.22c) to find y2 = −y the remaining two equations can be solved for ÿ and λ.

The ÿ expression that results is

(m1 +m2)ÿ + (m2 −m1)g = 0 (2.5.23)

in agreement with (2.5.20). The value for λ found by eliminating ÿ between (2.5.22a) and (2.5.22b)

similarly determines the rope’s tension

λ =
2m1m2g

m1 +m2
, (2.5.24)

in agreement with the standard result.
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⋆ ⋆ ⋆

Although it is good to see explicitly that new techniques agree with old ones, the Atwood

machine is such a simple system that finding its solution using Lagrangian multipliers is like

swatting flies with an anvil. The method of Lagrange multipliers really comes into its own in

situations where solutions to the constraints are not available (where it works equally well).

2.5.3 Nonholonomic Constraints

This section clarifies how it can be that some constraints are not holonomic, since these are

not just academic oddities and can arise in very simple systems. Perhaps the simplest is in

the description of a systems whose surfaces roll without slipping relative to one another.

The description of rolling without slipping involves geometrical constraints – see the

discussion in §1.5 – because the no-slip condition requires the surfaces of the two objects

instantaneously not to move relative to one another at the point of contact. This implies a

relation between the speed of motion of the centre of mass and the angular speed with which

the rolling object turns; a constraint (or constraints) linear in the generalized velocities – see

e.g. eq. (1.5.2).

In general a constraint linear in the generalized velocities has the form

fA(q) q̇
A = g(q, t) , (2.5.25)

for some coefficient functions fA(q, t) and g(q, t). At first sight this seems very much consistent

with the holonomic form c(q, t) = 0 given in (2.5.1), which when differentiated with respect

to time gives
∂c

∂qA
q̇A +

∂c

∂t
= 0 . (2.5.26)

However – as was also argued in another context in §1.4 (see the discussion below eq. (1.4.7))

– for general choices for fA and g it is not in generall true that there exists a function c

satisfying
∂c

∂qA
= fA and

∂c

∂t
= −g , (2.5.27)

because a necessary condition for this is for the following integrability conditions to be satis-

fied:
∂fA
∂qB

=
∂fB
∂qA

and
∂fA
∂t

= − ∂g

∂qA
. (2.5.28)

When (2.5.28) no longer holds then there does not exist a function c = c(q, t) of the various

generalized coordinates for which (2.5.25) is equivalent to (2.5.1).

For the constraint (1.5.2) describing the case of a cylinder rolling on a flat surface we have

v = ωR where v = ṡ and ω = θ̇ are the rates of change of linear and angular displacement

and R is the cylinder’s radius. In this case the coefficients fA and g are constants and so
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(2.5.28) holds. This means that (2.5.26) can be integrated to obtain a constraint of the form

c(q, t) = 0 that directly relates the coordinates, which by inspection is given by

c = s(t)− s0 + θ(t)R = 0 , (2.5.29)

where s0 is an arbitrary integration constant. So the constraint describing cylinders rolling

without slipping over a plane is holonomic.

The same is not true, for example, for a sphere rolling along a plane. In this case the

constraints again relate how the marble rotates as a function of where its centre of mass moves

in the plane, but with the new ingredient being that the direction of the motion is not fixed.

The freedom to roll the sphere in any direction means that there is not a unique relationship

between the position of the sphere and its angular orientation. This can be seen most simply

because the sphere can be moved in a closed path such that its centre of mass returns to its

initial position but the sphere arrives with a new angular orientation. This means there is

does not exist a function that specifies angular orientation as a function of position (as would

be possible if the constraints were holonomic).

2.6 Non-conservative Forces

Although at a fundamental level all forces do seem to be conservative it is nonetheless true

that non-conservative forces do arise at a macroscopic level and this makes it useful to extend

the least-action principle to incorporate these as well.

To this end suppose we have a point particle of mass m with position r(t) moving in the

presence of a non-conservative force F, so Newton tells us that

mr̈ = F . (2.6.1)

For this system we can ask what the variation of the time-integral,

I :=

∫
dtK(t), (2.6.2)

of the kinetic energy K = 1
2mṙ2 is, with the result

δ

∫ tf

t0

dtK[r(t)] =

∫ tf

t0

dtmṙ · δṙ =
[
mṙ · δr

]tf
t0
−
∫ tf

t0

dtmr̈ · δr . (2.6.3)

Comparing this to (2.6.1) shows that δI = −δW where

δW :=

∫ tf

t0

dt F · δr (2.6.4)

is the virtual work done by the applied force F if the particle were moved through the virtual

displacement δr. The displacement and work are called ‘virtual’ because δr here is the

deviation between two paths in the integral (as opposed to the ‘real’ work done by the force

as the particle moves along its real trajectory from r(t) to r(t+ δt)).
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2.6.1 Generalized Action Principle

We see that the way to formulate the action principle for non-conservative forces is to assert

that δI + δW = 0 where I and δW are respectively defined by (2.6.2) and (2.6.4). (Notice

that (2.6.4) defines δW rather than W itself, but this is all that is needed.)

As usual, the result is much more useful when extended to multi-particle systems and

expressed in terms of a more general set of generalized coordinates qA. In this case we write

ra(t) = ra[q(t)] where the index a on ra runs over the different particles and the index A on

the generalized coordinate qA runs over the pair {ai} where a labels the particle and i = x, y, z

labels the components of vectors. In this more general formulation varying the kinetic integral

I gives

δI =

[
∂K

∂q̇A
δqA
]tf
t0

+

∫ tf

t0

dt

[
− d

dt

(
∂K

∂q̇A

)
+
∂K

∂qA

]
δqA (2.6.5)

and using δra = (∂ra/∂q
A) δqA implies

δW =

∫ tf

t0

dtFA δq
A (2.6.6)

where as usual there is an implied sum over the index A and the generalized force is defined

by

FA :=
∑
a

Fa · δra =
∑
a

Fa ·
∂ra
∂qA

. (2.6.7)

Combining these extensions to more particles and more general coordinates implies that

the action principle δI + δW = 0 subject to the conditions δqA(t0) = δqA(tf ) = 0 gives the

following generalized equations of motion in the non-conservative case

d

dt

(
∂K

∂q̇A

)
=
∂K

∂qA
+ FA . (2.6.8)

It is important to recognize that the generalized force components FA are not simply the

components of the applied force written in curvilinear coordinates. For example for motion

in a plane described by polar coordinates x = r cos θ and y = r sin θ the kinetic energy of a

particle would be K = 1
2m(ẋ2 + ẏ2) = 1

2m(ṙ2 + r2θ̇2) and so (2.6.8) specializes to the two

equations

d

dt

(
mṙ
)
= mrθ̇2 + Fr (2.6.9a)

d

dt

(
mr2θ̇

)
= Fθ . (2.6.9b)

In this case the left-hand side of (2.6.9b) gives the rate of change of the component of angular

momentum perpendicular to the plane of motion and so Fθ is the net torque on the particle

in this direction due to the applied forces, τ = r × F (as opposed to the component of F in

the eθ direction).

– 53 –



As mentioned earlier for general non-conservative Fa (and so general nonconservative

FA) there need not exist a quantity W [q(t)] whose variation gives the above expression for

δW . But sometimes there is, most notably in the special case when the applied forces are

conservative, and so Fa = −∇aV for some potential energy V = V (r1, . . . , rN). In this case

we have

δW =
∑
a

Fa · δra = −
∑
a

∇aV

(
∂ra
∂qA

)
δqA = − ∂V

∂qA
δqA (2.6.10)

which implies both FA = −∂V/∂qA and δW = −δV . Consequently the equations of motion

(2.6.8) reduce to
d

dt

(
∂K

∂q̇A

)
=
∂K

∂qA
− ∂V

∂qA
, (2.6.11)

in agreement with the Euler-Lagrange equations (2.2.4) if L = K − V (because ∂V/∂q̇A = 0

ensures ∂L/∂q̇A = ∂K/∂q̇A).

But (2.2.4) can also sometimes apply even if the applied forces are not conservative. In

particular, if it is true that

FA = − ∂V

∂qA
+

d

dt

(
∂V

∂q̇A

)
(2.6.12)

for some function V (q, q̇) of both position and velocity then it is still true that (2.6.8) is

equivalent to (2.2.4) once we make the identification L = K − V . This is not just an empty

loophole, as the following important example makes explicit.

2.6.2 Charged Particles in Electromagnetic Fields

Consider a collection of particles with positions ra(t), masses ma and electric charges qa

moving in the presence of electric and magnetic fields E and B. In this case the forces

experienced by the particles due to the electromagnetic fields are given by

Fa = qa

(
E+ ṙa ×B

)
(2.6.13)

where there is no sum here over the particle label a. We wish to show that this force is a

particular example of (2.6.12) for which Fa is not simply the gradient of a potential but the

equations of motion can still be written in Euler-Lagrange form (2.2.4) for some choice of

Lagrangian L.

To this end it is useful to write the electric and magnetic fields in terms of the electrostatic

potential Φ and the vector potential A, with

E = −∇Φ− ∂A

∂t
and B = ∇×A , (2.6.14)

but we do not assume Φ or A to be independent of time. For future purposes recall that

(2.6.14) does not uniquely define the potentials Φ and A because the electric and magnetic

fields remain unchanged if the potentials are changed by a gauge transformation

A → A+∇χ and Φ → Φ− ∂tχ , (2.6.15)
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for an arbitrary function χ.

Consider the following function defined at the position of the various charged particles:

V :=
∑
a

qa

{
Φ[ra(t), t]− ṙa ·A[ra(t), t]

}
. (2.6.16)

This function satisfies

∂V

∂xa
= qa

[
∂Φ

∂xa
− ẋa

∂Ax
∂xa

− ẏa
∂Ay
∂xa

− ża
∂Az
∂xa

]
, (2.6.17)

and similarly for ∂V/∂ya and ∂V/∂za. It also satisfies

∂V

∂ẋa
= −qaAx ,

∂V

∂ẏa
= −qaAy and

∂V

∂ża
= −qaAz , (2.6.18)

where in all of these partial derivatives t is held fixed. The last equations also imply

d

dt

(
∂V

∂ẋa

)
= −qa

dAx
dt

,
d

dt

(
∂V

∂ẏa

)
= −qa

dAy
dt

and
d

dt

(
∂V

∂ża

)
= −qa

dAz
dt

, (2.6.19)

where A[ra(t), t] has both explicit time dependence and implicit time-dependence through its

dependence on the positions of the (possibly moving) particles ra(t), so

dA[ra, t]

dt
=
∂A

∂t
+ ẋa

∂A

∂xa
+ ẏa

∂A

∂ya
+ ża

∂A

∂za
. (2.6.20)

Combining the above expressions shows that

− ∂V

∂xa
+

d

dt

(
∂V

∂ẋa

)
= −qa

[
∂Φ

∂xa
− ẋa

∂Ax
∂xa

− ẏa
∂Ay
∂xa

− ża
∂Az
∂xa

]
−qa

[
∂Ax
∂t

+ ẋa
∂Ax
∂xa

+ ẏa
∂Ax
∂ya

+ ża
∂Ax
∂za

]
(2.6.21)

= qa

[
−
(
∂Φ

∂xa
+
∂Ax
∂t

)
+ ẏa

(
∂Ay
∂xa

− ∂Ax
∂ya

)
+ ża

(
∂Az
∂xa

− ∂Ax
∂za

)]
= qa

[
Ex + ẏaBz − żaBy

]
r=ra

which is just the x component of the force law (2.6.13) once (2.6.14) is used. Repeating

this exercise for the y and z components verifies that the motion of a charged particle in an

electromagnetic field provides an example of a nonconservative velocity-dependent force for

which (2.6.12) applies and so the equations of motion can be described by a Lagrangian.

We see in this way that the Lagrangian describing a collection of charged particles inter-

acting with electromagnetic fields is:

L = K − V =
∑
a

[
1
2maṙ

2 + qa

(
−Φ+ ṙa ·A

)]
, (2.6.22)
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where for each term of the sum the fields are evaluated at the positions of the corresponding

particle. Notice that the electromagnetic fields introduce a linear dependence on ṙa and as a

result the expression for the generalized momenta in this type of system become modified:

pa :=
∂L

∂ṙa
= maṙa + qaA(ra, t) . (2.6.23)

Notice that (2.6.23) is not invariant under the gauge transformation (2.6.15) and so is not in

itself physical, though the velocity ṙa is.

The conserved energy in this case is similarly

E =
∑
a

ṙa ·
∂L

∂ṙa
− L =

∑
a

(
1
2maṙ

2 + qaΦ
)
, (2.6.24)

and so is independent of A. Although E is also not gauge invariant the integral
∫
dtE is

because under (2.6.15) E shifts by a total time derivative.

Worked example: Charged particle in a constant magnetic field

Consider the case of a charged particle with mass m and charge q moving in a constant magnetic field

B and vanishing electric field E = 0. For this type of field we can choose

Φ = 0 and A = 1
2 B× r . (2.6.25)

It is convenient to work with cylindrical polar coordinates {ρ, φ, z} which is obtained from Carte-

sian coordinates {x, y, z} using

x = ρ cosφ and y = ρ sinφ , (2.6.26)

and so the kinetic energy becomes

K = 1
2m
(
ẋ2 + ẏ2 + ż2

)
= 1

2m
(
ρ̇2 + ρ2φ̇2 + ż2

)
. (2.6.27)

In this basis the vector potential has components

A = Aρ eρ +Aφ eφ +Az ez , (2.6.28)

where eρ = ex cosφ+ ey sinφ and eφ = −ex sinφ+ ey cosφ and its curl is given by

∇×A =

(
1

ρ

∂Az
∂φ

− ∂Aφ
∂z

)
eρ +

(
∂Aρ
∂z

− ∂Az
∂ρ

)
eφ +

1

ρ

(
∂(ρAφ)

∂ρ
− ∂Aρ

∂φ

)
ez . (2.6.29)

In particular the choice A = 1
2B× r corresponds to

Aρ = Az = 0 and Aφ = 1
2Bρ , (2.6.30)

since when this is used in (2.6.29) it gives B = ∇×A = B ez.

The Lagrangian for the charged particle obtained for the charged particle from (2.6.22) then is

L = 1
2m
(
ρ̇2 + ρ2φ̇2 + ż2

)
+ 1

2qBρ
2φ̇ . (2.6.31)
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Because z and φ only appear in L differentiated they are both ignorable coordinates and so their

equations of motion state that their generalized momenta are constants. For motion parallel to the

magnetic field this states

ṗz =
d

dt

(
∂L

∂ż

)
= mz̈ = 0 (2.6.32)

and so the particle does not accelerate in this direction and so simply remembers its initial conditions:

z(t) = z0 + ż0(t− t0).

For motion in the φ direction the equations of motion state

ṗφ =
d

dt

(
∂L

∂φ̇

)
=

d

dt

(
mρ2φ̇+ 1

2qBρ
2
)
= 0 , (2.6.33)

and so even though the angular momentum in the direction of the magnetic field, mρ2φ̇, is not constant

there still is a conserved quantity (2.6.33). Integrating we find

ρ2
(
mφ̇+ 1

2qB
)
= J . (2.6.34)

The radial equation is ṗρ = ∂L/∂ρ where pρ = ∂L/∂ρ̇ = mρ̇, and so

mρ̈ = mρφ̇2 + qBρφ̇ . (2.6.35)

The radial equation shows that ρ can be a constant for all times but only if the angular speed

satisfies

φ̇ = −qB
m

(constant ρ) , (2.6.36)

whose magnitude ωc = |qB/m| is known as the cyclotron frequency. For this choice the integration

constant J is given by

J = Jc = − 1
2qBρ

2 (constant ρ) . (2.6.37)

In general the motion of ρ is found by eliminating φ̇ using (2.6.34), which allows the radial

equation to be written

mρ̈ = ρφ̇(mφ̇+ qB) =
ρ

m

(
J

ρ2
− 1

2qB

)(
J

ρ2
+ 1

2qB

)
. (2.6.38)

Multiplying this through by ρ̇ allows it to be expressed as a conservation law, dE/dt = 0, where

E = 1
2mρ̇

2 + Veff(ρ) with Veff(ρ) :=
1

2m

(
J2

ρ2
+ 1

4q
2B2ρ2

)
. (2.6.39)

For any finite energy E the motion is restricted to a limited range of r because the potential Veff(ρ)

– see Fig. 9 – climbs to infinity both as ρ → 0 and as ρ → ∞. The potential has a minimum when

ρ2 = ρ2min := |2J/qB|, at which point

Veff(ρmin) =
q2B2ρ2min

4m
=

∣∣∣∣qBJ2m

∣∣∣∣ . (2.6.40)

The energy is bounded below by this value and describes circular orbits with ρ̇ = 0 when E =

Veff(ρmin). For larger values of energy the radius is not zero but it oscillates around the circular value

between the two turning points, ρ±, defined by the condition Veff(ρ±) = E.
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Figure 9. Sketch of the effective potential appearing in (2.6.39) governing the radial motion of a

charged particle in a constant magnetic field.

Part of what makes the description of this motion complicated is that we have not yet made any

particular choice about where the origin of polar coordinates should be. For a constant magnetic field

there is no preferred origin of coordinates within the x-y plane and so we are always free to choose

our coordinates in a convenient way. In particular, we can always choose the origin of coordinates so

that the initial radial velocity is zero ρ̇(t0) = 0. Having done so we are also always free to move the

origin closer to or further from the particle’s initial position and thereby can adjust ρ(t0) to take any

value we like.

A particularly convenient choice is to choose the initial radius to be ρ0 = ρ(t0) = ρmin, in which

case J/ρ20 = 1
2qB. The sign of φ̇0 and J can also be changed by placing the origin the same distance

away from the initial position but on the other side of the object and so it is always possible to arrange

the initial conditions so that J/ρ20 = − 1
2qB and so φ̇0 = −qB/m. But these choices then ensure that

ρ̇ = 0 for all time (compare with (2.6.36)). This conclusion is also clear because the choice ρ0 = ρmin

guarantees E = Veff(ρ0) and V ′
eff(ρ0) = 0 and so conservation of E and expression (2.6.39) imply ρ̇

must vanish.

With the convenient choice of origin we learn both ρ̇ = 0 while ż and φ̇ = −qB/m are constants

for all t: the particle moves along a circle (if ż = 0) or along a helix (if ż ̸= 0). The radius of the

circle (or helix) is an initial condition and corresponds to the initial choice of linear velocity since

v0 = |ρ0φ̇0| = ωcρ0. The apparently more complicated behaviour of ρ for other choices of coordinates

are simply the more complicated description of uniform circular motion to be expected if one doesn’t

choose coordinates whose origin lies at the circle’s centre.

⋆ ⋆ ⋆

3 Noninertial Reference Frames

We normally work in an inertial frame when analyzing a system’s motion because inertial

frames are the only ones for which Newton’s second law is true. But nobody can stop you

from translating the results found in an inertial frame over to another non-inertial one, and
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there can be circumstances where this is genuinely useful to do (such as in our discussion of

polar coordinates in §1.2.1). Prominent among these are situations where we wish to describe

circumstances using coordinates adapted to observers located on the surface of the Earth,

because the Earth rotates about its axis and also orbits the Sun (which in turn orbits other

things).

The following sections consider in turn two possible sources of non-inertial reference

frame: (i) when the origin of coordinates moves with varying speed relative to an inertial

frame, or (ii) when the basis vectors ei rotate in a time-dependent way (for fixed origin). For

now we do not combine both at once, but this is done later on in §4.

3.1 Accelerated reference frames

Consider first the situation where the origin of coordinates for a reference frame Õ is displaced

relative to an inertial reference frame O by a time-dependent vector a(t) (see Fig. 5) but

without changing the orientation of the basis vectors ei. In this case vector addition shows

that the position r(t) and r̃(t) of a particle relative to these two reference frames are related

by

r(t) = r̃(t) + a(t) . (3.1.1)

We know that in the inertial frame Newton’s laws state that

mr̈ = F (3.1.2)

where F is the net force applied to the particle. This implies r̃ satisifies

m¨̃r = F−mä , (3.1.3)

showing how the acceleration of reference frame appears as a fictitious force Ffic = −mä,

when written on the right-hand side of the equations of motion.

How does one determine whether any particular force appearing in Newton’s laws is

fictitious in this way? A smoking gun that is useful to keep track of is the proportionality of

the force to m. This is generic for any fictitious force because it is being designed to produce

a specific acceleration: the acceleration that defines the non-inertial frame.

As mentioned above, we know in practice that we cannot be in an inertial frame when

sitting on the surface of the Earth because of the Earth’s rotation, its orbit around the Sun,

the Sun’s orbit within the galaxy and so on. So why do Newton’s laws seem to apply so well

in practice in everyday experience?

To answer this we can estimate the size of each source of fictitious acceleration we should

be experiencing (and can compare them to the acceleration of gravity, g = |g| ≃ 9.8 m/s2 as

a useful benchmark. To do so we use the useful formula from elementary physics courses for

the centripetal acceleration ac = v2/r = Ω2r of an object moving in a circular orbit of radius

r when moving with speed v (or angular speed Ω = v/r).
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� Earth’s rotation: Taking the Earth’s rotation period to be 1 sidereal day (around

86,000 seconds) implies Ωrot ≃ 7.9 × 10−5/s so using the mean radius of the Earth of

around R⊕ ≃ 6400 km implies ac ≃ 0.03 m/s2. Consequently ac/g ≃ 3× 10−3.

� Earth’s orbit around the Sun: Taking the orbital period to be 1 sidereal year

(3.1556× 107 seconds) implies Ωorb ≃ 1.99× 10−7/s and using the radius of the orbit is

RES = 1 AU= 1.4960× 108 km gives ac ≃ 0.0059 m/s2 and so ac/g ≃ 6× 10−4.

These estimates show that two things help make Newton’s laws work well in practice, even

for physicists trapped on the surface of the Earth. First, the fictitious accelerations implied

by the Earth’s motion are very small. The largest (due to the Earth’s rotation - more about

which below) is a correction that contributes less than a percent of the acceleration due to

gravity. The fictitious acceleration due to the Earth’s motion about the Sun is in principle

only a bit smaller.

The second reason is specific to motion due to gravity, and so is relevant to the Earth’s

orbit around the Sun but not to the Earth’s rotation. It arises because approximately con-

stant gravitational fields only affect how the centre of mass of a group of objects moves and

completely drops out of Newton’s Laws for their relative motion (along the lines seen in

§1.2.1 – see the discussion following eq. (1.2.8)). From this perspective it is only tidal forces –

i.e. the change in e.g. the Sun’s gravitational field across the Earth – that matter in practice

for describing the motion of objects on the Earth’s surface, but these are suppressed by an

additional factor of R⊕/RES ≃ 4× 10−5 relative to the orbital accelerations described above.

3.1.1 Principle of Equivalence

The force of gravity itself, Fg = mg, is also proportional to m: should this also be regarded

as a fictitious force?

The first reaction to this question is to answer ‘yes’. We sit on the surface of the Earth

and the Earth is both rotating about its axis once a day and travelling in an orbit around

the Sun, which itself follows an orbit inside our local galaxy. We certainly do not move at

constant velocity and so we cannot be in an inertial reference frame. We should expect to be

seeing fictitious forces.

The second reaction to this question is to answer ‘no’. We can – and will, in §3.3 –

compute the fictitious forces associated with the Earth’s rotation and will argue why these

are likely to be the largest non-inertial effects. Although fictitious forces exist they do not

have the property of universally pointing down, and so are not responsible for the force Fg.

The third reaction to this question is to answer ‘yes’ again. Although it goes beyond the

scope of these notes to show in detail, the synthesis of relativity with gravity contained in

General Relativity shows how gravitational fields are described by the curvature of space and

time and freely falling trajectories provide the analogs of locally inertial frames. These frames

are described by geodesics in the curved geometry of spacetime. On the Earth’s surface we
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are not freely falling because the Earth itself stops us from following gravity’s urgings to fall

towards its centre and this provides another reason why our reference frame is not inertial.

(A bit more about this point of view is given in §6.2.2 below.)

From this point of view we would not be inertially moving even if the Earth were not

rotating or moving at all. In the end the force Fg can be regarded as a fictional force, due

to the non-inertial motion implied by being held at rest at the Earth’s surface and thereby

being kept from freely falling. This situation is described by Einstein’s ‘elevator’ thought

experiment meant to emphasize the ‘principle of equivalence’: the behaviour of bodies on

the Earth’s surface in the presence of the gravitational force Fg = mg is identical to what

would be seen inside a windowless elevator in empty space (without the Earth) that is pulled

upward with an acceleration ä = −g (c.f. eq. (3.1.3)).

Sometimes this thought experiment is taken to mean that there is a sense in which gravity

really is not a force at all, but this is very misleading. It is true that the effects of a constant

gravitational field g can be mimicked by accelerating one’s reference frame by a constant

acceleration ä = −g. But the gravitational field outside of the Earth is not a constant - in

reality it is given by a radially pointing inverse-square law: F = −(GMm/r2) er, and so for

a spherical Earth it points at the Earth’s centre. This means it points in slightly different

directions at different points above the Earth’s surface. It is this differential change in the

gravitational field – what are called ‘tidal forces’ – that are not fictious forces, and so are

described by the gravitational field.

3.2 Rotating Reference Frames

This section describes the rotating non-inertial reference frames that are the most practical

use for observers riding a rotating celestial orb. A first step in this direction was already

done when discussing rotation symmetries in §1.6 and §2.3.4 in which it was shown that an

infinitesimal rotation Rij = δij + Θij defines a vector Θ through the relation Θij = ϵijkΘk

(where ϵijk is the Levi-Civita symbol, some of whose properties are described in §A.3.1).

In matrix form – see (2.3.20) – this says 0 Θxy Θxz

Θyx 0 Θyz

Θzx Θzy 0

 =

 0 Θz −Θy

−Θz 0 Θx

Θy −Θx 0

 . (3.2.1)

Some physical intuition can be developed by comparing this to the rotation matrices describ-

ing e.g. rotations through an angle δθ about the x-axis:

Rx =

1 0 0

0 cos(δθ) sin(δθ)

0 − sin(δθ) cos(δθ)

 ≃ I +

0 0 0

0 0 δθ

0 −δθ 0

+O
[
(δθ)2

]
, (3.2.2)
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which agrees with Rij = δij + Θij+(higher order) and (3.2.1) for the special case Θx = δθ

and Θy = Θz = 0. Nonzero Θy and Θz are similarly related to infinitesimal rotations about

the y and z axes.

More generally, any infinitesimal rotation is defined by a rotation axis (which specifies a

direction n, for some unit vector n) and an infinitesimal rotation angle Θ and these together

are the information incorporated in the vector Θ = Θn. We here adopt the right-hand rule

for which the vector n points along the thumb if the fingers of the right hand are moved in

the direction of the rotation. As shown in detail in §2.3.4 such a rotation transforms a specific

vector V to V + δV where

δV = Θ×V . (3.2.3)

This is particularly clear for the position vector itself, r, measured from an origin of

coordinates chosen to lie on the rotation axis. In this case δr = Θ×r has the right magnitude

(δr = Θ r sin θ, where θ is the angle between Θ and r) and (using the right-hand rule for the

cross product) points in the correct direction (perpendicular to both r and Θ), as shown in

Fig. 10. But it is equally true for any vector, as its derivation in §2.3.4 makes clear.

Figure 10. The geometry of the rotation of a vector r about an angle and axis defined by the rotation

vector Θ.

If the above infinitesimal rotation occurs over a small time δt and the infinitesimal rotation

is written Θ = δθ to emphasize its small size then the limit Ω = limδt→0(δθ/δt) defines

the instantaneous angular speed of the rotation and Ω = limδt→0(Θ/δt) is the rotation’s

instantaneous angular velocity, with Ω = |Ω|. If the vector V already has an intrinsic time

dependence, which we denote by partial derivatives ∂V/∂t, then the addition of the time-

dependence due to the rotation implies its total rate of change is

dV

dt
=
∂V

∂t
+Ω×V . (3.2.4)

In particular, a vector satisfies

dV

dt
= Ω×V (pure rotation) . (3.2.5)
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if and only if the vector V has no intrinsic time dependence in a rotating reference frame

with angular velocity Ω.

Worked example: Charged particle in a constant magnetic field (again)

As a simple example of the above discussion consider a charged particle of mass m and charge q that

is free to move in a region containing a constant magnetic field B (see also the worked example below

(2.6.23)).

The Lorentz force acting on such a particle is given by F = qv ×B, where v(t) is the particle’s

instantaneous velocity. Newton’s second law is to be solved for the particle’s motion, and for the

Lorentz force this gives

m
dv

dt
= qv ×B . (3.2.6)

This can be immediately solved because it has precisely the form (3.2.5) for the special case where

Ω = −qB
m

. (3.2.7)

This implies that v must be a constant if written in a rotating reference frame whose angular velocity

is given by (3.2.7). The motion therefore consists of helical motion about an axis parallel to the applied

field B with angular frequency ωc = qB/m, precisely as was found previously (see the worked example

below (2.6.23)).
⋆ ⋆ ⋆

3.3 Motion at the Earth’s Surface

Consider now the motion of an object O that moves near the Earths’ surface and whose

position vector relative to the Earth’s centre is r. We wish to compare how this motion

appears to two observers; one of which is inertial and the other of which rotates with the

Earth’s rotation. Because we wish only to follow the effects of rotation (as opposed to the

translational motion described in §3.1 above) we imagine both observers to define their origins

of coordinates at the Earth’s centre.8

Because O is carried along by the Earth’s rotation its velocity dr/dt satisfies (3.2.4):

v :=
dr

dt
=
∂r

∂t
+Ω× r , (3.3.1)

where ∂r/∂t describes any time-dependence of the object’s position due to other causes besides

the rotation of the Earth. To identify the fictitious forces due to Earth’s rotation seen by an

observer with coordinates adapted to the Earth’s surface we differentiate (3.3.1), assuming

the Earth’s angular velocity Ω is time-independent. This gives

dv

dt
=

∂

∂t

(
dr

dt

)
+Ω× dr

dt
=
∂2r

∂t2
+ 2Ω× ∂r

∂t
+Ω×

(
Ω× r

)
, (3.3.2)

in which the second equality uses (3.3.1) again. The final result is also what is obtained if we

apply (3.2.4) directly to v.

8We return to simultaneous combinations of translational and rotational motion in §4.
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Suppose the particle situated at O moves subject to gravity, Fg = mg, and some other

mechanical force F. In the inertial frame at the centre of the Earth Newton’s Law states

m
dv

dt
= F+mg , (3.3.3)

and so using (3.3.2) in this implies the motion as seen by an observer using coordinates

adapted to rotate with the Earth has an apparent acceleration

∂2r

∂t2
=

F

m
+ g −Ω×

(
Ω× r

)
− 2Ω× ∂r

∂t
. (3.3.4)

This reveals two Ω-dependent fictitious forces due to the Earth’s rotation. The one

quadratic in Ω and depending on particle position r is called the centrifugal force while the

one linear in Ω and proportional to the apparent particle velicity ∂r/∂t is called the Coriolis

force.

Numerically, the Earth’s angular speed is 2π radians per sidereal day (86,164 seconds),

and so Ω = 7.292 × 10−5/s. Neglecting deviations from spherical shape the Earth’s mean

radius is R⊕ = 6, 371 km and so the relative size of the mass-independent accelerations in

(3.3.4) are

g = 9.807 m/s2 , Ω2R⊕ = 0.03388 m/s2 , Ωv = 7.292×10−5 m/s2
(

v

1 m/s

)
. (3.3.5)

Centrifugal and Coriolis effects are clearly subdominant to g, but can be important in some

circumstances.

3.3.1 Centrifugal force

The centrifugal force can be rewritten using the vector identity (A.3.14) to give

−Ω×
(
Ω× r

)
= Ω2r− (Ω · r)Ω = Ω2r(er − ez cos θ)

= Ω2r sin θ(cosϕ ex + sinϕ ey) (3.3.6)

= Ω2r sin θ(sin θ er + cos θ eθ) ,

where we write Ω = Ω ez where ez points up the positive z axis towards the North Pole in

coordinates with origin at the Earth’s centre and the equator in the x-y plane. It is also

convenient to use spherical polar coordinates, {r, θ, ϕ} in this frame, with basis unit vectors

given explicitly as in (1.2.13), (1.2.14) and (1.2.15). In terms of these the particle at O is given

by r = r er so the angle ϕ describes the particle’s longitude and θ describes its co-latitude

(θ = 90o − ℓ, if ℓ is the latitude). Eq. (3.3.6) then follows, and shows the centrifugal force is

perpendicular to the axis of rotation and directed radially away from the axis.
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Worked example: Plumb bobs and the local vertical

A simple implication of the fictitious centrifugal force on Earth is its role in causing a mass suspended

from a rope to not point precisely in a vertical direction. For a static mass rotating with the Earth

eq. (3.3.4) predicts the force of the rope acting on the mass must balance the sum of the gravitational

and centrifugal forces: F = −m[g −Ω× (Ω× r)].

Using spherical polar coordinates described above we have g = −g er, while Ω = Ω ez and

r = R⊕ er. The rope hangs in the direction −F and so is proportional to the ‘effective’ gravitational

acceleration:

geff := g +Ω2r− (Ω · r)Ω = (−g +Ω2R⊕ sin2 θ) er +Ω2R⊕ sin θ cos θ eθ , (3.3.7)

which uses (3.3.6) to simplify the right-hand side. This shows geff has both vertical and horizontal

components (respectively defined as pointed towards the Earth’s centre and tangent to its surface in

a Southerly direction) of size

gv := −geff · er = g − Ω2R⊕ sin2 θ and gh := geff · eθ = Ω2R⊕ sin θ cos θ . (3.3.8)

The rope therefore hangs at an angle ξ from the vertical, towards the south by an angle

ξ ≃ tan ξ =
gh
gv

=
Ω2R⊕ sin θ cos θ

g − Ω2R⊕ sin2 θ
≃ Ω2R⊕

g
sin θ cos θ . (3.3.9)

This vanishes at the North and South Poles and at the equator, and is at its largest at 45o latitude,

where it is 0.002 radians (or about 7 minutes of arc). Since ξ changes sign once θ > π
2 the rope hangs

a bit to the south of vertical in the northern hemisphere and a bit north of the vertical in the southern

hemisphere.

The total magnitude of the apparent acceleration of gravity is

geff =

√
g2 − (2g − Ω2R⊕)Ω2R⊕ sin2 θ ≃ g − Ω2R⊕ sin2 θ +O[(Ω2R⊕)

2/g] , (3.3.10)

and so in particular geff = g at the North and South poles but geff ≃ g − Ω2R⊕ at the equator. This

implies a difference of about 3.4 cm/s2 between the pole and the equator (in the idealization of a

perfectly spherical Earth). In reality the Earth is slightly oblate and bulges out at the equator, which

amplifies the difference of geff between poles and equator to more like 5.2 cm/s2.

⋆ ⋆ ⋆

3.3.2 Coriolis force

The Coriolis force is only relevant for moving objects due to the explicit factor of ∂r/∂t in

its definition. To explore its implications we revisit the hanging plumb bob, but now allow it

to oscillate about its equilibrium position.

Worked example: Foucault’s pendulum

Suppose we take the plumb bob described above and displace it from its equilibrium position and let

it oscillate. In that case the motion is described by (3.3.4)

∂2r

∂t2
=

F

m
+ g −Ω×

(
Ω× r

)
− 2Ω× ∂r

∂t
, (3.3.11)
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where the tension F acts to keep the motion in an arc of radius L (the pendulum’s length) in a vertical

plane. The pendulum’s equilibrium position satisfies

F

m
+ g −Ω×

(
Ω× r0

)
= 0 , (3.3.12)

and for small deviations from equilibrium the motion of a long-enough pendulum is parallel to the

Earth’s surface to good approximation, with restoring force

F

m
+ g −Ω×

(
Ω× r

)
≃ −ω2(r− r0) , (3.3.13)

where standard arguments show why ω2 ≃ g/L (see for instance the arguments leading to (2.5.9) for

the bead on a rotating wire, in the limit where the wire’s rotation goes to zero).

Defining s := r− r0 ≃ x(t) eϕ + y(t) eθ, eq. (3.3.11) becomes

∂2s

∂t2
≃ −ω2s− 2Ω× ∂s

∂t
. (3.3.14)

When evaluating Ω× ∂s/∂t we use

ez × er = eϕ sin θ , ez × eθ = eϕ cos θ and ez × eϕ = −(er sin θ + eθ cos θ) (3.3.15)

and so when ∂s/∂t = (∂x/∂t) eϕ + (∂y/∂t) eθ we have

−2Ω× ∂s

∂t
= 2Ω

[
∂x

∂t

(
sin θ0 er + cos θ0 eθ

)
− ∂y

∂t
cos θ0 eϕ

]
. (3.3.16)

The vertical part of this just changes the value of the tension on the supporting pendulum string and

so can be ignored for the present purposes.

The remaining two equations in the horizontal (i.e. eθ and eϕ) directions are

∂2x

∂t2
≃ −ω2x− 2Ω cos θ0

∂y

∂t
(3.3.17a)

∂2y

∂t2
≃ −ω2y + 2Ωcos θ0

∂x

∂t
. (3.3.17b)

To solve this write z = x+ iy so that (3.3.17a)+i (3.3.17b) implies

∂2z

∂t2
≃ −ω2z+ 2iΩcos θ0

∂z

∂t
. (3.3.18)

This has as solution z = C+ e
iϖ+t+C− e

iϖ−t where C± are integration constants and both ϖ± satisfy

ϖ2 − ω2 + 2iϖΩcos θ0 = 0 and so

ϖ± = Ωcos θ0 ±
√
ω2 +Ω2 cos2 θ0 ≃ ±ω +Ωcos θ0 +O(Ω2/ω) , (3.3.19)

where the approximate equality assumes ω ≫ Ω (as is the case for most pendula). Therefore z =

(C+ e
iωt + C− e

−iωt)eiΩt cos θ0 and so choosing t = 0 to correspond to x(0) = y(0) = 0 implies z(0) =

C+ + C− = 0, so z(t) = CeiΩt cos θ0 sin(ωt), where C is real if the initial velocity is in the ‘x’ or eϕ
direction and is imaginary if the initial velocity is in the ‘y’ or eθ direction.

For real C we have

x(t) = 2C cos(Ωt cos θ0) sin(ωt) and y(t) = 2C sin(Ωt cos θ0) sin(ωt) . (3.3.20)
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When ω ≫ Ω this describes rapid oscillations with frequency ω along a line that is initially in the x

or eϕ (East-West) direction but slowly rotates with frequency Ω cos θ0: the famous Foucault rotation

due to the Earth’s rotation.

⋆ ⋆ ⋆

3.3.3 Free fall near the Earth’s surface

Consider next a projectile that moves under the influence only of gravity, and so in the frame

rotating with the Earth satisfies (3.3.4) in the form

∂2r

∂t2
= g −Ω×

(
Ω× r

)
− 2Ω× ∂r

∂t
. (3.3.21)

In the absence of fictitious forces this would have experienced only the acceleration of gravity

and so move along the parabolic trajectory

r(t) = r0 + v0(t− t0) +
1
2 g(t− t0)

2 (no fictitious forces) . (3.3.22)

How does this trajectory change due to the fictitious centrifugal and Coriolis forces?

A good approximation to the answer can be found if we recognize that the fictitious

forces are small so the solution to (3.3.21) does not differ too much from (3.3.22). The means

that we can to good approximation on the right-hand side replace r with r0 ≃ R⊕ er in the

centrifugal force and replace ∂r/∂t with v0+g(t− t0) = v0−g(t− t0) er in the Coriolis force.

With these choices (3.3.21) becomes

∂2r

∂t2
≃ geff − 2Ω× v0 − 2Ω× g(t− t0) , (3.3.23)

where

geff = g −Ω×
(
Ω× r0

)
= (−g +Ω2R⊕ sin2 θ0) er +Ω2R⊕ sin θ0 cos θ0 eθ , (3.3.24)

and

−Ω× g = gΩ ez × er = gΩ sin θ0 eϕ . (3.3.25)

Integrating (and assuming the motion changes the elevation negligibly relative to the

Earth’s radius and the latitude and longitude do not change appreciably) then gives

∂r

∂t
≃ v0 +

[
geff − 2Ω× v0

]
(t− t0)−Ω× g(t− t0)

2 (3.3.26)

and

r ≃ r0 + v0(t− t0) +
1
2

[
geff − 2Ω× v0

]
(t− t0)

2 − 1
3Ω× g(t− t0)

3 . (3.3.27)
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Worked example: Particle dropped from rest

Consider for example the special case of a particle dropped from rest at a height h ≪ R⊕ above the

Earth’s surface, so v0 = 0 and r0 = (R⊕ + h)er. In this case (3.3.26) and (3.3.27) become

∂r

∂t
≃ geff(t− t0)−Ω× g(t− t0)

2

= (−g +Ω2R⊕ sin2 θ0)(t− t0) er +Ω2R⊕(t− t0) sin θ0 cos θ0 eθ (3.3.28)

+gΩ(t− t0)
2 sin θ0 eϕ

and

r ≃ r0 +
1
2geff(t− t0)

2 − 1
3Ω× g(t− t0)

3

=
[
R⊙ + h+ 1

2

(
−g +Ω2R⊕ sin2 θ0

)
(t− t0)

2
]
er +

1
2Ω

2R⊕(t− t0)
2 sin θ0 cos θ0 eθ

+ 1
3gΩ(t− t0)

3 sin θ0 eϕ . (3.3.29)

These show that an object dropped from rest does not land immediately below the dropping

point. The centrifugal force also pushes the object in the North-South plane and the Coriolis force

pushes it in the East-West plane since eθ points south and eϕ points east. Given that the time taken

to fall through the distance h is to a good approximation given by

t− t0 =

√
2h

g − Ω2R⊕ sin2 θ0
≃

√
2h

g
(3.3.30)

the distance from the landing point to the point vertically under the drop point is

dNS

h
≃ Ω2R⊕

g
sin θ0 cos θ0 (south) and

dEW

h
≃ 2Ω

3

√
2h

g
(east). (3.3.31)

Because cos θ0 changes sign by passing through zero at the equator we see that centrifugal force

pushes the object towards the south in the northern hemisphere and towards the north in the southern

hemisphere. By contrast, the Coriolis force pushes the object towards the east in both hemispheres.

⋆ ⋆ ⋆

When the initial velocity is not negligible v0 = vr0 r+ vθ0 eθ + vϕ0 eϕ and so

−Ω× v0 = Ω
[
vϕ0 sin θ er + vϕ0 cos θ eθ − (vr0 sin θ + vθ0 cos θ)eϕ

]
(3.3.32)

which shows that intial motion in the East-West direction gets deflected into the North-South-

vertical plane while motion in the North-South and vertical directions get deflected into the

East-West plane. In this case eqs. (3.3.26) and (3.3.27) become

∂r

∂t
≃ v0 +

[
geff − 2Ω× v0

]
(t− t0)−Ω× g(t− t0)

2

=
[
vr0 +

(
−g +Ω2R⊕ sin2 θ0 + 2vϕ0Ωsin θ0

)
(t− t0)

]
er (3.3.33)

+
[
vθ0 +

(
Ω2R⊕ sin θ0 cos θ0 + 2vϕ0Ωcos θ0

)
(t− t0)

]
eθ

+
[
vϕ0 − 2

(
vr0 sin θ + vθ0 cos θ

)
Ω(t− t0) + gΩ(t− t0)

2 sin θ0

]
eϕ
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and

r ≃ r0 + v0(t− t0) +
1
2

[
geff − 2Ω× v0

]
(t− t0)

2 − 1
3Ω× g(t− t0)

3

=
[
R⊙ + h+ vr0(t− t0) +

1
2

(
−g +Ω2R⊕ sin2 θ0 + 2vϕ0Ωsin θ0

)
(t− t0)

2
]
er (3.3.34)

+
[
vθ0(t− t0) +

1
2

(
Ω2R⊕ sin θ0 cos θ0 + 2vϕ0Ωcos θ0

)
(t− t0)

2
]
eθ

+
[
vϕ0(t− t0)−

(
vr0 sin θ + vθ0 cos θ

)
Ω(t− t0)

2 + 1
3gΩ(t− t0)

3 sin θ0

]
eϕ .

Worked example: Sharpshooter’s aim

For instance suppose a sharpshooter fires a high-velocity bullet (v0 >∼ 1000 m/s) that is initially

horizontal (so vr0 = 0). In what direction must the shot be taken in order to hit a target a distance d

away that is due East of the shooter? In this case setting vr0 = 0 implies the components of (3.3.34)

become

r(t) ≃ R⊙ + h+ 1
2

(
−g +Ω2R⊕ sin2 θ0 + 2vϕ0Ωsin θ0

)
(t− t0)

2 (3.3.35a)

sθ(t) ≃ vθ0(t− t0) +
1
2

(
Ω2R⊕ sin θ0 cos θ0 + 2vϕ0Ωcos θ0

)
(t− t0)

2 (3.3.35b)

sϕ(t) ≃ vϕ0(t− t0)− vθ0 cos θΩ(t− t0)
2 + 1

3gΩ(t− t0)
3 sin θ0 . (3.3.35c)

Since ΩR⊕ ≃ 500 m/s a high-velocity bullet travels fast enough that Coriolis effects are small relative

to the initial velocity for the entire length of the bullet’s free fall. As a result the time taken to travel

the distance sϕ(T ) = d is approximately T = t − t0 ≃ d/vϕ0. To hit the target the North-South

component vθ0 of the initial velocity must be chosen so that sθ(T ) = 0, which requires

vθ0 ≃ − 1
2

(
ΩR⊕ sin θ0 + 2vϕ0

)
ΩT cos θ0 (3.3.36)

and so the shot must be an angle α south of east where

tanα =
vθ0
vϕ0

≃ −
(
1 +

ΩR⊕ sin θ0
2vϕ0

)
Ωd

vϕ0
cos θ0 ≃ Ωd

vϕ0
cos θ0 (3.3.37)

Notice that because cos θ0 < 0 in the southern hemisphere the aiming point there must be slightly

north of the target.
⋆ ⋆ ⋆

3.4 Orbital Lagrange Points

As a last application of rotating reference frames let us consider the motion of a three bodies

mutually interacting through Newton’s Law of universal gravitation. In this case the full

problem does not have simple solutions – indeed it was the study of this problem that led to

the discovery of chaos and chaotic evolution (more about which in §8) – so numerical methods

are usually applied.

A situation for which analytic progess is possible is the situation where the third body is

much less massive than the other two. In this case the larger two bodies to a first approxi-

mation move along the two-body orbits discussed in §1.2.2 and the third body moves within
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the time-dependent potential provided by the other two bodies. We explore this motion here

in the special case that the larger two bodies move in a circular orbit and the third body also

moves in the same plane (a not unusual situations, say, if the bodies are the Sun, a planet and

an asteroid). We choose to number the bodies in order of decreasing mass: m1 > m2 ≫ m3.

In this kind of situation it is useful to adopt coordinates that rotate with the same angular

frequency as the orbit of the two larger bodies, which for a circular orbit of radius a is given

by (c.f. eq. (1.2.41))

Ω =
2π

T
=

√
GM

a3
. (3.4.1)

To this end we adopt coordinates with origin at the centre of mass of the two more massive

bodies, and with a z-axis perpendicular to the orbital plane so all three particles satisfy z = 0

for all time. Because the reference frame rotates with the orbital frequency Ω we can choose

the x-axis to point always at the two heavy bodies. The distance from the centre of mass to

each of the two massive objects is

x1 =
µa

m1
=

m2a

m1 +m2
and x2 =

µa

m2
=

m1a

m1 +m2
, (3.4.2)

for all time. The positive x-axis points to the second object (the planet) and the negative

axis points to the largest object (the Sun).

We denote the coordinates of the third body in the orbital plane by (x, y, z), but choose

the x- and y-axes to rotate about the z-axis with angular speed Ω, so z̃ = z and

x̃ = x cos(Ωt) + y sin(Ωt)

ỹ = −x sin(Ωt) + y cos(Ωt) . (3.4.3)

The kinetic energy for motion of particle 3 in the rotating frame then becomes

K = 1
2m3

(
ẋ2 + ẏ2 + ż2

)
= 1

2m3

[
( ˙̃x− Ωỹ)2 + ( ˙̃y +Ωx̃)2 + ˙̃z2

]
= 1

2m3

(
˙̃r+Ω× r̃

)2
. (3.4.4)

and so
∂K

∂ ˙̃r
= m3

(
˙̃r+Ω× r̃

)
and

∂K

∂r̃
= m3

[
˙̃r×Ω−Ω×

(
Ω× r̃

)]
. (3.4.5)

Varying the Lagrangian L = K − V then gives the equations of motion

d

dt

(
∂L

∂ ˙̃r

)
− ∂L

∂r̃
= m3

(
¨̃r+Ω× ˙̃r

)
−m3

[
˙̃r×Ω−Ω×

(
Ω× r̃

)]
+
∂V

∂r̃
= 0 (3.4.6)

in agreement with (3.3.4) (with g = 0) where the applied force is F = −∂V/∂r̃.
In the present instance the potential energy of the light particle due to its attraction to

the heavier particles is

V = −Gm1m3

r13
− Gm2m3

r23
, (3.4.7)
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where rij = |ri − rj | is the distance between particle i and particle j. For motion in the x-y

plane the distances appearing in the potential become

r213 =

[
x̃+

(
m2

m1 +m2

)
a

]2
+ ỹ2 and r223 =

[
x̃−

(
m1

m1 +m2

)
a

]2
+ ỹ2 , (3.4.8)

and so the equations of motion for the coordinates (x̃, ỹ) of the third object in the orbital

plane reduce to

m3
¨̃x = 2m3Ω ˙̃y +m3Ω

2x̃− ∂V

∂x̃

m3
¨̃y = −2m3Ω ˙̃x+m3Ω

2ỹ − ∂V

∂ỹ
. (3.4.9)

We seek static solutions to these equations. Such solutions are called Lagrange points

and are points where the gravitational and centrifugal forces all precisely balance so that a

particle that starts there at rest remains in the same position relative to the two massive

bodies, with all three bodies rotating together with a common angular frequency Ω.

The above equations in this case reduce to

Ω2x̃ =
1

m3

∂V

∂x̃
=
Gm1

r313

[
x̃+

(
m2

m1 +m2

)
a

]
+
Gm2

r323

[
x̃−

(
m1

m1 +m2

)
a

]
(3.4.10a)

Ω2ỹ =
1

m3

∂V

∂y
=

(
Gm1

r313
+
Gm2

r323

)
ỹ . (3.4.10b)

The simplest examples of Lagrange points lie along the same axis that connects the two

massive objects (for which y = 0). In this case the second equation is trivially satisfied while

the first equation reduces to

Ω2x̃ = Gm1

x̃+
(

m2
m1+m2

)
a∣∣∣x̃+

(
m2

m1+m2

)
a
∣∣∣3 +Gm2

x̃−
(

m1
m1+m2

)
a∣∣∣x̃−

(
m1

m1+m2

)
a
∣∣∣3 . (3.4.11)

This equation has three solutions for x, as is most easily seen graphically by showing how

the right-hand side has three branches that are each crossed once by the straight line that

represnts the left-hand side (see Fig. 11). There is one solution each in the regimes: to the

left of both massive objects; to the right of both massive objects; in between the two massive

objects.

In the Earth-Sun system the solution in between the Sun and the Earth is conventionally

called L1; the solution further from the Sun than the Earth is called L2 and the solution on

the far side of the Sun from us is called L3. L1 is a useful place to place satellites that monitor

the Sun since (unlike for orbits that circle the Earth) the Sun is never obscured by the Earth.

L2 is a useful place for placing satellites that observe the rest of the Universe because there

the Earth always obscures the Sun (keeping it from interfering with measurements). Because
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Figure 11. Plot of the left-hand side (LHS) and right-hand side (RHS) of eq. (3.4.11) vs x̃, showing

why it has three solutions.

L3 is always hidden from us by the Sun it would be a perfect place to put something you’d

like people on Earth never to see.

There are also solutions that do not lie along the line connecting the two massive sources.

In this case dropping the common factor ỹ from (3.4.10b) implies

Ω2 =
Gm1

r313
+
Gm2

r323
(3.4.12)

and using this in (3.4.10a) to eliminate Ω2 then implies

Gm1m2

r313
=
Gm1m2

r323
(3.4.13)

and so r13 = r23. But using this in (3.4.12) then implies

Ω2 =
G(m1 +m2)

r313
=
G(m1 +m2)

r323
(3.4.14)

and comparing this with Kepler’s third law Ω2 = G(m1 +m2)/a
3 – see eq. (1.2.42) – then

shows r13 = r23 = a so the three bodies must lie at the corners of an equilateral triangle.

That means the third body lies at the same radius from body 1 as does body 2, but leads it

or follows it in this orbit by 60o.

These two solutions are conventionally called L4 and L5. Although a use for these has not

yet been found for artificial satellites in the Earth-Sun system, asteroids tend to accumulate

at L4 and L5 for the Jupiter-Sun system; a class of asteroids known as Trojan asteroids.

These seem to be roughly as numerous as are the asteroids in the regular asteroid belt, and

the identification of these regions as static points helps understand why this is so.
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4 Rigid Bodies

To this point we have discussed systems involving many atoms in a general way, mostly

celebrating how Newton’s Laws are recursive in the sense that they take the same form when

written in terms of a system’s microscopic constituents (such as its underlying atoms) or in

terms of macroscopic subsets of constituents (like billiard balls colliding or the Sun moving

around the Earth). This section – and §5 to follow – now ask in more detail what can be said

about the motion of specific macroscopic objects individually.

We here start the process with the discussion of rigid bodies: bodies defined by the

condition that all of their constituent atoms have fixed relative distances, as expressed by the

holonomic constraint

rab := |ra − rb| = cab for all pairs (a, b) , (4.0.1)

where for each pair the quantity cab is a fixed number. Intuitively this seems like it should be

a good description of many everyday objects, everything from a rock to any other type hard

place. But it is also clearly not a good description of all the bodies we see around us, such as

cats, drops of water and other more malleable objects whose atoms move more freely relative

to one another (more about e.g. fluids in §9). So it is worth starting by stepping back and

asking why rigid bodies are interesting enough to deserve such detailed attention.

Why Rigid Bodies?

A useful way to organize how to think about matter in bulk (and physics more generally, as

it happens) is to think about the relative scales that appear in any physical system. Nature

famously serves up for study objects with a wide variety of sizes and shapes, running from

subnuclear particles on the smallest of length scales up to clusters of galaxies on the largest.

At any given time we are limited in the resolution of what we can see; for much of history

we were as ignorant about smaller objects (like microbes or atoms or nuclei) as we now are

about things that are smaller still (current measurements cannot resolve objects smaller than

10−20 m).

But even if we can measure the size of something small we might not care what the

internal degrees of freedom are doing if our only concern is with the overall motion of an

object’s centre of mass. What is meant by ‘small’ here is of course relative, since it might be

the size of the Earth that is regarded as small when describing its orbit about the Sun, or

our entire galaxy might be small when asking about the average motion of matter within the

observed universe. The process of ignoring internal degrees of freedom when thinking big is

sometimes called ‘coarse graining’.

For the present purposes what is important is that there are two different reasons why

it might be a good approximation to ignore the internal degrees of freedom of a macroscopic

object. One is that the object’s linear size (e.g. its radius) is smaller than the minimum length
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scales of interest, such is the case for the Earth when describing its orbit. In this case an

error comparable to the Earth’s radius R⊕ ≃ 6.4× 103 km only matters for an orbit of radius

1.5 × 108 km if we want to know orbital properties with a precision better than 0.004%. In

this regime the object’s centre of mass contains all of the useful information about its motion.

But a logically independent reason to be able to ignore internal degrees of freedom arises

when the size of an object is not negligible but the transfer of energy into internal degrees of

freedom is small enough to be ignored.9 This situation can arise if the energy associated with

the motion of the centre of mass is much smaller than the energy needed to make a significant

number of constituents move relative to one another, such as for the collision of two balls on

a pool table. From this perspective it is the nature of the interatomic forces that make the

motion of a billiard ball more resemble a rigid body than does the motion of an equal-sized

drop of water.

Rigid bodies describe the ideal in which internal forces are so strong that internal degrees

of freedom experience no relative motion at all. They are relevant in practice because this is a

good approximation for the very common situation where energy transfer to internal degrees

of freedom is negligible. And they are worth detailed study because their motion differs in

interesting ways from simple centre-of-mass movement (as anyone knows who has seen the

motion of a spinning ball or a gyroscope).

4.1 Kinematics of Rigid Body Motion

The first step is to describe rigid-body motion – ‘kinematics’ – and the next step is to ask what

Newton’s Laws say about how this motion evolves given a set of applied forces – ‘dynamics’.

We start here with kinematics. In particular, how many generalized coordinates are needed

to describe rigid-body motion?

For a body consisting of N atoms there are 3N degrees of freedom to which eqs. (4.0.1)

impose a total of 1
2N(N−1) constraints. The net number of degrees of freedom cannot simply

be the difference of these two numbers because for large N there are many more constraints

than there are total degrees of freedom. But clearly not all of the constraints are independent

because the position of any particular atom is uniquely specified once its relative displacement

is known from any 3 noncollinear atoms.

So the positions of all atoms can be inferred from the constraints once one knows the

positions r1, r2 and r3 of just three noncollinear atoms. But even the 9 coordinates needed to

specify these three atoms are not independent because they remain subject to the constraints

r12 = c12, r13 = c13 and r23 = c23, suggesting that 9 − 3 = 6 generalized coordinates should

suffice to describe rigid-body motion (regardless of how large N is).

9It can sometimes happen that the detailed motion of internal degrees of freedom can still be ignored even

when they absorb significant energy, such as when this transfer can be parameterized in terms of an ‘effective’

description, like a frictional force or a heat capacity.
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The need for six coordinates can also be seen more constructively: three coordinates are

needed to specify the position, r1, of the first atom. Then two more coordinates are needed to

specify the position of the second atom because it must be located somewhere on the surface

of a sphere of radius r12. The third atom’s location then takes only one more coordinate

because the constraints force it to reside on the intersection of two spheres, one of radius r13

centred on particle 1 and another of radius r23 centred on particle 2. This means that particle

3 lies on a circle of revolution obtained by rotating about the axis defined by the positions of

particles 1 and 2, with known radius.

Three of the six degrees of freedom required to describe rigid body motion are the three

components of the object’s centre of mass (as defined in (1.3.4) and (1.3.5) and repeated

again here for ease of reference)

R :=
1

M

∑
a

mara where M :=
∑
a

ma . (4.1.1)

We can imagine this to be the location of the first of the three noncollinear reference atoms

described above (relative to which the constraints (4.0.1) uniquely determine the positions of

all other atoms). To this we must add three rotation angles (two describing the direction of

particle 2 from particle 1 and the third describing the direction to particle 3 from the axis

connecting particles 1 and 2).

The need for three spatial position variables and three rotation angles also makes sense

from another point of view. We have seen that spacetime symmetries – translations in space

and time, rotations and Galilean transformations – play an important role in classical me-

chanics, with each symmetry corresponding to a conservation law. In particular conservation

of linear and angular momentum seem to indicate that nature’s laws are invariant under

spatial translations and rotations.

From this point of view rigid bodies are very generally described by a centre-of-mass coor-

dinate because we can generate many solutions to the equations of motion just by translating

any particular solution, provided that this solution is not itself translation invariant. Any

configuration obtained by translating a particular solution must also be a solution because the

equations being solved are assumed to be translation invariant. For example the expression

for the orbit for two particles orbiting one another fixes e.g. the orbital radius but leaves the

centre of mass of the orbiting pair completely unspecified, and it is this centre of mass that

changes when the original solution is translated. The solutions to translation-invariant equa-

tions cannot be unique: they must contain a separate solution for each possible translation

and this is why centre of mass position is always one of the coordinates needed to describe

the behaviour of any finite-sized objects (including rigid ones).

Precisely the same reasoning applies for rotations if the solution to rotation-invariant

equations are not themselves rotation invariant, and this is ultimately why finite sized bodies

(including rigid ones) also involve three angular coordinates. What is unique about rigid
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bodies is that the six coordinates implied by translation and rotation invariance are the only

ones required to describe the motion. Part of the utility of rigid body motion is that the

degrees of freedom involved (centre of mass position and angular orientation) are actually

generic to any finite-sized object.

4.1.1 Instantaneous Angular Velocity

The next step is to characterize the angular variables as precisely as eq. (4.1.1) does for the

centre of mass variables. Assuming the first reference atom is placed at the centre of mass, the

other two can be taken to lie along two perpendicular directions seen from the centre of mass,

and so define two orthogonal unit vectors e′1 and e′2 pointing in these two directions. The

third vector required to form a left-handed orthonormal basis is then defined by e′3 = e′1×e′2.

In this case any rotation of the rigid body about its centre of mass is described by an active

rotation, Rij e
′
j , of the basis {e′i} = {e′1, e′2, e′3} relative to a fixed reference orthonormal basis

{ei} = {ex, ey, ez} defined in an inertial reference frame instantaneously at rest relative to

the centre of mass. This makes the rotations describing rigid-body rotations take the general

form described in §2.3.4.

Figure 12. Illustration of the coordinate systems used when describing rigid body motion. The basis

ei is inertial and the basis e′i is attached to the body’s centre of mass and moves with it.

To make things even more concrete it is useful to specialize temporarily to infinitesimal

rotations. Consider therefore a rigid body with centre of mass positionR. Denote the position

of a point on the body relative to the body’s centre of mass by s and denote the position of

this same point relative to an inertial observer at O by r (see Fig. 12), so r = R + s. From

the above arguments a small change dr can be regarded as a small displacement dR of the

body’s centre of mass plus a small rotation ds = dϕ× s about the centre of mass:

dr = dR+ dϕ× s , (4.1.2)
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where δϕ = ndϕ points in the direction of the instantaneous axis of rotation10 and has

magnitude equal to the size of the rotation about this axis (compare with eq. (2.3.22)).

Dividing (4.1.2) by the time dt taken to move through this displacement shows that the

velocity of the point v, the velocity of the centre of mass, V, and the angular velocity Ω,

whose definitions are

v :=
dr

dt
, V :=

dR

dt
, Ω :=

dϕ

dt
, (4.1.3)

must be related by

v = V +Ω× s . (4.1.4)

This shows how the velocity of any particular point on a rigid body can be expressed in terms

of the position s of the point relative to the centre of mass and two global velocities V and

Ω that describe the motion of the body as a whole. Consequently the quantities V and Ω

provide the six velocity components needed to describe rigid-body motion. Notice that Ω is

not assumed to be time-independent a priori (unlike in §3.3) and §4.3 below is devoted to

deriving its equations of motion.

4.1.2 Moments of Inertia

Knowing the connection between the velocity v of a specific point on a rigid body and the

generalized velocities for rigid-body motion allows the kinetic energy to be expressed directly

in terms of V and Ω. Eq. (1.4.3) (repeated here for convenience using the notation of this

section) states

K =
∑
a

1
2 ma v

2
a =

1
2 M V2 + Erot (4.1.5)

where (as in Fig. 12) ra = R + sa and we separate off the internal energy, Eint, associated

with the time derivative of sa, but this time label it Erot to emphasize that for rigid bodies

the only internal motion possible relative to the centre of mass is a rotation:

Erot :=
∑
a

1
2 ma ṡ

2
a =

∑
a

1
2 ma

(
Ω× sa

)2
, (4.1.6)

where the last equality uses (4.1.4), in the form ṡa = Ω× sa.

Simplifying using the vector identity (A.3.15) allows the internal energy to be rewritten

Erot :=
∑
a

1
2 ma

(
Ω× sa

)2
=
∑
a

1
2 ma

[
Ω2s2a − (Ω · sa)2

]
= 1

2 Iij ΩiΩj (4.1.7)

where the last equality factorizes out the a-independent components Ωi of Ω and lumps the

sum over a into the symmetric 3× 3 coefficient matrix Iij :

Iij :=
∑
a

ma

(
δij s

2
a − sai saj

)
. (4.1.8)

10Notice that it is only infinitesimal rotations, Rij = δij + Θij in the notation of §2.3.4, that define an

instantaneous axis of rotation through Θij = ϵijknk dϕ. There is no similar uniquely defined vector for a finite

3D rotation Rij that is not close to the identity matrix.
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Eq. (4.1.8) defines the moment of inertia tensor – sometimes just ‘inertia tensor’ – which can

be written out explicitly in matrix form (not to be confused with the unit matrix I) as

I =

Ixx Ixy IxzIyx Iyy Iyz

Izx Izy Izz

 =
∑
a

ma

y2a + z2a −xaya −xaza
−xaya x2a + z2a −yaza
−xaza −yaza x2a + y2a

 , (4.1.9)

which denotes the components of sa by sa = xa ex + ya ey + za ez.

In terms of the matrix I the internal energy (4.1.7) can also be written

Eint =
1

2
ΩT IΩ , (4.1.10)

and this shows how to make contact with the notion of moment of inertia encountered in

elementary mechanics classes. In these a body’s moment of inertia is defined relative to a

specific rotation axis. If an object is rotated with angular velocity Ω about an axis passing

through the centre of mass in the direction defined by a unit vector n then the energy of

rotation is written Erot =
1
2IΩ

2 where I is the moment of inertia about this axis. Comparing

this with (4.1.10) using Ω = Ωn shows that I is related to Iij by

I = Iijninj = nT In . (4.1.11)

Expression (4.1.9) shows that the moment of inertia is additive, much as is the total

mass M =
∑

ama. This is useful, particularly when one does not know explicitly where each

individual atom is and instead only knows their mass density ρ(x), defined by

ρ(x, t) dV = ρ(x, t) d3x =
∑
a∈dV

ma (4.1.12)

where dV = d3x = dx dy dz is the volume of a very small parallelipiped centred on the point

x, whose sides in the three spatial directions have length dx, dy and dz, respectively. It is

imagined here that these sizes, dxi, are infinitesimally small compared to the spatial resolution

available for a particular application but very large compared to the typical spacing between

atoms. This definition ensures that integrating ρ(x, t) over the volume of a macroscopic object

X gives its mass: ∫
X
d3x ρ =

∑
a∈X

ma =M . (4.1.13)

Since dxi is at the limits of the spatial resolution available the sum appearing in (4.1.9) can

be evaluated as an integral where all of the atoms within the same parallelipiped are taken

to share the same position, so

ρ(x)xi xj dV =
∑
a∈dV

maxia xja (4.1.14)
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and therefore the inertia tensor of a macroscopic body X can be written in a much more

useful integral form

Iij =

∫
X
d3x ρ(x)

(
δij x

2 − xi xj

)
, (4.1.15)

where x is the position of a point in body X relative to its centre-of-mass position.

In general the tensor I is not diagonal – as (4.1.9) also shows – though the values taken

by each of the components Iij (and in particular the off-diagonal ones) are frame-dependent

inasmuch as they take different values when one rotates to a new set of basis vectors ei →
ẽi = Rijej . We saw in §2.3.4 that under such a (passive) rotation the components of any

vector – and in particular the vectors Ω and sa – transform to Ω̃i = RijΩj and x̃ia = Rij xja.

This implies the matrix elements Iij after such a rotation differ from those before rotating by

a similarity transformation:

Ĩij = RikRjlIkl , or, in matrix form, Ĩ = R IRT . (4.1.16)

Like any real symmetric matrix there always exists an orthogonal similarity transforma-

tion, S, satisfying STS = SST = I, for which

S IST =

I1 0 0

0 I2 0

0 0 I3

 is diagonal. (4.1.17)

Then eigenvectors of the matrix I and are called the principal axes of inertia and because

they are obtained by a rotation S they are orthogonal. The basis vectors obtained by this

particular rotation, ẽi = Sijej , provide a privileged reference frame in terms of which the

inertia tensor is diagonal and so is particular simple. This frame moves with the rigid body

and has an orientation adapted to the body’s shape, and so is called the body frame.

The diagonal elements (or eigenvalues) of the matrix I are called the principal moments

of inertia. Unlike the individual components Iij in some random reference frame, the princi-

pal moments are invariant under rotations and so can be regarded as intrinsic properties of

the rigid body. Physical properties are often simplest when expressed in terms of the prin-

cipal axes. For instance the rotational kinetic energy is a particularly simple function of the

components Ω1, Ω2 and Ω3 of Ω in this frame since (4.1.17) allows (4.1.7) to be written

Erot =
1
2

(
I1Ω2

1 + I2Ω2
2 + I3Ω2

3

)
. (4.1.18)

The definitions of the principal moments imply that no principal moment can be larger

than the sum of the other two principal moments:

I1 ≤ I2 + I3 , I2 ≤ I1 + I3 and I3 ≤ I1 + I2 . (4.1.19)
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This is most easily seen by specializing (4.1.8) to coordinates that are aligned with the prin-

cipal axes of inertia. In this case the agreement of (4.1.9) with the diagonal form (4.1.17)

shows that

I1 =
∑
a

ma

(
x̂22a+ x̂23a

)
I2 =

∑
a

ma

(
x̂21a+ x̂23a

)
and I3 =

∑
a

ma

(
x̂21a+ x̂22a

)
(4.1.20)

(where the hats on x̂ia are meant as reminders that these expressions only holds when the

coordinates are adapted to the principal axes of inertia). In particular, eqs. (4.1.20) imply

I1 + I2 =
∑

ama(x̂
2
1a + x̂22a + 2x̂23a) ≥ I3 =

∑
ama(x̂

2
1a + x̂22a) (and similarly for the other

pairs of sums of Ii’s).
The more asymmetrical an object is the more the principal moments differ from one

another, motivating the definitions:

� Spherical top: a rigid body with three equal principal moments: I1 = I2 = I3. This

is the most symmetric situation because in this case the inertia tensor is proportional

to the unit matrix and so is diagonal in any reference frame. Any choice of orthogonal

basis vectors is in this case forms a principal axis.

Figure 13. Example of a spherical top.

� Symmetrical top: a rigid body for which I1 = I2 ̸= I3. In this case the choice of

principal axes is again not unique because an arbitrary rotation in the 1-2 plane does

not change the diagonal form of Iij . This is what would be expected for an object with

an axis of rotational symmetry, though complete cylindrical symmetry is not required

because invariance under any discrete rotations except 180o about a fixed axis suffice

to imply I1 = I2.

� Asymmetric top: a rigid body where all three principle moments have different values.

This is the generic case.

Computing Iij

Since the inertia tensor plays such an important role in rigid-body motion it is worth pausing

to describe in more detail how it is in practice computed. Once given a rigid body’s shape

– 80 –



Figure 14. Examples of a symmetrical tops. These examples differ in the relative size of I1 and I3.

Figure 15. Example of an asymmetrical top.

there are two steps required to compute Iij . First one finds the position of the centre of mass

and then one performs the sum in (4.1.8) (or the integral in (4.1.15)).

This calculation is much simpler if the rigid body’s mass is distributed symmetrically. For

instance, if the body has a symmetry of reflection about a plane then the centre of mass and

two of the principal axes must lie in this plane, with the other principal axis perpendicular

to this plane.

A special case of an object with this kind of reflection symmetry is a planar object

for which all of the atoms lie in a plane, in which case we may choose the principal axis

perpendicular to be the 3 direction so that x̂3a = 0 for all atoms. Then expressions (4.1.20)

imply

I1 =
∑
a

max̂
2
2a , I2 =

∑
a

max̂
2
1a and I3 =

∑
a

ma(x̂
2
1a + x̂22a) (planar) (4.1.21)

and so for planar objects I3 = I1 + I2.
Another useful special case is the situation when an object is effectively one-dimensional:

all atoms are lie along a single line. Such an object is called a rotor. Since this is a special

case of a cylindrically symmetric situation two of the principal moments must be equal. Since

it is also a special case of a planar object one of the principal moments should also be the

sum of the other two. Choosing the atoms to lie along the 1 direction implies x̂2a = x̂3a = 0

and so (4.1.20) implies

I1 = 0 , I2 = I3 =
∑
a

max̂
2
1a (rotor) , (4.1.22)
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which clearly does have two equal principal moments and satisfies I3 = I1+I2. The vanishing
of I1 expresses that there is no meaning to rotations about the line along which the atoms

lie.

Worked example: Moment of inertia two small massive objects separated by a

fixed distance

Consider the special case that all of the atoms of a rotor are crammed into two objects, A and B, of

negligible size and masses

MA =
∑
a∈A

ma and MB =
∑
b∈B

mb , (4.1.23)

separated by a distance L. Then the centre of mass is located on the line connecting bodies A and B

at a distance RA from A and a distance RB from B, so RA + RB = L and MARA = MBRB. Solving

for RA and RB implies RA =MBL/M and RB =MAL/M where M =MA +MB.

Choosing the line between the bodies to be the 1 direction we know from (4.1.22) that I1 = 0

and the other two principal moments share the common value

I2 = I3 =
∑
a

max̂
2
1a ≃MAR

2
A +MBR

2
B =

MAMBL
2

MA +MB

= µL2 , (4.1.24)

where the approximate equality uses the negligible size of each body to write x̂1a ≃ RA for all a ∈ A

and x̂1a ≃ RB for all a ∈ B. The final equality uses the definition (1.2.9) of the reduced mass, µ, of

two bodies.

⋆ ⋆ ⋆

Worked example: Moment of inertia of a water molecule

Consider a water molecule, H2O, consisting of two H atoms separated from an O atom by a distance

ℓ. The angle between the two H-O bonds is θ ≃ 105o (see Fig. 16). What is the moment of inertia of

the molecule assuming the O atom has mass M and the H atoms have mass m and that the size of

the atoms can be neglected?

Figure 16. Sketch of a water molecule with two bonds of length ℓ separated by an angle θ ≃ 105o.

Because this is a special case of a planar system we can choose the plane defined by the atoms to

be perpendicular to the third principal axis, in which case (4.1.21) implies I3 = I1+I2. Furthermore,
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the reflection symmetry of the molecule within the 1-2 plane about the line midway between the two

H atoms passing through the O atom (the vertical direction in Fig. 16) implies the other two principal

axes lie perpendicular to this reflection plane (call this principal moment I1) and parallel to it (call

this principal moment I2).
The principal moment I1 then is given by I1 = 2mx2 wherem is the H atom’s mass and x = ℓ sin θ

2

is the perpendicular distance to each H atom measured from the line of reflection symmetry. This

gives

I1 = 2mℓ2 sin2
θ

2
. (4.1.25)

The principle moment I2 is given by I2 = My2O + 2my2H where M is the mass of the O atom

and y denotes the vertical distance from the centre of mass to each of the two types of atoms. These

satisfy yO + yH = ℓ cos θ2 and MyO = 2myH , from which we infer yO = 2mℓ cos θ2/(M + 2m) and

yH =Mℓ cos θ2/(M + 2m), leading to

I2 =
2mMℓ2

M + 2m
cos2

θ

2
. (4.1.26)

Planarity then implies

I3 = I1 + I2 = 2mℓ2
(
1− 2m

M + 2m
cos2

θ

2

)
. (4.1.27)

⋆ ⋆ ⋆

Worked example: Moment of inertia of a uniform density rectangular parallelip-

iped with sides of length a, b and c.

Consider next a rigid body with the shape of a rectangular parallelipiped with sides of length a, b and

c (see Fig. 17. The volume of such an object is V = abc. If its mass is M and its mass density, ρ, is

constant then ρ =M/V =M/(abc).

Figure 17. Sketch of a rigid parallelipiped whose sides have length a, b and c.

The symmetry of the problem implies the centre of mass sits at the object’s geometrical centre,

which is half-way along each side from any corner. The principal axes of inertia are also parallel to the

sides of the parallelipiped, which we take to define the x, y and z axes (with the origin at the centre of
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mass). With these assumptions the expression for the moment of inertia tensor is found using (4.1.15),

which in the present instance becomes

Iij =

∫ a/2

−a/2
dx

∫ b/2

−b/2
dy

∫ c/2

−c/2
dz ρ

[
δij (x

2 + y2 + z2)− xi xj

]
. (4.1.28)

As expected Iij = 0 if i ̸= j because the result is proportional to the integral
∫ a/2
−a/2 xdx = 0 (or its

counterpart in the y or z direction). The diagonal elements are

I1 := Ixx =
M

abc

∫ a/2

−a/2
dx ρ

∫ b/2

−b/2
dy

∫ c/2

−c/2
dz (y2 + z2) =

M

12
(b2 + c2) , (4.1.29)

and similarly

I2 := Iyy =
M

12
(a2 + c2) and I3 := Izz =

M

12
(a2 + b2) . (4.1.30)

⋆ ⋆ ⋆

Exercise 4.1: Show that the principal moments of inertia of a uniform sphere of

mass M and radius a are

I1 = I2 = I3 = 2
5 Ma2 . (4.1.31)

Exercise 4.2: Show that the principal moments of inertia of a circular cylinder

of mass M , radius a and height h are

I1 = I2 = 1
4M
(
a2 + 1

3h
2
)

and I3 = 1
2 Ma2 , (4.1.32)

where the axis of the cylinder is taken to lie along the 3 direction.

Exercise 4.3: Show that the centre of mass of a uniform cone of base radius

a and height h lies a distance 3
4h from the cone’s tip. Show that the principal

moments of inertia of such a circular cone of mass M are

I1 = I2 = 3
20M

(
a2 + 1

4h
2
)

and I3 = 3
10 Ma2 , (4.1.33)

where the axis of the cone is taken to lie along the 3 direction.

Exercise 4.4: Show that the principal moments of a uniform ellipsoid with mass

M and semi-axes a, b and c are

I1 = 1
5M
(
b2 + c2

)
I2 = 1

5M
(
a2 + c2

)
and I3 = 1

5 M
(
a2 + b2

)
, (4.1.34)

where the axes of the ellipsoid are taken to lie along the 1, 2 and 3 directions.
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4.1.3 Angular Momentum

For later purposes it is also useful to express the angular momentum in terms of the angular

velocity Ω, where the angular momentum J is computed relative to the origin of coordinates

(which is not assumed to be the rigid body’s centre of mass). Writing ra = R + sa in the

definition (1.4.8) gives:

J =
∑
a

ma ra × va = R×
∑
a

ma va +M (4.1.35)

where the first term can be written

L := R×P =MR× Ṙ (4.1.36)

where P =
∑

amava =MV is the centre of mass momentum, and so represents the ‘orbital’

angular momentum due to the overall motion of the body’s centre of mass.

The second term, M, of (4.1.35) is the ‘intrinsic’ angular momentum associated with the

rigid body’s rotation about its own centre of mass, and is given by

M :=
∑
a

ma sa × va =
∑
a

ma sa ×
(
V +Ω× sa

)
=
∑
a

ma sa ×
(
Ω× sa

)
=
∑
a

ma

[
s2aΩ− (sa ·Ω)sa

]
(4.1.37)

where the second equality of the first line uses (4.1.4) to eliminate va in terms of the centre-

of-mass velocity V and the velocity Ω × sa due to rotation around the centre of mass and

the third equality of the first line uses the identity
∑

amasa = 0 (see eq. (1.4.4)) to drop the

term involving V. The second line follows after using the vector identity (A.3.14) and shows

how M is in general not parallel to Ω.

Eq. (4.1.37) also shows the components of M are linearly related to the components of

Ω, and the matrix that appears in this linear relation is one that we have seen before: the

moment of inertia tensor defined in (4.1.8). That is, in components (4.1.37) states

Mi = IijΩj which in matrix form becomes M = IΩ . (4.1.38)

These expressions allow eq. (4.1.7) for the rotational kinetic energy to be rewritten

Erot =
1
2 Ω ·M . (4.1.39)

Although M is in general not parallel to Ω there are a few specific situations where they

can be parallel. For a generically shaped object this happens if the rotation axis is parallel

to one of the principal axes of inertia (i.e. it is parallel to an eigenvector of the matrix I).
In this case IΩ = IΩ with eigenvalue I and so the angular momentum becomes M = IΩ,

which is parallel to Ω as claimed.

For a spherical top (for which Iij = I δij is proportional to the unit matrix) it is true

that every direction is a principal axis and so M is always parallel to Ω, regardless of the

direction of Ω.
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4.2 Rotation not about the centre of mass

To this point we have seen that an infinitesimal rotation defines a direction δϕ, in terms of

which we define the instantaneous angular velocity Ω = limδt→0 δϕ/δt. But a in infinitesimal

rotation contains more than just a direction: it also defines a line of points – the rotation’s

axis – about which an object pivots and so whose atom’s do not move at all during the

rotation.

We have also seen that the general motion of a rigid body can be regarded as instanta-

neously being a combination of the translation of the centre of mass plus a rotation about the

centre of mass, and because of this we have considered only rotation axes that at any given

instant pass through the object’s centre of mass. This section extends the discussion of the

kinematics of rotation to the often useful situation when the axis of rotation is not restricted

in this way.

To this end, suppose we go back and repeat the arguments leading to eq. (4.1.4) (repeated

here for ease of reference)

v = V +Ω× s , (4.2.1)

but this time compare v for the same point to the velocity V′ and angular velocity Ω′ for

rotations relative to a reference point O′ that also moves with the body but is displaced from

the centre of mass by an amount a.

In this case r = R′+ s′, where R′ = R+a is the position of O′ and s′ is the position r as

seen by an observer using O′ as the origin of coordinates. The same argument made in §4.1.1

then implies the velocities and angular velocity measured in this new frame are related by

v = V′ +Ω′ × s′ . (4.2.2)

where V′ = dR′/dt is the velocity of O′ and Ω′ = dϕ′/dt is the angular velocity for the

rotation δs′ = δϕ′ × s′ about O′. We do not assume that Ω′ is the same as the angular

velocity Ω for the observer at the centre of mass. We wish to compute what Ω′ is relative to

Ω.

To do so notice that on one hand O′ is just another point on the rigid body and as a

result its velocity V′ must also satisfy (4.2.1):

V′ = V +Ω× a , (4.2.3)

where a is the displacement of O′ relative to the body’s centre of mass. But since O′ is

displaced from the centre of mass by a fixed vector a then s = s′ + a, which when used in

(4.2.1) implies

v = V +Ω× (s′ + a) . (4.2.4)

Comparing this with (4.2.2) and using (4.2.3) gives the answer we seek:

Ω′ = Ω . (4.2.5)
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We see in this way that the instantaneous angular rotation of a system of coordinates

fixed to move with the rigid body is the same regardless of the origin about which the rotation

is measured. In that sense the angular velocity Ω can be regarded to be a property of the

body, much like the centre of mass velocity V (but unlike the instantaneous velocity v of any

particular point of the body).

It can sometimes happen that the motion v can be regarded as a pure rotation relative

to some position O′. In particular if it happens to be true at some instant that V · Ω = 0

(i.e. they are perpendicular) then (4.1.4) shows that v·Ω = 0 is also true for the instantaneous

velocity of any point on the body. The converse is also true: if there is a point for which

v · Ω = 0 then (4.1.4) shows it is also true for V and so must be true for the velocity for

all points on the rigid body. In this case because V · Ω = 0 there must always exist a b

such that V = −Ω × b. Consequently the reference point O′ displaced from the centre of

mass by b (that possibly might not lie inside the body) has a velocity that vanishes because

(4.2.3) implies V′ = V+Ω×b = 0. Eq. (4.2.2) together with (4.2.5) then imply the velocity

relative to this frame is v = Ω× s′: that is to say there is a frame within which the motion

is instantaneously a pure rotation.

A similar argument in the case where V and Ω are not orthogonal shows that a frame can

be chosen for which V and Ω are parallel and so the motion is instantaneously a combination

of a rotation about some axis together with a translation along that same axis.

4.2.1 Moments of Inertia for Displaced Axes

The quantities V′ and Ω provide an alternative six velocity components needed to describe

rigid-body motion, though they are often less convenient because in general
∑

amas
′
a ̸= 0

(unlike for displacements sa relative to the centre of mass) and so expressions like (4.1.5) and

(4.1.6) for the kinetic energy need not cleanly divide up into contributions from V′ and Ω

separately.

But some problems involve objects rotating about axes that do not pass through their

centre of mass, and for which the various forces in the problem hold the axis fixed (so V′ = 0).

In this case it does not matter that the kinetic energy is not just a sum of a V′-dependent

piece and and a Ω-dependent piece, and it can be useful to work in a more general reference

frame. In such a case the kinetic energy is again quadratic in the components Ωi:

Erot =
1
2

∑
a

ma(ṡ
′)2 = 1

2

∑
a

ma

(
Ω× s′

)2
= 1

2I
′
ijΩiΩj , (4.2.6)

where

I ′ij :=
∑
a

ma

[
δij (s

′
a)

2 − x′ai x
′
aj

]
. (4.2.7)

The momentum of inertia tensor I ′ij about a point displaced relative to the centre of mass

by a can be related to the moment of inertia tensor Iij for rotations through the centre of mass
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since direct use of the definitions together with s′a = sa + a and the property
∑

amasa = 0

shows that

I ′ij = Iij +M
[
δij a

2 − ai aj

]
, (4.2.8)

where (as usual) M =
∑

ama. This expression can be useful, particularly if I ′ij is easier to

compute than Iij .

Worked example: Moment of inertia of a uniform density rectangular parallelip-

iped computed relative to one of the corners.

For the rectangular rigid body with sides of length a, b and c shown in Fig. 17 we can compute the

moment of inertia tensor I ′ij relative to one of the corners rather than the centre of mass.

In this case the problem below eq. (4.1.27) gives the moment of inertia relative to the centre of

mass in rectangular coordinates adapted to the symmetry axes of the body:

I =

Ixx Ixy IxzIyx Iyy Iyz
Izx Izy Izz

 =
M

12

b2 + c2 0 0

0 a2 + c2 0

0 0 a2 + b2

 . (4.2.9)

The displacement vector from the centre of mass to one of the corners is

a = 1
2

(
a ex + b ey + c ez

)
, (4.2.10)

and so {
δija

2 − aiaj

}
=

1

4

b2 + c2 −ab −ac
−ab a2 + c2 −bc
−ac −bc a2 + b2

 . (4.2.11)

Therefore eq. (4.2.8) evaluates to

I′ =

Ĩxx I ′xy I ′xzI ′yx I
′
yy I

′
yz

I ′zx I ′zy I
′
zz

 =M

 1
3 (b

2 + c2) − 1
4ab − 1

4ac

− 1
4ab

1
3 (a

2 + c2) − 1
4bc

− 1
4ac − 1

4bc
1
3 (a

2 + b2)

 . (4.2.12)

These expressions become the standard result from elementary mechanics for a uniform rod of

mass M and length L in the limit that b → 0 and c → 0 with a → L and M fixed. For instance the

moment moment of inertia is I = Iyy = Ixx = 1
12ML2 for rotations about an axis perpendicular to

the rod, passing through its centre of mass, but is I′ = I ′xx = I ′yy = 1
3ML2 for rotations about an axis

perpendicular to the rod’s endpoint.

⋆ ⋆ ⋆

Exercise 4.5: Show by direct integration that the principal moments of inertia

of a circular cone of mass M , base radius a and height h when taken about the

point at the tip of the cone are

I ′
1 = I ′

2 =
3
5M
(
h2 + 1

4a
2
)

and I ′
3 =

3
10 Ma2 , (4.2.13)

where the axis of the cone is taken to lie along the 3 direction. Verify that this

satisfies (4.2.8) when compared with the result (4.1.33) evaluated about the centre

of mass.
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4.3 Dynamics of Isolated Rigid Bodies

The next step is to describe how the position and rotation of a rigid body responds to

applied forces. At one level things are particularly simple for rigid bodies: only six degrees of

freedom are needed to completely describe their motion and so only six equations of motion are

required to predict how they move. These are conveniently given by the equations expressing

conservation of linear and angular momentum.

That is, the general expression for the motion of the centre of mass goes back to eq. (1.3.3),

which states

Ṗ = Fext
tot , (4.3.1)

where P = MV is the rigid body’s total linear momentum and Fext
tot is the sum of all of the

external forces acting on it. Conveniently – as argued at length in §1.3.1 – internal interatomic

forces cancel out in this expression and so play no role in the evolution of R.

The corresponding evolution equation for the angular degrees of freedom are those given

in (1.4.9), which state

J̇ = τ int
tot + τ ext

tot , (4.3.2)

where

τ int
tot :=

∑
a>b

(ra − rb)× Fab and τ ext
tot :=

∑
a

ra × Fext
a (4.3.3)

respectively are the net torques due to the internal and externally applied forces. If in-

teratomic forces all come from rotation-invariant laws of physics11 (as all current evidence

suggests they should) we know from Noether’s theorem – c.f. §2.3.3 – that angular momentum

must be conserved for isolated bodies and so the net internal torque τ int
tot must vanish, leaving

J̇ = τ ext
tot . (4.3.4)

Both (4.3.1) and (4.3.4) are necessarily written in an inertial frame (which in particular

cannot be the rotating body frame that moves with the rigid body). All torques and angular

momenta are computed relative to the body’s centre of mass.

In this section we restrict to the case of isolated rigid bodies and so temporarily assume

Fext
tot = τ ext

tot = 0, returning to the more general case in later sections.

4.3.1 View from an Inertial Frame

In the absence of external forces the centre of mass does not accelerate and so moves with a

constant velocity. Since the focus here is on the rotational motion there is no loss of generality

in choosing an inertial frame for which the centre of mass does not move, in which case the

body’s only angular momentum is the intrinsic angular momentum: J = M (compare with

11This includes, but is not restricted to, central forces like Coulomb’s law, for which each term in the sum

in τ int
tot separately vanishes.
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the general case, (4.1.35)). In situations where the rigid body moves in complicated ways we

imagine choosing the inertial frame to be instantaneously at rest relative to the rigid body,

with axes instantaneously aligned with body frame bases (such as the principal axes).

With these assumptions (4.3.4) implies

Ṁ = 0 , (4.3.5)

whose implications we seek for the body’s angular motion around its centre of mass. Clearly

M is constant in an inertial frame. It is tempting to argue that because M = IΩ the

instantaneous angular velocity Ω must also be constant, but this is in general not true.

The fallacy in this argument lies in the assumption that Iij cannot change in time in the

inertial frame. Although the rigidity of a rigid body does ensure that the components Îij of

the inertia tensor are time-independent when expressed in terms of body axes that move with

the object, it in general does not ensure Iij remains constant in the inertial frame because the

boundaries of the object generically move in this frame as the object rotates. (For instance

for a rod rotating about its centre of mass in the x-y plane the components Ixx and Iyy are

different when the rod is parallel to the x axis from what they are when the rod is parallel to

the y axis.)

Alternatively, the time dependence in an inertial frame is given by a time-dependent

rotation: Iij(t) = Rim(t) ÎmnRjn(t) – or equivalently I(t) = R(t) ÎRT (t) for some rotation

matrix R(t), where Îij are the time-independent elements of the inertia tensor computed in

a frame that moves with the rigid body. But this means that the eigenvalues, Ii, of Iij(t)
must remain time-independent even as Iij(t) varies with time in an inertial frame. To see

why notice that under a rotation I(t) = R(t) ÎRT (t) and a vector transforms as u(t) = R(t) û,

and so I(t)u(t) = R(t) Î û and so the eigenvalue condition

Îij ûj = I ûi becomes Iij uj = I ui , (4.3.6)

after a rotation with the eigenvalue I unchanged.

So the motion implied by Ṁ = 0 need not be as boring as one might have thought because

it can allow Ω(t) to depend on time. Conservation of kinetic energy K = 1
2Ω ·M then shows

that if Ω does evolve it does so with a fixed dot product with M.

Spherical Top

In the special case of a spherical top all three principal moments of inertia are equal: I1 =

I2 = I3 = I. Because the eigenvalues of Iij are frame-independent they must also be time-

independent because Iij is time-independent in a ‘body’ frame that moves with the rigid body.

It follows that in this case M = IΩ in any frame and so M and Ω are parallel at all times,

where Ω defines the axis of rotation passing through the body’s centre of mass.

In this case Ω must also be a constant vector and so the rotation axis points in a fixed

direction with a constant angular speed. In the absence of external forces a spinning sphere
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just sits there spinning at constant angular speed with its rotation axis pointed in a fixed

spatial direction. The stability of this type of rotaional motion is the underlying fact behind

gyroscope design.

Rotation about a Principal Axis

There is a special case where more asymmetric objects move just as simply as do spherical

tops: when the rotation axis is chosen to be one of the body’s principal axes.

Suppose we work in an inertial frame and Ω(t0) is chosen initially parallel to one of the

eigenvectors of Iij(t0) at that time. If I⋆ is the corresponding eigenvalue – which, as argued

above, must be time-independent – then the angular momentum at this initial time is

Mi(t0) = Iij(t0)Ωj(t0) = I⋆Ωi(t0) , (4.3.7)

so M is also parallel to the same principal direction (and so is parallel to the same eigenvector

of Iij .

But time evolution of the system is found by rotating it using the matrix R(t) whose

instantaneous angular velocity is Ω (we see in more detail how R(t) and Ω are related to one

another in §4.4). This rotation does not alter the eigenvalue condition IijMj = I⋆Mi, which

is basis independent, so the solution to Ṁ = 0 is to have Ω(t) to remain parallel to the same

principal axis for all time, and so (4.3.7) remains true for all t.

The argument does not depend on which principal axis was used so if any rigid body is

initially spun about any principal axis then Ω is constant and the body rotates at constant

angular speed about this axis, with a fixed direction in space.

Symmetric Top

The story is more interesting when less symmetrical objects are initially spun about axes

that are not aligned with a principal axis. To explore this in more detail consider first a

symmetric top, for which only two principal moments of inertia are equal. In what follows we

denote the body’s principal axes by êi(t) and choose the labels i = 1, 2, 3 in such a way that

I1 = I2 ̸= I3, so ê3 points along the symmetry axis in cases where the object is cylindrically

symmetric. Because Ω is not initially chosen to lie along one of the principal axes it must

have a component both parallel to the symmetry axis and a component perpendicular to it.

Some useful conclusions follow directly from conservation of energy and angular momen-

tum. These imply that M and M ·Ω are both time independent in an inertial frame. Recall

also that rotational scalars like |M| and M ·Ω are frame independent, so both |M| and M ·Ω
must also be time-independent in the body frame. The principal moments I1 and I3 are also

time-independent, and these facts allow some inferences to be drawn about the components

of Ω in the body frame.

To see why, start with the general relation (4.1.38) evaluated in the body frame:

Ω = Ω1ê1 +Ω2ê2 +Ω3ê3 and so M = I1
(
Ω1 ê1 +Ω2 ê2

)
+ I3Ω3 ê3 , (4.3.8)
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where the expression for M uses the symmetric-top result I1 = I2. The constant values for

|M|2 = I2
1

(
Ω2
1 +Ω2

2

)
+ I2

3Ω
2
3 and M ·Ω = I1

(
Ω2
1 +Ω2

2

)
+ I3Ω2

3 therefore imply

Ω3 and Ω2
⊥ := Ω2

1 +Ω2
2 are both time-independent. (4.3.9)

From this it follows that M3 = I3Ω3 and |Ω| are also both time-independent. Finally, time-

independence of |Ω| and M ·Ω = |M||Ω| cosφ together imply that the angle φ between M

and Ω is time-independent. Similarly the angle ϑ between M and ê3 is also independent since

M · ê3 =M3 = |M| cosϑ.
Ω1 and Ω2 are not themselves separately time-independent, however, and this can most

easily be seen by making a convenient choice for the body frame axes (which are not uniquely

defined because the condition I1 = I2 means any two perpendicular directions in the 1-2 plane

are principal axes). Although it is tempting to try to choose the principal axes ê1(t) and ê2(t)

so that ê2(t) is aways perpendicular to Ω, this cannot be done if Ω moves in the body frame

(as it in general does, as it turns out). But we can arrange Ω(t) to be perpendicular to ê2

at any particular instant in time, if we keep in mind that Ω and ê2 in general will not stay

perpendicular as time evolves.

At an instant where Ω is perpendicular to ê2 eqs. (4.3.8) simplify to

Ω = Ω1ê1 +Ω3ê3 and so M = I1Ω1 ê1 + I3Ω3 ê3 , (4.3.10)

which shows that all three of M, Ω and ê3 are coplanar at this instant. Because the instant

chosen was arbitrary these three vectors must be coplanar at all times. To understand how

the symmetric top moves in the inertial frame it is useful to focus our attention on those

atoms that lie along the symmetry axis of the body, for which saxis ∝ ê3. The velocity for

any atom that sits on the symmetry axis is given in the rest frame of the centre of mass by

(4.2.1), which in this instance becomes

vaxis(t) = ṡaxis(t) = Ω(t)× saxis(t) . (4.3.11)

Expression (4.3.11) would have vanished if Ω had been parallel to the symmetry axis,

but it instead now is the equation for circular motion – see e.g. eq. (3.2.5) – and so shows

that each point of the symmetry axis has a velocity that is instantaneously perpendicular to

the plane containing Ω, M and saxis ∝ ê3. This means any point on the symmetry axis traces

out a circle in the plane perpendicular to M, as illustrated in Fig. 18: in the inertial frame

the vector ê3(t) precesses about the direction of M.

The upshot is the direction ê3(t) in the inertial frame does not point in a fixed direction

(when M and Ω are not parallel). It instead changes direction with time as the axis of

symmetry of the symmetric top precesses about the direction of M. Because M, Ω and ê3

must all be coplanar this means that Ω must also precess around M with the same angular

speed as ê3. That is,

Ω(t) = aM+ b ê3(t) (4.3.12)
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Figure 18. Procession of an isolated symmetrical top.

for some a and b. Comparing this with (4.3.8) implies

a =
1

I1
and b =

(I1 − I3)M3

I1I3
=

(
I1 − I3

I1

)
Ω3 . (4.3.13)

In particular, both a and b are constants.

The precession velocity is found by using (4.3.12) in (4.3.11), and using the kinematics

of circular motion. For a point on the axis a distance ℓ from the centre of mass we have

saxis(t) = ℓ ê3(t) and so (4.3.12) with (4.3.11) together give

vaxis := |ṡaxis(t)| = ℓΩ⊥ =
ℓ

I1
|M× ê3(t)| =

ℓM sinϑ

I1
, (4.3.14)

which uses the definition (4.3.9) for Ω⊥ and denotesM := |M| while ϑ is the time-independent

angle between M and ê3. We see that a point on the symmetry axis a distance ℓ from

the centre of mass moves in a circle of radius raxis = ℓ sinϑ with constant speed vaxis =

ℓM sinϑ/I1 and so its angular speed is

Ωpr =
vaxis
raxis

=
M
I1

. (4.3.15)

4.3.2 Euler’s Equations

Part of what made the above discussion of precession cumbersome was an underlying tension

between the simplicity of Newton’s laws in an inertial frame and the simplicity of the prop-

erties of the rigid body – like its principal axes and time-dependence of Iij – when expressed

in a frame that moves with the object’s motion.

This suggests re-examining the problem to see if it is easier using a body-centred frame.

The key step for doing so is eq. (3.2.4) (repeated for convenience here)

dX

dt
=
∂X

∂t
+Ω×X . (4.3.16)
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that expresses the rate of change dX/dt of an arbitrary vector X as seen in an inertial frame in

terms of the rate of change ∂X/∂t seen in a reference frame that rotates with an instantaneous

angular velocity Ω. When applied to the angular momentum M – for which dM/dt = 0 in

an inertial frame – this implies the evolution of M for an isolated rigid body becomes

∂M

∂t
+Ω×M = 0 . (4.3.17)

once expressed in a rotating body frame.

A great advantage of a body frame is the components Iij are time-independent (for a

rigid body) and so M can be eliminated to give an evolution equation involving only Ω.

This is simplest if evaluated using a body reference frame that is adapted to the rigid body’s

principal moments, in which case

I1
∂Ω1

∂t
+ (I3 − I2)Ω2Ω3 = 0 (4.3.18a)

I2
∂Ω2

∂t
+ (I1 − I3)Ω1Ω3 = 0 (4.3.18b)

I3
∂Ω3

∂t
+ (I2 − I1)Ω1Ω2 = 0 , (4.3.18c)

a set of equations called Euler’s equations for an isolated rigid body. We next use these to

reproduce the discussion given above for the evolution of rigid bodies with differing amounts

of symmetry.

Spherical Top

The most symmetric example is the spherical top, for which I1 = I2 = I3 = I and so

eqs. (4.3.18) reduce to the statements that the components of angular velocity in the principal

basis are constants:
∂Ω1

∂t
=
∂Ω2

∂t
=
∂Ω3

∂t
= 0 (spherical top). (4.3.19)

The angular velocity vector Ω therefore points in a constant direction relative to the axes

that rotate with the rigid body. Using ∂Ω/∂t = 0 in (4.3.16) applied to X = Ω then implies

dΩ/dt = 0, in agreement with the earlier result.

Rotation about a Principal Axis

Another simple situation is the case where the rigid body need not be symmetric but the

rotation is initially chosen to be along one of the principal axes. (We choose it here to be ê1

for the sake of argument, but the argument is the same for either of the others.)

If Ω2 = Ω3 = 0 and Ω1 = ω at an initial time t = t0 then eqs. (4.3.18) show that

∂Ωi/∂t = 0 for all three angular velocity components at this time as well. This ensures that

the initial values do not change and so Ω2 = Ω3 = 0 for all time and Ω1 = ω for all times.

This reproduces our earlier findings that an arbitrary rigid body initially rotated about one of

the principal axes produces a constant angular velocity that remains along the same principal

axis for all times.
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Symmetric Top

For a symmetric top only two of the principal moments are equal, which we choose to be

I1 = I2 ̸= I3, so ê3 is the top’s symmetry axis. In this case eqs. (4.3.18) reduce to:

I1
∂Ω1

∂t
+ (I3 − I1)Ω2Ω3 = 0 , I1

∂Ω2

∂t
+ (I1 − I3)Ω1Ω3 = 0 , (4.3.20)

and

I3
∂Ω3

∂t
= 0 . (4.3.21)

Equation (4.3.21) tells us the rotation rate about the symmetry direction, Ω3, is constant.

Using this in eqs. (4.3.20) then gives a pair of coupled linear equations that can be decoupled

by using the second one to eliminate ∂Ω2/∂t in terms of Ω1:

∂Ω2

∂t
= ωΩ1 , (4.3.22)

where

ω :=

(
I3 − I1

I1

)
Ω3 . (4.3.23)

Plugging (4.3.22) into the time derivative of the first of equations (4.3.20) gives an evolution

equation involving Ω1 alone:
∂2Ω1

∂t2
+ ω2Ω1 = 0 . (4.3.24)

This is the equation of a simple harmonic oscillator and so it has general solution

Ω1(t) = A cos(ωt+ δ) , (4.3.25)

where A and δ are integration constants. Using this in (4.3.22) then gives

Ω2(t) = A sin(ωt+ δ) , (4.3.26)

where a third integration constant must be chosen to vanish in order to satisfy the first of

eqs. (4.3.20).

Combining all components the body-frame form of the rotation vector is

Ω = A
[
cos(ωt) ê1 + sin(ωt) ê2

]
+Ω3 ê3 , (4.3.27)

where we choose our basis so that ê2 is orthogonal to Ω at the initial time (which we choose

to be at t0 = 0). Comparing to earlier sections then shows that A2 = Ω2
1 + Ω2

2 = Ω2
⊥. The

corresponding angular momentum is then

M = Ω1I1
[
cos(ωt) ê1 + sin(ωt) ê2

]
+ I3Ω3 ê3 , (4.3.28)

and so

M ·Ω = I1Ω2
1 + I3Ω2

3 and M2 = I2
1Ω

2
1 + I2

3Ω
2
3 , (4.3.29)
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and (compare with (4.3.12) and (4.3.13))

Ω =
M

I1
+

(
I1 − I3

I1

)
Ω3 ê3 =

M

I1
− ω ê3 . (4.3.30)

This is the body-frame version of what we found for the inertial frame in §4.3.1 (with

somewhat more effort). In the inertial frame we saw that M is fixed and Ω precesses around

it with frequency ω. The body’s symmetry axis also precesses about M so that all three

directions remain coplanar for all times. In the body frame the principal directions define

the natural basis vectors and these remain unchanged in time. In particular the symmetry

direction is fixed because it is one of the principal axes. Relative to this frame Ω precesses

about the symmetry axis but in the opposite direction from what was found in the inertial

frame. M does so as well. This apparent evolution of M in the body frame is not inconsistent

with conservation of M because of eq. (4.3.17). The pictures in the two frames agree.

Asymmetric Top

The equations of motion for an asymmetric top can be approached in a similar way, starting

from (4.3.18). Although the solution in the general case is more complicated in this section we

start by exploring evolution that is close to a simple case: rotation along one of the principal

axes. A motivation for doing so is to study the stability of these simplest solutions.

We start with rotations that are close to but not exactly about the symmetry axis e3.

To this end we write Ω3 = Ω+ ω3(t), Ω2 = ω2(t) and Ω1 = ω1(t) where the ωi’s are all much

smaller than the constant value Ω. Because they are small we Taylor expand eqs. (4.3.18) in

powers of ωi and keep only the leading (linear) term. This leads to the following approximate

evolution equations:

I1
∂ω1

∂t
+ (I3 − I2)ω2Ω ≃ 0 , I2

∂ω2

∂t
+ (I1 − I3)ω1Ω ≃ 0 , (4.3.31)

together with I3 ∂ω3/∂t ≃ 0. The last of these implies ω3 is a constant which can be absorbed

into Ω (which allows us to take ω3 = 0).

Differentiating the first equation and using the second one to eliminate ∂ω2/∂t (or using

the same type of argument to derive an equation involving only ω2) then shows that y = ω1(t)

and y = ω2(t) must both solve the equation

∂2y

∂t2
+ νy = 0 where ν :=

[
(I3 − I2)(I3 − I1)

I1I2

]
Ω2 . (4.3.32)

This has oscillatory solutions y = A sin(λt + c) – with integration constants A and c – if

ν = λ2 > 0. But it instead has non-oscillatory exponential solutions y = Aeλt + Be−λt if

ν = −λ2 < 0.

The ν > 0 case corresponds to oscillations about a stable solution and the ν < 0 case

describes the exponential departure from an unstable solution. We see from this that if I3 is
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either the largest or the smallest of the three principal moments then a small perturbation

away from constant rotations about the symmetry axis ê3 produces an angular velocity Ω

that just precesses about a stable zeroeth order solution. But if I3 is neither the largest or

the smallest eigenvalue then small perturbations start to evolve away from the unstable initial

rotation. Repeating the above arguments for perturbations about an initial rotation about

the ê1 or ê2 directions leads to the same conclusion: rotation about the principal axis for the

largest or smallest principal moment is stable but rotations about the middle-sized principal

moment is unstable. It is the existence of instability that suggests that evolution in general

can be fairly complicated.

4.3.3 The Poinsot construction

Returning to the full evolution equations, (4.3.18) provide a system of nonlinear differential

equations whose solution describes general rigid-body motion in the absence of applied forces

(or in the presence of forces if these apply no net torque). Although nonlinear these equations

admit several integrations because the energy and angular momentum are both conserved,

and this allows the problem of the free top to be reduced to quadratures, much as was the

case for the two-body problem of §1.2.1 with a central force.

The integrals involved are elliptic integrals and are not that illuminating about the physics

of what is going on, but there is a geometrical formulation – the Poinsot construction – that

makes some features of the motion easier to visualize. The starting point for this line of

thought is to interpret geometrically what the conservation laws for kinetic energy, K, and

for the magnitude of angular momentum, M = |M|, express:

2K = I1Ω2
1 + I2Ω2

2 + I3Ω2
3 and M2 = I2

1Ω
2
1 + I2

2Ω
2
2 + I2

3Ω
2
3 . (4.3.33)

Both of these can be regarded as the equation of an ellipsoid in the three-dimensional space

whose coordinates are the Ωi’s, as may be seen by writing them as(
I1
2K

)
Ω2
1 +

(
I2
2K

)
Ω2
2 +

(
I3
2K

)
Ω2
3 = 1 , (4.3.34)

called the inertia ellipsoid, and(
I2
1

M

)
Ω2
1 +

(
I2
2

M

)
Ω2
2 +

(
I2
3

M

)
Ω2
3 = 1 . (4.3.35)

The point of this observation is this: the evolution of Ωi(t) can be thought of as being

inscribed within two ellipsoids, and so the motion that is traced out must lie on their inter-

section. It is convenient to label the principal axes so that I1 > I2 > I3, in which case Ω3 is

in the direction of the longest axis of both ellipsoids and Ω1 is in the direction of the smallest

for both. Fig. 19 shows what the curves of intersection look like when drawn on the inertia

ellipsoid for various values of M.
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Figure 19. Illustration of the intersection of the two ellipsoids described by eqs. (4.3.33). Figure

taken from Classical Dynamics (lecture notes by David Tong, found here).

What is noteworthy is the resulting trajectories – called polhode curves – trace closed

curves on the inertia ellipsoid and as a result the motion is periodic (as opposed to chaotic).

For motion very close to one of the principal directions the polhode curves are small circles

if they are close to either the largest or smallest axes of the ellipsoid (i.e. for the Ω1 and Ω3

directions), corresponding to the oscillatory solutions found perturbatively in (4.3.32) when

ν > 0. But when Ω points almost along the Ω2 axis they are crossed lines, corresponding to

the unstable solutions to (4.3.32) found above when ν < 0.

4.4 Euler enters the chat (again)

To this point we have had much to say about the angular velocities appearing in rigid-body

motion but have had almost nothing to say about how to describe angular positions. This

section rectifies that, providing an explicit parameterization of an arbitrary finite rotation

Rij . Having explicit position coordinates is useful because it opens up the ability to use

Lagrangian methods as is useful when treating rigid bodies subject to nonzero external forces

and torques.

4.4.1 Euler’s theorem

Before constructing a general rotation there is a side-issue to resolve that might otherwise be

bothersome: we know from explicit construction that rotations are described by orthogonal

matrices, since (for example) a rotation about the x, y or z axis by an angle θ has the form

Rx =

1 0 0

0 cos θ sin θ

0 − sin θ cos θ

 , Ry =

 cos θ 0 sin θ

0 1 0

− sin θ 0 cos θ

 or Rz =

 cos θ sin θ 0

− sin θ cos θ 0

0 0 1

 ,

(4.4.1)
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each of which is easily seen to be orthogonal. But how do we know that an orthogonal matrix

must be a rotation?

Strictly speaking they do not, since taking the determinant of RRT = I shows that

detR = ±1. But rotations are continously connected to the identity transformation (which

has determinant 1) and so rotations all must have determinant equal to unity. But any orthog-

onal transformation with determinant −1 – what are called improper transformations – can

be obtained from those with determinant +1 - not surprisingly called proper transformations

– by multiplying by a specific matrix

P :=

−1 0 0

0 −1 0

0 0 −1

 , (4.4.2)

which implements a reflection in all three spatial directions (a transformation called parity).

So the more precise question is whether or not all 3 × 3 orthogonal matrices with unit de-

terminant are rotations about some axis. Orthogonal transformations with unit determinant

make up what is called the group of ‘special’ orthogonal matrices – or SO(3) for short – to

distinguish them from the generic O(3) group of 3× 3 orthogonal matrices.

Euler’s theorem provides the answer: they are. This seems plausible because orthogo-

nality, RTR = I, provides a symmetric matrix’s worth of conditions on the 9 elements of a

generic real 3× 3 matrix. Since a symmetric 3× 3 matrix has six independent elements this

suggests SO(3) is a 9 − 6 = 3 parameter set of matrices, in agreement with the freedom to

rotate about each of three independent directions shown in (4.4.1).

But there is more to the argument than just counting parameters. Any rotation can be

written in the form (4.4.1) if we adapt the coordinate directions so that one of them lies along

the axis of rotation. We must show that any element of SO(3) can be written in this way.

This will always be possible if and only if the eigenvalues12 of the matrix are {1, eiθ, e−iθ}, so
we must think through the implications of the eigenvalue condition

Ru = λu , (4.4.3)

for orthogonal matrices.

The first thing to observe is that any eigenvalue of a unitary matrix must satisfy λ = eiα

for some real α. This follows because Uu = λu implies

u†u = u†U †Uu = |λ|2u†u (wheneverU †U = I) , (4.4.4)

12A square matrix M can always be diagonalized by a unitary transformation so long as it commutes with

its adjoint: M†M = MM† (what is called a normal matrix), so in particular any real orthogonal matrix can

be diagonalized in this way. There is no guarantee the transformation that does so must be real and so also

there is no guarantee the eigenvalues must be real.
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and so |λ| = 1. This result is also true in particular for orthogonal matrices, since these are

unitary. It also follows that any real eigenvalue of a unitary matrix must be ±1.

The second thing to observe is that any eigenvalue λ of R must satisfy the condition

det(R− λI) = 0, which for 3× 3 matrices is a cubic polynomial in λ with real coefficients:

c1λ
3 + c2λ

2 + c3λ+ c4 = 0 . (4.4.5)

But because the coefficients ci are real it follows that if λ is an eigenvalue then its complex

conjugate λ∗ must also be an eigenvalue. This means that at least one of the three eigenvalues

must be real. This same conclusion also follows because the left-hand side of (4.4.5) necessarily

changes sign at least once as λ is taken from −∞ to +∞ through real values, since for large |λ|
its sign is dominated by the cubic term alone. We use the fact that at least one eigenvalue is

real together with the freedom to relabel the eigenvalues to ensure λ3 = λ∗3. It might happen

that a second eigenvalue is also real, but if it is then they all must be real.

The third thing to observe is that the product of eigenvalues is the determinant and so

the condition detR = 1 implies λ1λ2λ3 = 1. First suppose all three eigenvalues are real. In

this case they must all be either +1 or −1. Since their product is +1 they are either all equal

λ1 = λ2 = λ3 = +1 (in which case R is the unit matrix), or two of them are −1 and one is +1.

Either case is a special instance of {1, eiθ, e−iθ}, either with θ = 0 or θ = π. Alternatively, if

one eigenvalue is complex – say λ1 = eiα – then we must have λ2 = e−iα for the same α and

so λ1λ2λ3 = λ3 = 1. This also agrees with {1, eiθ, e−iθ}, with θ = α.

These arguments show that any SO(3) matrix – i.e. those for which RTR = I and

detR = 1 – is necessarily a rotation about some axis.

4.4.2 Euler Angles

It is useful to have an explicit convention for how to label an arbitrary 3 × 3 rotation, and

Euler angles provide a convenient way to do so.13 We choose the following product of the

matrices in (4.4.1):

R(θ, ϕ, ψ) =

 cosψ sinψ 0

− sinψ cosψ 0

0 0 1


1 0 0

0 cos θ sin θ

0 − sin θ cos θ


 cosϕ sinϕ 0

− sinϕ cosϕ 0

0 0 1

 (4.4.6)

=

 cosϕ cosψ − cos θ sinϕ sinψ sinϕ cosψ + cos θ cosϕ sinψ sin θ sinψ

− cosϕ sinψ − cos θ sinϕ cosψ − sinϕ sinψ + cos θ cosϕ cosψ sin θ cosψ

sin θ sinϕ − sin θ cosϕ cos θ

 .

If the rotation takes (e.g. the inertial basis) {ex, ey, ez} to (e.g. the body frame basis)

{ê1, ê2, ê3}, then the above convention his corresponds to doing so in three steps. First we

13Beware that not all definitions of Euler angles in the literature are exactly the same (though they are

equivalent to one another). So be sure of your conventions before lifting any formulae from books!
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rotate through an angle ϕ about the initial ez direction, arriving at an intermediate basis

{e′1, e′2, e′3 = ez}. Next we rotate through an angle θ about the new axis e′1, arriving at

a second intermediate basis {e′′1 = e′1, e
′′
2, e

′′
3}. Finally we rotate about the axis e′′3 in this

newest basis to reach the final frame {ê1, ê2, ê3 = e′′3}. The last rotation does not undo the

first rotation because they are around different ‘z’ axes.

The idea is that any 3-dimensional rotation can be decomposed in this way, so we can

use the angles {θ, ϕ, ψ} as a set of coordinates describing an arbitrary 3-dimensional rotation.

In particular we can use these angles as a function of time {θ(t), ϕ(t), ψ(t)} as a way to label

the orientation at any instant of a rigid body relative to a fixed frame that instantaneously

moves with the same position and velocity as the rigid body’s centre of mass at that instant.

In terms of Euler angles the body frame is given by êi = Rij ej , which using (4.4.6)

becomes

ê1 = (cosϕ cosψ − cos θ sinϕ sinψ) ex + (sinϕ cosψ + cos θ cosϕ sinψ) ey + sin θ sinψ ez

ê2 = −(cosϕ sinψ + cos θ sinϕ cosψ) ex + (− sinϕ sinψ + cos θ cosϕ cosψ) ey + sin θ cosψ ez

ê3 = sin θ sinϕ ex − sin θ cosϕ ey + cos θ ez . (4.4.7)

Inverting gives the inertial basis vectors in terms of the body frame: ei = Rji êj and so

ex = −(cosϕ sinψ + cos θ sinϕ cosψ) ê1 + (cosϕ cosψ − cos θ sinϕ sinψ) ê2 + sin θ sinϕ ê3

ey = (sinϕ cosψ + cos θ cosϕ sinψ) ê1 + (− sinϕ sinψ + cos θ cosϕ cosψ) ê2 − sin θ cosψ ê3

ez = sin θ sinψ ê1 + sin θ cosψ ê2 + cos θ ê3 . (4.4.8)

In order to make contact with the previous sections we must obtain an expression for the

components of the body’s angular velocity Ω in terms of the derivatives θ̇, ϕ̇ and ψ̇. This is

not done simply by differentiating R(t) since the vector Ω is defined in terms of the matrix

A when we write R = I +A for rotations close to the identity transformation. To determine

how it is defined we go back to the definition of how R(t) is related to the motion of a point

P with position vector r(t) somewhere on the rigid body. This can be expanded in either

inertial or body frames, with

r(t) = x(t) ex + y(t) ey + z(t) ez (inertial frame) (4.4.9a)

= x̂1 ê1(t) + x̂2 ê2(t) + x̂3 ê3(t) (body frame) , (4.4.9b)

where x̂1, x̂2 and x̂3 are the coordinate distances from P to the centre of mass (and so are

time-independent, though the basis vectors êi(t) depend on time) while x(t), y(t) and z(t)

describe the position of P relative to a time-independent inertial frame {ex, ey, ez}.
Writing the body-frame axis relative to the inertial frame as

êi(t) = Rij(t) ej , (4.4.10)
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which also implies ei = Rji(t) êj , we see that

ṙ(t) = x̂i ˙̂ei = x̂iṘij ej = x̂iṘij Rkj êk = x̂i(Ṙ R
T )ik êk . (4.4.11)

This is to be compared with the expression (3.2.5) for the velocity vector for a point moving

in the body frame

ṙ = Ω× r = ϵkjiΩj x̂i êk (4.4.12)

leading to the expression ϵikj Ωj = (ṘRT )ik and so

Ωi =
1
2ϵijk (ṘR

T )jk , (4.4.13)

where (ṘRT )jk = −(ṘRT )kj follows
14 from differentiating the condition RRT = I.

The hard way to compute Ω is to explicitly differentiate R and then use the result in

(4.4.13). Simpler is to use that Ω points in the direction of the axis about which the rotation

takes place and has magnitude given by the amount of angular change, and to recognize that

the Ω’s for successive rotations simply add to one another if the rotations are infinitesimal.

It then follows from the definitions of the Euler angles that

Ω = ϕ̇ ez + θ̇ e′1 + ψ̇ ê3 , (4.4.14)

where the vectors ez and e′1 are related to the body-frame axes êi by

e′1 = cosψ ê1 − sinψ ê2 and ez = sin θ sinψ ê1 + sin θ cosψ ê2 + cos θ ê3 . (4.4.15)

Combining everything gives the desired expression for Ω in the body frame:

Ω = (θ̇ cosψ + ϕ̇ sin θ sinψ)ê1 + (ϕ̇ sin θ cosψ − θ̇ sinψ) ê2 + (ψ̇ + ϕ̇ cos θ) ê3 . (4.4.16)

An identical argument gives Ω in the inertial frame, which replaces eqs. (4.4.15) with

e′1 = cosϕ ex + sinϕ ey and ê3 = sin θ sinϕ ex − sin θ cosϕ ey + cos θ ez , (4.4.17)

and so the result for the angular momentum in the inertial frame is

Ω = (θ̇ cosϕ+ ψ̇ sin θ sinϕ)ex + (−ψ̇ sin θ cosϕ+ θ̇ sinϕ) ey + (ϕ̇+ ψ̇ cos θ) ez . (4.4.18)

Now that we have generalized coordinates we can write down the lagrangian describing

rigid body dynamics. The simplest starting point when doing so is an isolated system for

which there are no net forces or torques. When doing so it is most convenient to adapt the

body frame to align with the body’s principal axes. In this case eqs. (4.4.7) or (4.4.8) show

that ez · ê3 = cos θ and so θ gives the direction of the body frame’s I3 axis relative to ez.

14Explicitly: 0 = (d/dt)(RRT ) = ṘRT +RṘT = ṘRT + (ṘRT )T .
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4.4.3 Lagrangian for an isolated rigid body

In the absence of applied forces and torques the Lagrangian is just the kinetic energy, L =

K = 1
2 Iij ΩiΩj , and so for coordinates adapted to the principal axes this becomes

L = 1
2

(
I1Ω2

1 + I2Ω2
2 + I3Ω2

3

)
(4.4.19)

= 1
2

[
I1(θ̇ cosψ + ϕ̇ sin θ sinψ)2 + I2(ϕ̇ sin θ cosψ − θ̇ sinψ)2 + I3(ψ̇ + ϕ̇ cos θ)2

]
.

The three generalized momenta are pA = ∂L/∂q̇A, which for this Lagrangian becomes

pθ = I1(θ̇ cosψ + ϕ̇ sin θ sinψ) cosψ − I2(ϕ̇ sin θ cosψ − θ̇ sinψ) sinψ

= I1Ω1 cosψ − I2Ω2 sinψ (4.4.20a)

pϕ = I1(θ̇ cosψ + ϕ̇ sin θ sinψ) sin θ sinψ + I2(ϕ̇ sin θ cosψ − θ̇ sinψ) sin θ cosψ

+ I3(ψ̇ + ϕ̇ cos θ) cos θ

= I1Ω1 sin θ sinψ + I2Ω2 sin θ cosψ + I3Ω3 cos θ (4.4.20b)

pψ = I3(ψ̇ + ϕ̇ cos θ) = I3Ω3 , (4.4.20c)

so the Euler-Lagrange equations ṗA = ∂L/∂qA then read

ṗθ = I1(θ̇ cosψ + ϕ̇ sin θ sinψ)ϕ̇ cos θ sinψ (4.4.21)

+I2(ϕ̇ sin θ cosψ − θ̇ sinψ)ϕ̇ cos θ cosψ − I3(ψ̇ + ϕ̇ cos θ)ϕ̇ sin θ ,

ṗψ = (I1 − I2)(ϕ̇ sin θ cosψ − θ̇ sinψ)(ϕ̇ sin θ sinψ + θ̇ cosψ) , (4.4.22)

and

ṗϕ = 0 . (4.4.23)

These equations show that ϕ is generically an ignorable coordinate, inasmuch as its equa-

tion of motion is a conservation law: pϕ is time-independent. The corresponding symmetry is

ϕ→ ϕ+ constant, which (4.4.6) shows amounts to a rotation about the ez axis. The general

arguments of §2.3 show that this corresponds to the component

pϕ =Mz = ez ·M (4.4.24)

of angular momentum.

Since we know angular momentum M is conserved for an isolated top when measured in

an inertial frame there is no loss of generality in adapting our inertial frame basis vectors so

that ez points in the same direction as does M. With this choice pϕ can be interpreted as

the total angular momentum, M = |M| and then (4.4.17) shows that θ can be interpreted as

the angle between M and the body axis ê3.
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4.4.4 Symmetric top revisited

Eq. (4.4.22) also becomes a conservation law when I1 = I2, the case of a symmetric top. This

section specializes this example in more detail since results can then be compared with the

discussion in §4.3.1 and §4.3.2.

In the special case I1 = I2 the Lagrangian (4.4.19) reduces to

L = 1
2

[
I1(θ̇2 + ϕ̇2 sin2 θ) + I3(ψ̇ + ϕ̇ cos θ)2

]
, (4.4.25)

and so the three generalized momenta of (4.4.20) simplify to

pθ = I1 θ̇ , pϕ = I1 ϕ̇ sin2 θ + I3(ψ̇ + ϕ̇ cos θ) cos θ (4.4.26)

and

pψ = I3(ψ̇ + ϕ̇ cos θ) = I3Ω3 , (4.4.27)

with Euler-Lagrange equations

ṗθ = (I1 − I3)ϕ̇2 sin θ cos θ − I3ψ̇ϕ̇ sin θ and ṗψ = ṗϕ = 0 . (4.4.28)

In this case both ϕ and ψ are ignorable coordinates, whose equations of motion express

conservation laws. As mentioned earlier, shifts of ϕ correspond to rotations about the ez

axis, leading to the identification of pϕ with the component of angular momentum in the ez

direction in the inertial frame, and so pϕ = M = |M| if we choose ez to point in the same

direction as M.

Shifts of ψ, on the other hand, correspond to rotations about the body-frame ê3 axis, as

can be seen by inspecting (4.4.6), with conservation of pψ corresponding to the conservation

of the component M̂3 = ê3 · M of angular momentum obtained by projecting onto the ê3

axis. In §4.3.1 this conservation was used to conclude that the angular velocity, Ω3, about

the symmetry direction ê3 must be constant, and eq. (4.4.27) shows that this conclusion also

follows from ṗψ = 0 in the Lagrangian formulation.

Since both |M| and ê3 ·M are constants it follows that the angle between M and ê3 also

does not depend on time. But in the case where we choose ez parallel to M we know – see

the discussion below eq. (4.4.24) – that the coordinate θ is the angle between M and ê3 and

so it must be true that in this frame θ is time-independent: θ̇ = 0. Eqs. (4.4.26) and (4.4.27)

then show that ϕ̇ and ψ̇ are also time-independent.

Finally, θ̇ = 0 implies pθ = 0 and setting ṗθ = 0 in the evolution equation (4.4.28) gives[
(I1 − I3)ϕ̇ cos θ − I3ψ̇

]
ϕ̇ sin θ = 0 , (4.4.29)

from which we conclude (assuming ϕ̇ sin θ ̸= 0)

ψ̇ =

(
I1 − I3

I3

)
ϕ̇ cos θ . (4.4.30)
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Using this and θ̇ = 0 in expression (4.4.16) then implies the body-frame angular velocity is

Ω = ϕ̇

[
sin θ sinψ ê1 + sin θ cosψ ê2 +

(
I1
I3

)
cos θ ê3

]
. (4.4.31)

The angular momentum therefore is

M = I1ϕ̇
(
sin θ sinψ ê1 + sin θ cosψ ê2 + cos θ ê3

)
= I1ϕ̇ ez , (4.4.32)

where the last equality uses (4.4.8). This verifies that M is a constant vector pointing in the

ez direction.

Eq. (4.4.31) describes precession within the body frame – precisely as found in §4.3.2

– because integrating (4.4.30) shows that Ω is time-dependent due to its dependence on

ψ(t) = ψ0 +Ωprt, where the precession velocity is

Ωpr = ψ̇ =

(
I1 − I3

I3

)
ϕ̇ cos θ =

(
I1 − I3

I1

)
Ω3 , (4.4.33)

in agreement with (4.3.13). The last equality uses (4.4.31) to trade ϕ̇ for Ω3.

The behaviour of Ω in the inertial frame is found by converting the basis vectors using

(4.4.8) and (4.4.7), leading to

Ω = ϕ̇

[
ez +

(
I1 − I3

I3

)
cos θ ê3

]
= ϕ̇ ez +Ωpr ê3

= Ωpr sin θ
(
sinϕ ex − cosϕ ey

)
+
(
ϕ̇+Ωpr cos θ

)
ez , (4.4.34)

In this frame the time-dependence of Ω arises through the dependence on ϕ(t), and (4.4.32)

shows that the precession rate in the inertial frame is ϕ̇ = M/I1 (compare with (4.3.15)).

4.5 Dynamics with Applied Forces

We next ask about evolution in the presence of external applied forces, in which case the

equations of motion become (see (1.3.3) and (1.4.9) and we assume rotation invariance so

that the net torque due to internal forces vanishes):

Ṗ = F and Ṁ = τ , (4.5.1)

where P = MṘ is the body’s total momentum and M is its angular momentum about the

centre of mass as defined in (4.1.37), while

F =
∑
a

Fext
a and τ =

∑
a

sa × Fext
a (4.5.2)

are the total externally applied forces and the torques to which they give rise. Here sa = ra−R

so the torque is computed here relative to the position of the centre of mass.
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To separate issues we imagine that the net force applied is zero (F = 0) but the net

torque is nonzero (τ ̸= 0) . In this case having F = 0 ensures that the centre of mass does

not accelerate – see for instance (1.3.3) – and so we can (and will) adopt an inertial frame in

which the centre of mass does not move. The situation where the net force vanishes but a

nonzero net torque exists is called a couple.

4.5.1 Slowly varying forces

In general the calculation of the net external torque involves summing over the torque that

is applied by external forces atom by atom, but for many practical examples this sum can

be simplified. This is true in particular if the force is the result of a field that does not vary

appreciably in strength across the size of the rigid body.

Electrostatic force

For instance for electrostatic forces due to an electric field that is approximately constant

across the body we have a total force

FE
a = qaE and so FE =

∑
a

FE
a = QE , (4.5.3)

where Q :=
∑

a qa is the body’s total charge. The net torque about the centre of mass due

to such a force is

τE =
∑
a

sa × FE
a = DQ ×E , (4.5.4)

where

DQ =
∑
a

qa sa , (4.5.5)

is the net electric dipole carried by the rigid body. Notice that because qa can have either

sign it is possible to have DQ ̸= 0 even if the body itself is electrically neutral so Q = 0.

Notice also that DQ would vanish because of the identity
∑

amasa = 0 if all of the atoms in

a body had the same charge-to-mass ratio (i.e. if γ = qa/ma were the same for all a).

When the body is not electrically neutral (so Q ̸= 0) we can interpret

RQ :=
DQ

Q
=

1

Q

∑
a

qa sa (4.5.6)

as an effective ‘centre of charge’ for the rigid body. In this case expression (4.5.4) says the

net torque applied can be computed ‘as if’ the total electric force FE = QE were applied at

the point r = RQ.
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Gravitational force

Another approximately constant force often relevant for bodies near the Earth’s surface is

the force of gravity: Fg
a = mag. In this case the net force applied to a rigid body is

Fg =
∑
a

mag =Mg , (4.5.7)

where (as usual) M =
∑

ama is the total mass. This force can never vanish because ma > 0

for all atoms, but it can easily be balanced by other applied contact forces.

The net torque about the centre of mass on a rigid body produced by gravity then is

τ g =

(∑
a

ma sa

)
× g = 0 , (4.5.8)

which vanishes due to the identity
∑

amasa = 0. More generally, the torque applied by

gravity relative to an origin displaced from the centre of mass is∑
a

ra × Fg
a =

∑
a

mara × g =MR× g +
∑
a

masa × g =MR× g , (4.5.9)

where ra = R+ sa. This shows how the force of gravity acts on the rigid body as if the total

force Mg were applied to the centre of mass, and so in particular it does not apply a torque

if this torque is taken about the centre of mass.

Magnetic force

The magnetic force acting on each atom due to a magnetic field B is Fm
a = qa ṙa×B, so when

the magnetic field is approximately constant across a rigid body the total magnetic force is

given by

FM
tot =

∑
a

qa(ṙa ×B) =

[∑
a

qa(Ṙ+ ṡa)

]
×B = QṘ×B+ ḊQ ×B , (4.5.10)

where DQ is defined in (4.5.5). Again this decomposes into the Lorentz force law for the

entire object, using the total charge and centre of mass velocity, plus a contribution from the

rate of change of the charge distribution within the centre-of-mass frame.

The net torque applied by a magnetic field similarly is

τM =
∑
a

qa[ra × (ṙa ×B)] = m×B , (4.5.11)

where

m :=
∑
a

qa(ra × ṙa) . (4.5.12)

Notice that m can be nonzero even if the total charge Q =
∑

a qa vanishes.
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These expressions simplify considerably in the special case that the charges in the body

all share the same charge-to-mass ratio: γ := qa/ma = Q/M is independent of a. In this case

the last term in the total force expression (4.5.10) vanishes because∑
a

qasa = γ
∑
a

masa = 0 (4.5.13)

(and the same for its time derivative) by virtue of the definition of the sa. The net torque

also simplies because the identity (4.5.13) implies (4.5.12) becomes

m =
∑
a

qa

[
(R+ sa)× (Ṙ+ ṡa)

]
= QR× Ṙ+

∑
a

qa(sa × ṡa) =
Q

M

(
L+M

)
, (4.5.14)

where the last equality uses the definitions (4.1.36) and (4.1.37) of ‘orbital’ and ‘intrinsic’

angular momentum:

L =MR× Ṙ and M =
∑
a

ma sa × ṡa . (4.5.15)

Contact forces

The other kinds of forces commonly encountered for rigid bodies are the contact forces briefly

discussed in §1.5. These have their microscopic origins in short range interatomic forces that

act between atoms in each of two bodies once these bodies are brought into close enough

proximity to one another. For the present purposes what matters is that these forces come

with an effective point of application that describes the point to which the total force found

by summing over all atoms should be applied if it is to generate the same contribution to the

net external force and torque.

4.5.2 When the axis of rotation is fixed

The simplest type of applied force problem for a rigid body assumes there is a fixed axis of

rotation about which the body can potentially pivot. This axis is not itself allowed to pivot

and so the angular velocity and acceleration are constrained to lie along a fixed axis. The

angular behaviour then becomes a one-dimensional problem for which only the magnitude

Ω(t) = |Ω(t)| is of interest.
As an illustration of this kind of system consider the example of a compound pendulum.

Worked example: Motion of a compound pendulum

Consider a compound pendulum consisting of a rigid body of mass M and inertia tensor Iij that is

constrained to pivot about an axis (labelled A in Fig. 20) and subject to the force of gravity, Fg, which

we’ve seen can be regarded as having magnitude Mg and being applied at the object’s centre of mass

(denoted by C in the figure) that lies a distance ℓ from the axis. What is the reaction force Q applied

at the pivot axis needed to enforce the condition that the body is only free to pivot about the axis A?

What is the motion for small displacements from equilibrium? Assume all internal forces are rotation

invariant so that all internal torques vanish.
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Figure 20. Illustration of the compound pendulum that is free to turns about an axis at which a

reaction force Q keeps the pendulum from doing anything but pivot.

We adopt coordinate directions ex and ey as indicated by ‘x’ and ‘y’ in the figure. With these

choices ez = ex × ey points up out of the page. The force of gravity then is Fg = Mg ex and

the reaction force Q is whatever it must be to ensure that the centre of mass moves only in an

angular direction about the axis. Writing R = ℓ(cosϕ ex + sinϕ ey) =: ℓ er where er(ϕ) is the radial

unit vector (and only ϕ depends on time) ensures Ṙ = ℓϕ̇ (− sinϕ ex + cosϕ ey) =: ℓϕ̇ eϕ, where

eϕ = der/dϕ satisfies eϕ · er = 0 and eϕ · eϕ = er · er = 1. Notice that with these definitions

deϕ/dϕ = − cosϕ ex− sinϕ ey = −er. The centre of mass acceleration then is R̈ = ℓϕ̈ eϕ− ℓϕ̇2 er and

so the equation of motion

Ṗ =MR̈ = Fg +Q (4.5.16)

implies

Q = MR̈− Fg =Mℓϕ̈(− sinϕ ex + cosϕ ey)−Mℓϕ̇2(cosϕ ex + sinϕ ey)−Mg ex

= −M
[
ℓ(ϕ̈ sinϕ+ ϕ̇2 cosϕ) + g

]
ex +Mℓ(ϕ̈ cosϕ− ϕ̇2 sinϕ) ey . (4.5.17)

At the equilibrium position R̈ = 0 and so ϕ̈ = ϕ̇ = 0, in which case Qeq = −Mg ex points directly up.

To describe oscillations about the equilibrium position we require the angular equation

J̇ = τ = R× Fg = ℓ(cosϕ ex + sinϕ ey)× (Mg ex) = −Mgℓ sinϕ ez , (4.5.18)

since Q exerts no torque about the axis. Here J = MR× Ṙ+M is the total angular momentum of

the rigid body – see eq. (4.1.35) and (1.4.9) where the internal torques are zero. The motion of the

centre of mass contributes

L =MR× Ṙ =Mℓer × (ℓϕ̇ eϕ) =Mℓ2ϕ̇ ez , (4.5.19)

which uses er × eϕ = (cosϕ ex + sinϕ ey)× (− sinϕ ex + cosϕ ey) = (cos2 ϕ+ sin2 ϕ)(ex × ey) = ez.

The angular velocity of the rigid body’s rotation about its centre of mass is Ω = ϕ̇ ez since a

rotation through an angle δϕ about the axis A implies a rotation about the centre of mass by the same
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angle parallel to the z axis. The internal angular momentum for the rotation about the centre of mass

therefore is

M = I ϕ̇ ez where I = Iijninj = Izz for rotations about the n = ez direction . (4.5.20)

Combining everything we have J = L + M = (Mℓ2 + I)ϕ̇ ez and so J̇ = (Mℓ2 + I)ϕ̈ ez. Using

this in (4.5.18) then implies ϕ(t) satisfies

(Mℓ2 + I)ϕ̈ = −Mgℓ sinϕ . (4.5.21)

An alternative way to derive this equation is to use Lagrangian methods for the variable ϕ. In this

case the potential energy due to the gravitational force is V = −Mgℓ cosϕ and the kinetic energy is

(compare to (4.1.5) and (4.1.7))

K = 1
2MṘ2 + 1

2 IijΩiΩj =
1
2

(
Mℓ2 + I

)
ϕ̇2 (4.5.22)

leading to the lagrangian

L = K − V = 1
2

(
Mℓ2 + I

)
ϕ̇2 +Mgℓ cosϕ , (4.5.23)

for which (4.5.21) is the Euler-Lagrange equation (d/dt)(∂L/∂ϕ̇) = ∂L/∂ϕ.

For small oscillations we can approximate sinϕ ≃ ϕ in which case (4.5.21) becomes the harmonic

oscillator equation

ϕ̈ = −ω2ϕ with ω2 =
Mgℓ

Mℓ2 + I
, (4.5.24)

whose angular frequency ω approaches the simple-pendulum value
√
g/ℓ in the limit I → 0.

⋆ ⋆ ⋆

4.5.3 When only one point on the rotation axis is fixed

More challenging is the description of rotational motion in the presence of applied forces when

the direction of the rotation axis can change. For simplicity our interest remains the case

where the applied forces provide a couple: the net forces balance but the torques do not.

For this reason we imagine a reaction force can act on the rigid body, but this time only at

a single point on the rotation axis (rather than along its entire length, as was done in the

previous section where the axis direction was held fixed).

To this end we describe the motion of a symmetrical top with mass M supported at a

point and subject to the torque applied by the gravitational field: the heavy symmetrical top

(see Fig. 21). We take the point of support and the centre of mass both to be on the symmetry

axis and separated by a distance ℓ. We use a body frame êi attached to the rigid body and

aligned with its principal axes, with ê3 corresponding to the principal moment I3 and the

plane perpendicular to ê3 corresponding to the two equal principal moments, I1 = I2.
We use Euler angles (ψ, θ, ϕ) to describe the rotation from the inertial frame {ex, ey, ez}

to the body frame {ê1, ê2, ê3}, in the same way as is done in §4.4.4, and so can again use

– 110 –



Figure 21. Illustration of the heavy top supported at its base and moving under the influence of the

torque due to gravity, drawn here as a force applied to its centre of mass C. The Euler angle θ gives

the angle between the symmetry axis of the top and the vertical.

(4.4.7), repeated here for ease of reference:

ê1 = (cosϕ cosψ − cos θ sinϕ sinψ) ex + (sinϕ cosψ + cos θ cosϕ sinψ) ey + sin θ sinψ ez

ê2 = −(cosϕ sinψ + cos θ sinϕ cosψ) ex + (− sinϕ sinψ + cos θ cosϕ cosψ) ey + sin θ cosψ ez

ê3 = sin θ sinϕ ex − sin θ cosϕ ey + cos θ ez . (4.5.25)

In terms of these bases the expressions for Ω are (4.4.16) and (4.4.18), which read

Ω = (θ̇ cosψ + ϕ̇ sin θ sinψ)ê1 + (ϕ̇ sin θ cosψ − θ̇ sinψ) ê2 + (ψ̇ + ϕ̇ cos θ) ê3 (4.5.26a)

= (θ̇ cosϕ+ ψ̇ sin θ sinϕ)ex + (−ψ̇ sin θ cosϕ+ θ̇ sinϕ) ey + (ϕ̇+ ψ̇ cos θ) ez . (4.5.26b)

We choose ez to point in the vertical direction in the inertial frame and so these expressions

imply that θ(t), which gives the angle between ê3 and ez, is also the angle between the

symmetry axis and the vertical.

The kinetic energy for a symmetric top in these coordinates is given in §4.4.4, and is

K = 1
2 I1(Ω

2
1 +Ω2

2) +
1
2 I3Ω

2
3 =

1
2 I1(θ̇

2 + ϕ̇2 sin2 θ) + 1
2 I3(ψ̇ + ϕ̇ cos θ)2 . (4.5.27)

Since θ is the angle between the symmetry axis and the vertical the gravitational potential

energy is given by V =Mgℓ cos θ, leading to the Lagrangian

L = 1
2

[
I1(θ̇2 + ϕ̇2 sin2 θ) + I3(ψ̇ + ϕ̇ cos θ)2

]
−Mgℓ cos θ . (4.5.28)
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Formal integration

Because the potential depends only on θ the Lagrangian depends on ϕ and ψ only through

their time derivatives (making them ignorable coordinates). The means two immediate inte-

grals of the equations of motion are conservation of pψ = ∂L/∂ψ̇ and pϕ = ∂L/∂ϕ̇ (compare

with (4.4.26) and (4.4.27)). Conservation of pψ corresponds to the symmetry of rotations

about the top’s symmetry axis, ê3, and so states that the component of angular momentum

in this direction – and so also Ω3 – must be constant:

pψ =
∂L

∂ψ̇
= I3(ψ̇ + ϕ̇ cos θ) = I3Ω3 = I1a , (4.5.29)

where a is an integration constant (and the factor of I1 on the right-hand side is a conventional

choice made for later convenience).

Conservation of pϕ similarly corresponds to the symmetry of rotations about the vertical,

ez, and so states that the component of angular momentum in this direction must also be

constant:

pϕ =
∂L

∂ϕ̇
= (I1 sin2 θ + I3 cos2 θ)ϕ̇+ I3 ψ̇ cos θ = I1b , (4.5.30)

where b is again an integration constant and the factor of I1 is again conventional.

The utility of eqs. (4.5.29) and (4.5.30) is that they allow ϕ(t) and ψ(t) to be completely

solved for once θ(t) is known. Explicitly, (4.5.29) can be solved for ψ̇, leading to

I3ψ̇ = I1a− I3ϕ̇ cos θ . (4.5.31)

Using this to eliminate ψ̇ from (4.5.30) then implies

I1ϕ̇ sin2 θ + I1a cos θ = I1b and so ϕ̇ =
b− a cos θ

sin2 θ
. (4.5.32)

Using this in (4.5.31) then gives

ψ̇ =
I1a
I3

−
(
b− a cos θ

sin2 θ

)
cos θ . (4.5.33)

It remains to find θ and this is where another immediate integral of the motion comes in:

energy conservation. The time-independent of L implies this system is invariant under time

translations and so implies

E = K + V = 1
2 I1(θ̇

2 + ϕ̇2 sin2 θ) + 1
2 I3(ψ̇ + ϕ̇ cos θ)2 +Mgℓ cos θ (4.5.34)

is also time-independent. This can be made into an expression involving only θ once ϕ̇

and ψ̇ are eliminated using (4.5.32) and (4.5.33). In particular doing so implies the term
1
2 I3(ψ̇ + ϕ̇ cos θ)2 term is just a constant – indeed (4.5.29) shows it equals 1

2 I3Ω
2
3. So for
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the purposes of solving for θ it is convenient to combine this constant with E by writing

E = E − 1
2 I3Ω

2
3, allowing (4.5.34) to be rewritten

E = 1
2 I1(θ̇

2 + ϕ̇2 sin2 θ) +Mgℓ cos θ . (4.5.35)

Once ϕ̇ is eliminated using (4.5.32) the energy expression implies the following condition

must be satisfied by θ(t):

θ̇2 sin2 θ = (α− β cos θ) sin2 θ − (b− a cos θ)2 , (4.5.36)

where α and β are the following combinations of parameters:

α :=
2E
I1

and β :=
2Mgℓ

I1
> 0 . (4.5.37)

Eq. (4.5.36) can be integrated to give θ(t) and when doing so it is useful to change

variables to u(t) = cos θ(t) so (4.5.36) becomes

u̇2 = (1− u2)(α− βu)− (b− au)2 . (4.5.38)

The implicit solution for θ(t) is then given by

t− t0 =

∫ u(t)

u0

du

u̇
=

∫ u(t)

u0

du√
(1− u2)(α− βu)− (b− au)2

. (4.5.39)

The integral can be performed in terms of elliptic integrals and once θ(t) is obtained in this

way expressions for ϕ(t) and ψ(t) can be found by integrating eqs. (4.5.32) and (4.5.33).

Qualitative behaviour

More useful than staring at the resulting elliptic functions is acquiring a qualitative under-

standing of the kinds of solutions that the above equations imply. This can be most easily

done starting with (4.5.38), which we write as u̇2 = f(u) with f(u) being the cubic poly-

nomial in u seen on the right-hand side of (4.5.38). Because u̇2 ≥ 0 this equation only has

solutions when f(u) ≥ 0. Furthermore since u = cos θ we are only interested in solutions to

(4.5.38) that are real and lie in the interval −1 ≤ u ≤ 1. A plot of the function f(u) for a

representative choice of parameters is given in Fig. (22).

For large u the function f(u) is dominated by the cubic term βu3 and because the

combination of parameters appearing in β are positive – see eq. (4.5.37) – f(u) is large and

positive when u≫ +1 and large and negative when u≪ −1. Since f(u) is cubic and changes

sign in between there must therefore be one or three real roots. It is also true that when

u = ±1 that f(±1) = −(b ∓ a)2 ≤ 0 and so unless b = ±a this means u = ±1 is not part of
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Figure 22. Plot of the function f(u) = (1− u2)(α− βu)− (b− au)2 (for representative choices for α,

β, a and b) appearing on the right-hand side of (4.5.38).

the allowed range15 of u. But f(u) is large and positive for larger u and so having f(+1) < 0

implies one of the roots of f(u) = 0 occurs for u > +1.

If there is any solution at all it must be that f(u) = 0 has three roots and two of them,

u±, must satisfy −1 < u− < u+ < 1. The evolution of θ oscillates back and forth between the

two angles θ± that satisfy u± = cos θ±, with θ̇ = 0 at the turning points. Whenever ϕ̇ ̸= 0 the

top precesses about the vertical axis, since changes to ϕ describe rotations about the vertical

axis. Unlike for the free symmetric top, the symmetry axis nutates by bobbing up and down

as it precesses in this way.

The qualitative behaviour of the motion divides up into three categories, depending on

whether or not ϕ̇ ever changes sign. Eq. (4.5.32) shows that ϕ̇ is positive when u < u⋆ and is

negative when u > u⋆ where

u⋆ :=
b

a
. (4.5.40)

So there are two categories of motion depending on whether or not u⋆ lies between u− and

u+. The categories can be illustrated by plotting (θ, ϕ) on the surface of a sphere, since these

two coordinates provide the spherical polar angles of the direction along the top’s symmetry

axis (as is done in Fig. 23). If u⋆ does not lie in this range then ϕ̇ never changes sign and so

the top’s precession always proceeds in the same direction as it nutates up and down. This

option is illustrated in panel (a) of Fig. 23. If, on the other hand, u− < u⋆ < u+ then the

precession is in one direction for one range of θ and changes sign for the rest of the range.

15The case b = ±a corresponds to when the top points vertically up or vertically down, as can be seen

because eqs. (4.5.29) and (4.5.30) show that I1a is the component of angular momentum along the top’s

symmetry axis and I1b is the angular momentum along the vertical and these coincide (or have opposite sign)

when the top points vertically up (or down).
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This option is illustrated in panel (b) of Fig. 23. At the borderline case ϕ̇ goes to zero just

at the edge of θ’s allowed range. This option is illustrated in panel (c) of Fig. 23.

Figure 23. Trace of the direction of the symmetry direction of the nutating symmetric top with the

three qualitative situations illustrated in the three panels. In these figures ez defines the direction of

the North Pole and the spherical polar angles (θ, ϕ) indicate the direction towards which the top’s

symmetry direction points. Panel (a) illustrates the case where ϕ increases monotonically and so

the direction of precession does not change even as it nutates. Panel (b) illustrates the case where

the direction of precession back-tracks for some ranges of the polar angle θ. Panel (c) describes the

borderline case where ϕ̇ vanishes at the extreme edge of θ’s nutation range.

This last case – i.e. case (c) – is the one that arises if the top is released from rest. With

this initial condition the top initially falls downward and only then starts to precess and

nutate, in an ideal world eventually returning to ϕ̇ = θ̇ = 0 and repeating the pattern. In

practice friction at the top’s point of support can damp out the nutation leading (sometimes

quickly) to a straight precession in which ϕ advances for fixed θ.

Worked example: Rapidly spinning symmetric top in a magnetic field

Consider next the precession of a symmetric top consisting of charged particles with a fixed charge-

to-mass ratio: γ = qa/ma sitting in a constant magnetic field B.

The kinetic energy for a symmetric top in these coordinates is given by §4.4.4, repeated again

here

K = 1
2 I1(Ω

2
1 +Ω2

2) +
1
2 I3Ω

2
3 = 1

2 I1(θ̇
2 + ϕ̇2 sin2 θ) + 1

2 I3(ψ̇ + ϕ̇ cos θ)2 . (4.5.41)

The potential energy part of the Lagrangian describing the interaction between the top and the

magnetic field is given by (2.6.22), reproduced for convenience here

V =
∑
a

qa

(
Φ− ṙa ·A

)
, (4.5.42)

where for a constant magnetic field we can take Φ = 0 and A = 1
2 B× r and so

V = −
∑
a

qaṙa ·A = − 1
2

∑
a

qaṙa · (B× ra) = − 1
2

∑
a

qa(ra × ṙa) ·B = − 1
2m ·B , (4.5.43)
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where m is defined by (4.5.12), and having a constant charge-to-mass ratio implies m = (Q/M)M

whereM is the angular momentum associated with rotations about the centre of mass – see eq. (4.1.37).

We choose the top to be initially spinning along its principle axis ê3 so that in the absence of

the magnetic field there would be no precession. We also choose ez to point in the direction of the

magnetic field in the inertial frame and this means that the coordinate θ(t) gives the angle between

M and B. The complete Lagrangian then is L = K − V and so

L = 1
2

[
I1(θ̇2 + ϕ̇2 sin2 θ) + I3(ψ̇ + ϕ̇ cos θ)2

]
+ 1

2 MB cos θ , (4.5.44)

where M := |M|.
Following the steps for the precessing top the equations of motion for ψ and ϕ imply conservation

of pψ = ∂L/∂ψ̇ and pϕ = ∂L/∂ϕ̇ – compare to eqs. (4.5.29) and (4.5.30):

pψ =
∂L

∂ψ̇
= I3(ψ̇ + ϕ̇ cos θ) = I3Ω3 = I1a , (4.5.45)

and

pϕ =
∂L

∂ϕ̇
= (I1 sin2 θ + I3 cos2 θ)ϕ̇+ I3 ψ̇ cos θ = I1b , (4.5.46)

where a and b are integration constants. Solving these for ψ̇ and ϕ̇ then gives

ϕ̇ =
b− a cos θ

sin2 θ
and ψ̇ =

I1a
I3

−
(
b− a cos θ

sin2 θ

)
cos θ . (4.5.47)

The energy E = E − 1
2 I3Ω

2
3 then is

E = 1
2 I1(θ̇

2 + ϕ̇2 sin2 θ)− 1
2MB cos θ , (4.5.48)

Once ϕ̇ is eliminated using (4.5.32) the energy expression implies the following condition must be

satisfied by θ(t):

θ̇2 sin2 θ = (α+ β cos θ) sin2 θ − (b− a cos θ)2 , (4.5.49)

where α and β are the following combinations of parameters:

α :=
2E
I1

and β :=
2MB

I1
> 0 . (4.5.50)

Notice that the sign of the β term in (7.1.45) differs from what was found in (4.5.36) in the case of a

gravitational torque.

The analysis now proceeds as in the gravitational case by solving (4.5.50) for θ(t). The qualitative

behaviour is easier to see if we change variables (as before) to u = cos θ, so (4.5.50) becomes

u̇2 = (1− u2)(α+ βu)− (b− au)2 =: f̃(u) , (4.5.51)

where the last equality defines f̃(u). Because u̇2 ≥ 0 this equation only has solutions when f̃(u) ≥ 0,

and we only care about the solutions that lie in the interval −1 ≤ u ≤ 1. Although the change in

sign of the β term changes the asymptotic form of f̃(u) for large positive and negative u this does not

qualitatively change the discussion of the range of angles ϕ and θ are allowed to pass through.

The resulting motion is similar to what was found for the gravitational case, inasmuch as it

in general describes a combination of precession and nutation (with nutation being motion where θ

changes with time), and the three categories illustrated in Fig. 23 also apply here.

⋆ ⋆ ⋆
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5 Harmonic Motion

Simple harmonic motion – defined in its simplest form in §1.1.1 – is perhaps the most studied

physics problem there is. This is not just because it can be solved so explicitly; it is also

familiar because it appears in a great many physical systems. There is a very good reason

for this: harmonic motion arises whenever a restoring force is linear in the displacement

from an equilibrium position, but even very complicated position-dependent forces are well-

approximated by a linear dependence on position if restricted to very small displacements.

This makes simple harmonic motion a natural next step in our discussion of macroscopic

bodies. We saw in §1.3.1 that the centre of mass position provides the most coarse-grained

description of a macroscopic object built from many smaller constituent atoms. §4 then

argued that the next most coarse-grained is the rigid-body motion that describes how objects

behave in the limit that internal motion of the constituent atoms is negligible so the distance

between their atoms is fixed.

The next step as we zoom in to describe macroscopic objects with successively more detail

allows the internal atoms to deviate by a small distance away from their equilibrium position,

and as we see in this section for small enough deviations this motion is well-approximated

by simple harmonic motion. Along the way we see in a more quantitative way in what sense

rigid-body motion and centre-of-mass motion emerge as being the most important at low

energies.

5.1 Two-body oscillations

Before describing systems with N constituent particles moving in three dimensions we start

with the simplest case where N = 2. To this end we specialize here to the motion of two

atoms, with masses m1 and m2, bound together into a diatomic molecule.

We furthermore assume the two atoms interact through rotationally invariant conser-

vative forces and that these forces predict the atoms minimize their energy when they are

separated by a fixed distance: r = |r1 − r2| = ℓ (see Fig. 24). In real molecules this happens

because the forces between neutral atoms are typically weakly attractive for intermediate

separations but become strongly repulsive for small separations.

In detail the weak attraction occurs because atoms are built from electrically charged

constituents whose electrostatic fields do not perfectly cancel because the constituents are not

at exactly the same positions. The mobility of these constituents allows them to adjust their

relative positions to maximize the attraction between opposite charges situated on different

atoms. The strong repulsion arises because the most mobile constituents – the electrons – are

fermions whose quantum statistics forbids them from sitting on top of one another. A sketch

of the resulting potential energy as a function of interatomic separation is given in Fig. 25.

Given the potential V (r) Newton’s 2nd law for the two atoms becomes

m1r̈1 = −∇1V = −V ′(r) er and m2r̈2 = −∇2V = V ′(r) er , (5.1.1)
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Figure 24. A simple diatomic molecule consisting of two atoms (with mass m1 and m2 respectively)

with equilibrium separation ℓ.

Figure 25. A sketch of the potential energy V (r) as a function of separation whose minimization

determines the separation ℓ seen in Fig. 24.

where er = r/r is the unit vector pointing in the direction r = r1 − r2. The centre of mass

motion is decoupled by switching from r1 and r2 to R = (m1r1 +m2r2)/M and r = r1 − r2,

where M = m1 +m2, because – as we saw in §1.2.1 – eqs. (5.1.1) become

MR̈ = 0 and µ r̈ = −V ′(r) , (5.1.2)

where µ = m1m2/M .

Restriction to small oscillations

Now comes one of the main points: if we restrict ourselves to situations where r = |r| is very
close to ℓ then we can Taylor expand the potential in powers of r− r0 (where r0 has length

ℓ). This expansion starts at second order because r0 is a stationary point: V ′(r = ℓ) = 0. In

this case the first few terms of the expansion are

V (r) = V (ℓ) + (x− x0)
i
(
∂iV

)
r=r0

+ 1
2 (x− x0)

i (x− x0)
j
(
∂i∂jV

)
r=r0

+ · · · , (5.1.3)
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where we write the components as r = xi ei and r0 = xi0 ei and ∂iV = ∂V/∂xi. For any

arbitrary function of r the derivatives evaluate to

∂iV = V ′(r)
xi
r

and ∂j∂iV = V ′′(r)
xixj
r2

+ V ′(r)

[
δij
r

− xixj
r3

]
, (5.1.4)

and so on, so evaluating at r = r0 where |r0| = ℓ and V ′(ℓ) = 0 implies

(∂iV )r=r0 = 0 and (∂i∂jV )r=r0 = V ′′(ℓ)
x0ix0j
ℓ2

. (5.1.5)

Because r = ℓ is a local minimum of V (r) – see Fig. 25 – we know V ′′(ℓ) > 0.

Combining everything allows (5.1.3) to be written

V (r) = V (ℓ) +
V ′′(ℓ)

2ℓ2

[
r0 · (r− r0)

]2
+ · · · . (5.1.6)

Keeping only the quadratic term in V implies the force appearing in the equation of motion

(5.1.2) for r is linear in y := r− r0, taking the form

µÿ = −V
′′(ℓ)

ℓ2
(y · r0) r0 . (5.1.7)

The complicated matrix form on the right-hand side can be simplified by decomposing y

into a piece parallel to r0 and a piece perpendicular to r0. Choosing a basis of orthonormal

unit vectors ei where e3 = r0/ℓ and ei · ej = δij we can write

y(t) = y1(t) e1 + y2(t) e2 + y3(t) e3 , (5.1.8)

and so (5.1.7) becomes three uncoupled equations:

µÿ1 = µÿ2 = 0 and µÿ3 = −V ′′(ℓ) y3 . (5.1.9)

All three of these have the simple harmonic oscillator form, ÿ + ω2y = 0 where

ω = 0 for y1 and y2 and ω2 =
V ′′(ℓ)

µ
for y3. (5.1.10)

The variables y1 and y2 with ω = 0 are called zero modes and because they have no

potential barrier and zero frequency they are not really harmonic oscillators. These degrees of

freedom we’ve seen before: they are the rotational degrees of freedom of the diatomic molecule

for rotations about two axes perpendicular to the line connecting the two atoms. This can

be seen because a rotation δr = Ω × r0 for some Ω is always perpendicular to r0. There

is no potential barrier for these rotation directions because rotations are (by assumption)

a symmetry of the interatomic interactions and so they do not change the potential energy

V (r).

Because they are rotations their motion can be understood without having to Taylor

expand the potential energy about r = r0. Their dynamics is precisely the dynamics of rigid
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body motion and so – as we’ve seen in §4 – their equations of motion are already encoded

into the conservation law for angular momentum, J̇ = 0, where in this instance

J = m1r1 × ṙ1 +m2r2 × ṙ2 =MR× Ṙ+M , (5.1.11)

where

M = m1s1 × ṡ1 +m2s2 × ṡ2 (5.1.12)

and si := ri −R is the displacement of each atom from the molecule’s centre of mass. Only

two components of M contain nontrivial evolution information because the molecule is a

rotor, in the sense defined in (4.1.22): because the atoms are collinear there is no meaning to

rotations about the line connecting them.

For these reasons we need not pursue further the zero modes in (5.1.9) and (5.1.10) and

instead focus purely on the dynamics of y3, which satisfies

ÿ3 + ω2 y3 = 0 with ω2 =
V ′′(ℓ)

µ
. (5.1.13)

The solution is

y3(t) = A cos(ωt+ δ) , (5.1.14)

where the integration constants A and δ are determined by the initial conditions y3(0) and

ẏ3(0). For very small deviations from equilibrium the relative motion of the two atoms along

the direction connecting them is described by simple harmonic motion, while motion relative

to the centre of mass in the two directions perpendicular to the molecule’s axis are described

by the rigid motion of a rotator (for which I3 = 0).

From this point of view we can see more precisely how the rigid body approximation

arises: it is obtained in the limit that the potential becomes extremely steeply sloped about

its minimum so that small oscillations cost a lot of energy. This is the limit V ′′(ℓ) → ∞ or

equivalently ω → ∞, in which case oscillations are all much too rapid to be relevant to the

low-energy world. Any object whose atoms have equilibrium positions relative to one another

and whose motion is studied only over timescales much longer than characteristic oscillation

frequencies (like ω in this example) can be regarded as rigid bodies. They can be regarded

as rigid bodies combined with harmonic motion if the atomic displacements from equilibrium

are sufficiently small.

5.2 Coupled Oscillators

The case of N atoms with small displacements from equilibrium shares many of the features

of the N = 2 special case. In particular, if the interatomic forces are rotation invariant then

there are always three ‘zero modes’ corresponding to rotations whose dynamics captures rigid

body motion. There are three zero modes rather than two in the general case because there

are in general three independent rotations (although only two of these matter for the special
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case when all atoms lie along a line since rotations about the line do not change the atomic

configuration).

Once these and the centre of mass motion are excluded the remaining 3N − 6 degrees of

freedom are well-described by a system of coupled harmonic oscillators for motion sufficiently

close to the equilibrium positions. To see how this emerges explicitly we extend the derivation

made above for diatomic molecules to the case of general N . To start with let us suppose

that no external force is applied to the object, Fext
a = 0. Then eq. (1.3.3) ensures the centre

of mass does not accelerate: R̈ = 0 and we can choose an inertial frame for which R = 0,

and so for which there is no distinction between an atom’s inertial-frame position ra and its

displacement sa = ra −R relative to the centre of mass. Newton’s 2nd law is then given by

(1.3.1) specialized to the case where Fext
a = 0:

m1 s̈1 = + F12 + F13 + · · ·+ F1N = Ftot
1

m2 s̈2 = F21 + F23 + · · ·+ F2N = Ftot
2

m3 s̈3 = F31 + F32 + · · ·+ F3N = Ftot
3 (5.2.1)

... =

mN s̈N = FN1 + FN2 + FN3 + · · · = Ftot
N ,

where the last equality on each line defines the net force

Ftot
a (s1, · · · , sN) :=

∑
b ̸=a

Fab , (5.2.2)

applied to each atom, regarded as a function of the atomic positions.

The key assumption is that there exists an equilibrium configuration, sa, for the sa’s, in

the sense that if the atoms are started off at rest with sa = sa then the net force on each

atom vanishes when evaluated at the equilibrium configuration:

Ftot
a (s1, · · · , sN) = 0 for all a . (5.2.3)

This ensures that (5.2.1) implies s̈a = 0 at this configuration (as is required if it is to be a

static solution to the equations of motion).

If all atoms are displaced from this equilibrium by a nonzero amount ya = sa−sa = ra−ra

then these forces no longer exactly cancel. Their nonzero sum can be Taylor expanded in

powers of the components of ya and this expansion starts at linear order16 in ya because the

net force vanishes when all of the ya’s vanish. That is

Ftot
a (s1 + y1, · · · , sN + yN) ≃

N∑
b=1

kab yb , (5.2.4)

16Strictly speaking, having the expansion starts at linear order assumes the total force is analytic in the

separations at ya = 0.
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where for each a and b the coefficient kab is a 3×3 matrix corresponding to the 3 components

of the vectors yb and Ftot
a . Notice that Newton’s third law Fab = −Fba (and the assumed

absence of a net external force) implies

N∑
a=1

Ftot
a = 0 and so

N∑
a=1

N∑
b=1

kab yb = 0 (5.2.5)

which is a restriction on the solutions ya.

Following the practice of §2.2 it is useful to combine the indices a = 1, · · · , N and

i = x, y, z into the single index A = {a, i} or B = {b, j} that runs from 1 to 3N . In

terms of this the matrix of coefficients is given by kAB =
(
kab

)
ij
= ∂F tot

ai /∂ybj = ∂F tot
A /∂yB,

and so

kAB =
∂F tot

ai

∂ybj
=
∑
c ̸=a

∂(Fac)i
∂ybj

. (5.2.6)

In the event that the interatomic forces are conservative they can be obtained by differenti-

ating a potential energy:

Ftot
a = −∇aU where U = U(s1, · · · , sN) . (5.2.7)

Using this in (5.2.6) shows that for conservative forces the matrix kAB is real and symmetric

kAB = − ∂2U

∂yai∂ybj
= − ∂2U

∂yA∂yB
= kBA . (5.2.8)

In the conservative case the assumption that Ftot
a vanishes for a configuration sa and is

well approximated by terms linear in the deviation ya = sa−sa – as in (5.2.4) – is equivalent to

the assumption that U(s1, · · · , sN) has a local minimum for sa = sa and then approximating

U by its leading term in the Taylor expansion about this minimum. Because the expansion

is performed about a minimum we know ∂U/∂yA = 0 and so the leading term is quadratic in

the fluctuations.

It is tempting to argue that because the expansion is about a minimum (as opposed to a

maximum, say) then the matrix kAB must also only have strictly positive eigenvalues, though

this is not actually true. If the interatomic forces are rotationally invariant (and if any of

the equilibrium positions sa are nonzero) then we know that there must be a zero eigenvalue

corresponding to each of the directions obtained by rotating {sa} → {R sa} for some 3 × 3

rotation matrix R.

These must give eigenvectors of kAB with zero eigenvalue for the same reason as was found

above in §5.1: the rotation invariance of the potential U . To see why, notice that rotation

invariance of the potential implies

U(s1 + δs1, · · · , sN + δsN) ≡ U(s1, · · · , sN) (5.2.9)
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for arbitrary sa and for each of the three independent infinitesimal rotations δsa of sa. Taylor

expanding this in powers of δsa implies at linear order

∂U

∂sA
δsA = 0 (implied sum on A) , (5.2.10)

holds as an identity for all sa and for arbitrary rotations δsa. Differentiating this expression

with respect to the components of the initial positions then implies

∂2U

∂sB∂sA
δsA = 0 (implied sum on A) . (5.2.11)

Now comes the main point: if δsA ̸= 0 then (5.2.11) implies that the vector with components

δsA is a zero eigenvector of the matrix ∂2U/∂sA∂sB. For brevity zero eigenvectors for the

interaction matrix are collectively known as zero modes in what follows.

Evaluating this result at sa = sa then shows that if δsa ̸= 0 then this rotation is therefore

a zero eigenvector of the coefficient matrix kAB. For most objects there are three independent

zero eigenvectors that can be built in this way corresponding to the three independent spatial

rotations, though there can be exceptions where fewer zero eigenvectors arise (typically for

rotors, such as the diatomic molecule) if there are rotations for which δsa = 0 for all a.

In retrospect, a similar story also goes through for spatial translations. If we had done

the analysis using the original variables ra rather than removing the centre of mass position

then we’d also expect to find three zero modes associated with translations of the equilibrium

positions ra. Since we have to deal with zero modes assocated with rotations anyway, from

here on we revert to using the original coordinates ra (rather than sa) and find the oscillatory

modes by projecting onto the space of deviations ya that are orthogonal to the symmetry-

driven zero modes.

5.2.1 Normal Modes

Writing ra = ra + ya and using the small-ya approximation for the restoring force in (5.2.1)

gives the implications of Newton’s laws for the evolution of the displacements ya:

ma ÿa = Ftot
a ≃

N∑
b=1

kab yb (no sum on a) , (5.2.12)

where r̈a can be replaced with ÿ if the centre of mass and the equilibrium positions, ra,

are time independent. The approximate equality in (5.2.12) assumes the deviations ya are

sufficiently small that terms involving two or more powers of ya can be ignored.

Equivalently, the evolution of the components yA satisfy

mABÿ
B = kAB y

B (implied sum on B) , (5.2.13)

where we define the mass matrix

mAB = mai,bj = ma δab δij = mBA . (5.2.14)
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Clearly this definition impliesmAB is also real and symmetric (and so Hermitian) with strictly

positive eigenvalues ma > 0.

Eqs. (5.2.13) are a set of 3N coupled differential equations that are to be solved to

determine how the components yA(t) evolve in time, though we here project out the 6 ‘trivial’

solutions corresponding to spatial translations and rigid rotations about the centre of mass.

The remaining degrees of freedom define the problem of coupled harmonic oscillators and

because their coupled evolution equations are linear the solution to how they move can be

found very explicitly.

The solution is easiest to describe if (5.2.13) is written in matrix form:

MŸ = KY , (5.2.15)

where M and K are the real symmetric matrices with elements mAB and kAB respectively and

Y is the column vector with components yA. As described above we expect Y to include zero

modes due to translational and rotational symmetries and the bona fide oscillation spectrum

is found by choosing the vector Y to be perpendicular to these zero modes. We assume the

equilibrium positions occur at a local minimum of U and so all of the remaining eigenvalues

are positive.17

Because the matrix M has strictly positive eigenvalues it is invertible and its square root

can be defined.18 So we can always define Y = M−1/2 Ỹ since M−1/2 always exists because

the eigenvalues of M1/2 are all positive. In terms of this eq. (5.2.15) becomes

M1/2 Ỹ = KM−1/2Ỹ . (5.2.16)

Multiplying this equation through on the left by M−1/2 then gives

¨̃Y = A Ỹ where A := M−1/2KM−1/2 . (5.2.17)

Recall now that M is real and diagonal with positive entries and so in particular is real

and symmetric in the sense that MT = M. The matrix K is also real and symmetric: KT = K.

This implies the matrix A must itself be real and symmetric. It is real because it is a product

of real matrices and it is symmetric because

AT = (M−1/2)TKT (M−1/2)T = M−1/2KM−1/2 = A. (5.2.18)

17If the matrix K has zero eigenvectors besides those due to the invariance of U under spatial translations and

rotations then the equilibrium configuration sa describe a saddle point of U rather than a local minimum and

are said to be only marginally stable. We define a stable equilibrium to be one located at a local minimum of U

for which no zero (or negative) eigenvalues arise (beyond the trivial zero eigenvalues that follow on symmetry

grounds).
18In the present instance M1/2 is simply the matrix M where the diagonal entries ma are everywhere replaced

by
√
ma.
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It follows that A can be diagonalized by an orthogonal transformation, which means there

exists an orthogonal matrix O for which

O†AO = D = diag
(
ω2
1, ω

2
2, · · · ω2

3N

)
(5.2.19)

is diagonal with real and non-negative diagonal entries (3 zero entries corresponding to the

rotational zero modes plus other positive entries).

The solution to (5.2.15) is then found by redefining variables so that Ỹ = OŶ since then

(5.2.17) becomes

O ¨̂Y = AOŶ , (5.2.20)

or, after multiplying through on the left by OT = O−1:

¨̂Y = OTAOŶ = D Ŷ . (5.2.21)

Here D on the right-hand side is the diagonal matrix with non-negative entries defined in

(5.2.19), so (5.2.21) has decoupled the differential equations.

Denoting the components of Ŷ by ŷA, eq. (5.2.21) shows that each of the ŷA variables

satisfies its own ordinary differential equation:

¨̂yA + ω2
A ŷ

A = 0 (no sum on A) , (5.2.22)

and so is an elementary simple harmonic oscillator. Each of the components ŷA is called a

normal mode of the coupled oscillator system. The general solution therefore is

ŷA(t) = AA cos(ωAt+ δA) (no sum on A) . (5.2.23)

Each normal mode oscillates independently with its own specific characteristic frequency.

The solution in terms of the original coupled variables is then found by concatenating

the redefinitions for Y in terms of Ỹ and Ŷ, leading to

Y(t) = M−1/2 Ỹ(t) = M−1/2OŶ(t) . (5.2.24)

The general solution is therefore a superposition of normal modes whose amplitudes are

weighted by the overlap between the initial conditions and each normal mode.

To see how this works in detail it is worth working through a few simple examples.

Worked example: Diatomic Molecule revisited

Consider the diatomic molecule of length ℓ described in §5.1 and illustrated in Fig. 24. Let us choose

the z axis parallel to the line connecting the two atoms in their equilibrium positions with the origin

chosen to sit at the centre of mass, so

s1 =
m2ℓ

M
ez and s2 = −m1ℓ

M
ez , (5.2.25)
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where (as usual) M = m1 +m2 is the sum of the two atomic masses. Notice m1s1 +m2s2 = 0 – as

must happen in the centre of mass frame – and s1 − s2 = ℓ ez.

To map onto the general process outlined above we do not project out the centre of mass motion

and so the atomic displacements are ra = ra + ya, where translation and rotation invariance of the

potential energy implies it depends only on the interatomic distance V = V (r) where r = |r1 − r2| =
|s1 − s2| = |ℓ ez + y1 − y2|. We assume as before that V (r) has a local minimum at r = ℓ and so

V ′(ℓ) = 0 and V ′′(ℓ) > 0.

In this case there are six coordinates, yA, with A = {a, i} and a = 1, 2 and i = x, y, z, so

Y =



y1

y2

y3

y4

y5

y6


=



y1x
y1y
y1z
y2x
y2y
y2z


, (5.2.26)

and

r(y1,y2) =
√

(y1x − y2x)2 + (y1y − y2y)2 + (y1z − y2z + ℓ)2 (5.2.27)

so

− ∂V

∂y2i
=

∂V

∂y1i
= V ′(r)

∂r

∂y2i
= V ′(r)

(
y1i − y2i + ℓ δiz

r

)
. (5.2.28)

Using r(y1 = y2 = 0) = ℓ and V ′(ℓ) = 0 shows ∂V/∂yai vanishes when ya = 0 (as it must when

evaluated at a minimum). Differentiating again and evaluating at ya = 0 also shows that the only

nonzero second derivatives at the minimum are(
∂2V

∂y21z

)
yA=0

=

(
∂2V

∂y22z

)
yA=0

= −
(

∂2V

∂y1z∂y2z

)
yA=0

= V ′′(ℓ) , (5.2.29)

so the matrix kAB = (∂2V/∂yA∂yB)ya=0 is given by

K =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 −1

0 0 0 0 0 0

0 0 0 0 0 0

0 0 −1 0 0 1


V ′′(ℓ) . (5.2.30)

It is useful in what follows to separate out the spatial components x, y, z from the atomic labels a, b

in this matrix, which we can do by writing it as

K = κ⊗ σ or kai,bj = κab σij (5.2.31)

where σij = δiz δjz so

κ =

(
1 −1

−1 1

)
V ′′(ℓ) and σ =

0 0 0

0 0 0

0 0 1

 . (5.2.32)
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This matrix has three zero eigenvalues corresponding to infinitesimal translations in each of the

x, y and z directions: δy1 = δy2 = ϵ. The corresponding normalized zero eigenvectors of K are

δtxY =
1√
2



1

0

0

1

0

0


, δtyY =

1√
2



0

1

0

0

1

0


and δtzY =

1√
2



0

0

1

0

0

1


, (5.2.33)

as can be verified by explicitly multiplying by K. These zero modes arise because the 2× 2 matrix

κ ∝

(
1 −1

−1 1

)
has a zero eigenvector

1√
2

(
1

1

)
, (5.2.34)

due to the fact that V depends only on the translation-invariant differences y1 − y2.

There are also two nontrivial rotations about the centre of mass (one each for an axis parallel to

the x and y directions) since the equilibrium configuration for the molecule has the two atoms lying

along the z axis. These arise due to the existence of the two zero eigenvectors1

0

0


0

1

0

 of the matrix σ ∝

0 0 0

0 0 0

0 0 1

 , (5.2.35)

which would have not existed if σ were to have the only possible rotation invariant form: σij ∝ δij .

Explicitly, performing an infinitesimal rotation in the x direction of the equilibrium vectors given in

(5.2.25) gives δy1y = θx (m2ℓ/M) and δy2y = −θx (m1ℓ/M) and performing an infinitesimal rotation

about the y direction similarly gives δy1x = θy (m2ℓ/M) and δy1x = −θy (m1ℓ/M). The corresponding

zero eigenvectors of K therefore are

δrxY =



0

m2/M

0

0

−m1/M

0


and δryY =



m2/M

0

0

−m1/M

0

0


. (5.2.36)

Unlike the translations of eq. (5.2.33) these rotations move the two atoms in opposite directions.

By taking linear combinations of these we arrive at a convenient basis of normalized symmetry-

driven zero eigenvectors:

1

0

0

0

0

0


,



0

1

0

0

0

0


,



0

0

0

1

0

0


,



0

0

0

0

1

0


and

1√
2



0

0

1

0

0

1


. (5.2.37)
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The normalized basis vector orthogonal to these five is an eigenvector for the nonzero eigenvalue:

1√
2



0

0

1

0

0

−1


has nonzero eigenvalue λ = 2V ′′(ℓ) > 0 . (5.2.38)

The mass matrix in these coordinates similarly is

M =



m1 0 0 0 0 0

0 m1 0 0 0 0

0 0 m1 0 0 0

0 0 0 m2 0 0

0 0 0 0 m2 0

0 0 0 0 0 m2


and so M−1/2 =



m
−1/2
1 0 0 0 0 0

0 m
−1/2
1 0 0 0 0

0 0 m
−1/2
1 0 0 0

0 0 0 m
−1/2
2 0 0

0 0 0 0 m
−1/2
2 0

0 0 0 0 0 m
−1/2
2


.

(5.2.39)

The matrix A = M−1/2 KM−1/2 therefore becomes

A =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 1/m1 0 0 −1/
√
m1m2

0 0 0 0 0 0

0 0 0 0 0 0

0 0 −1/
√
m1m2 0 0 1/m2


V ′′(ℓ) . (5.2.40)

The eigenvalues λ of A must satisfy the characteristic equation: det(A − λ) = 0, which in this case

reads

λ4
[(

V ′′(ℓ)

m1
− λ

)(
V ′′(ℓ)

m2
− λ

)
− [V ′′(ℓ)]2

m1m2

]
= λ5

[
λ− V ′′(ℓ)

µ

]
= 0 , (5.2.41)

where µ = m1m2/M is the reduced mass.

The matrix A has 5 zero eigenvalues with normalized eigenvectors

1

0

0

0

0

0


,



0

1

0

0

0

0


,



0

0

0

1

0

0


,



0

0

0

0

1

0


and



0

0√
m1/M

0

0√
m2/M


, (5.2.42)

and one nonzero eigenvector: the normalized eigenvector

0

0

−
√
m2/M

0

0√
m1/M


has nonzero eigenvalue λ = V ′′(ℓ)/µ > 0 . (5.2.43)
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This example shows how the general formalism works in a concrete example. For instance

eq. (5.2.21) states
¨̂Y = D Ŷ and in a basis where A has been diagonalized we indeed have

D =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 ω2


where ω2 :=

V ′′(ℓ)

µ
, (5.2.44)

with eigenvectors 

1

0

0

0

0

0


,



0

1

0

0

0

0


,



0

0

1

0

0

0


,



0

0

0

1

0

0


,



0

0

0

0

1

0


and



0

0

0

0

0

1


. (5.2.45)

Of these, the first five are the symmetry related zero eigenvectors, and only the nonzero eigenvector

describes oscillatory motion when (5.2.21) is solved:

Ŷ(t) =



0

0

0

0

0

1


A cos(ωt+ δ) . (5.2.46)

To write this in the original basis for which A is given in (5.2.40) we need the orthogonal rotation

O, which in practice is the matrix whose columns are the normalized eigenvectors of A given in (5.2.42)

and (5.2.43), so

O =



1 0 0 0 0 0

0 1 0 0 0 0

0 0
√
m1/M 0 0 −

√
m2/M

0 0 0 1 0 0

0 0 0 0 1 0

0 0
√
m2/M 0 0

√
m1/M


, (5.2.47)

as can be verified by direct matrix multiplication. In terms of this the eigenvectors (5.2.45) become

Ỹ = OŶ and so are given in the initial basis by

Ỹ =



1

0

0

0

0

0


,



0

1

0

0

0

0


,



0

0√
m1/M

0

0√
m2/M


,



0

0

0

1

0

0


,



0

0

0

0

1

0


,



0

0

−
√
m2/M

0

0√
m1/M


, (5.2.48)
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in agreement with (5.2.42) and (5.2.43) (as they must).

Rescaling by the mass matrix then reveals the eigenvectors Y = M−1/2 Ỹ in the basis for which

the evolution equation is MŸ = KY, where

Y =



1/
√
m1

0

0

0

0

0


,



0

1/
√
m1

0

0

0

0


,



0

0

1/
√
M

0

0

1/
√
M


,



0

0

0

1/
√
m2

0

0


,



0

0

0

0

1/
√
m2

0


, (5.2.49)

are all zero modes, while

Y(t) =



0

0

−√
µ/m1

0

0
√
µ/m2


A cos(ωt+ δ) , (5.2.50)

corresponds to the single oscillatory normal mode (in agreement with the solutions seen earlier in §5.1).

Notice that this solution satisfies MY = m1 y1 +m2 y2 = 0 for the nonzero eigenvector, showing that

the motion does not change the centre of mass position. During the oscillation the relative minus sign

between the two entries of (5.2.50) show that the two atoms move with the opposite phase as they

oscillate, and the mass-dependence shows how the amplitude of oscillation differs for each atom.

⋆ ⋆ ⋆

In order to see the superposition of more than one normal mode we need at lest three

atoms, so we consider this example next.

Worked example: Triatomic Molecule

Consider a molecule involving three atoms all arranged along a single line. The central atom of the

molecule has mass mc and the two outer atoms have the same mass m± = m and potential energy as

a function of their distance from the central atom and so share the same equilibrium distance ℓ from

it (see the illustration in Fig. 26).

Let us choose the z axis parallel to the line connecting the three atoms in their equilibrium

positions with the origin chosen to sit at the centre of mass, which by symmetry is also the position

of the middle atom, so

s± = ±ℓ ez and sc = 0 , (5.2.51)

where (as usual) M = m+ +m− +mc = 2m+mc is the total mass of the molecule. Notice m−s− +

m+s+ +mcsc = m(s− + s+) +mcsc = 0 – as must happen in the centre of mass frame.

We take the interatomic forces to be derivable from a potential V that depends only on the relative

distances between the atoms: rc+ = |s+−sc|, rc− = |s−−sc| and r+− = |s+−s−| (and so is translation

and rotation invariant). This potential is assumed to have a local minimum for the positions given in

(5.2.51), such as can be arranged if the atoms at the ends of the molecule are attracted to the central
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Figure 26. A sketch of the geometry of the collinear triatomic molecule whose vibrations are discussed

in the text.

one through a potential, Va, of the form drawn in Fig. (25), together with a repulsive interaction, Vr
between the two end atoms. For such a potential the end atoms prefer to be a fixed distance ℓ away

from the central one, and the repulsive nature of their direct interaction makes them prefer to remain

on opposite sides of the central atom from one another.

In this case there are nine coordinates, yA, with A = {a, i} and a = 1, 2, 3 = −, c,+ and i = x, y, z,

Y =



y1

y2

y3

y4

y5

y6

y7

y8

y9


=



y−x
y−y
y−z
ycx
ycy
ycz
y+x
y+y
y+z


, (5.2.52)

and we take the potential to have the approximate form

V = Va(rc+) + Va(rc−) + Vr(r+−) , (5.2.53)

where once expanded about the equilibrium positions, sa = sa + ya the distances between atoms are

rc± =
√
(y±x − ycx)2 + (y±y − ycy)2 + (y±z − ycz ∓ ℓ)2

and r+− =
√
(y+x − y−x)2 + (y+y − y−y)2 + (y+z − y−z − 2ℓ)2 . (5.2.54)

Differentiating gives

∂V

∂yci
= V ′

a(rc+)
∂rc+
∂yci

+ V ′
a(rc−)

∂rc−
∂yci

= V ′
a(rc+)

(
yci − y+i + ℓ δiz

rc+

)
+ V ′

a(rc−)

(
yci − y−i − ℓ δiz

rc−

)
, (5.2.55)
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which vanishes at ya = 0 so long as the equilibrium configuration satisfies rc+ = rc−. Similarly

∂V

∂y±i
= V ′

a(rc+)
∂rc+
∂y±i

+ V ′
a(rc−)

∂rc−
∂y±i

+ V ′
r (r+−)

∂r+−

∂y±i

= V ′
a(rc±)

(
y±i − yci ∓ ℓ δiz

rc±

)
+ V ′

r (r+−)

(
y±i − y∓i ∓ 2ℓ δiz

r+−

)
, (5.2.56)

which vanishes at ya = 0 if ℓ satisfies V ′
a(ℓ) + V ′

r (2ℓ) = 0.

Differentiating again is simplified if we assume the repulsive force is much weaker than the at-

tractive force, so that ℓ approximately satisfies V ′
a(ℓ) ≃ V ′

r (ℓ) ≃ 0 relative to second derivatives and

we can neglect V ′′
r (ℓ) relative to V ′′

a (ℓ). In this case the only non-negligible second derivatives at the

minimum are (
∂2V

∂y2±z

)
0

≃ V ′′
a (ℓ) + V ′′

r (ℓ) ,

(
∂2V

∂y+z∂y−z

)
0

≃ −V ′′
r (ℓ) . (5.2.57)

and
1

2

(
∂2V

∂y2cz

)
0

≃ −
(

∂2V

∂ycz∂y±z

)
0

≃ V ′′
a (ℓ) . (5.2.58)

Repeating the steps that led to eq. (5.2.31) gives the nine-by-nine matrix kAB = (∂2V/∂yA∂yB)ya=0

evaluated at the equilibrium position (ya = 0), leading to

kai,bj = κab σij where κab =

κ++ κ+c κ+−

κc+ κcc κc−
κ−+ κ−c κ−−

 =

k + k −k −k

−k 2k −k
−k −k k + k

 , (5.2.59)

and we define σij = δiz δjz as in (5.2.32) and

k := V ′′
a (ℓ) > 0 and k := V ′′

r (ℓ) . (5.2.60)

We remark in passing that the result (5.2.59) is different than what would have been found if we

had followed the textbook Goldstein and defined the potential to have the approximate form

V ≃ 1
2k (s+ − sc − ℓ ez)

2 + 1
2k (s− − sc + ℓ ez)

2 = 1
2k (y+ − yc)

2 + 1
2k (y− − yc)

2

= 1
2k (y

2
+ + y2

−) + k y2
c − k yc · (y+ + y−) . (5.2.61)

In this case repeating the above steps gives the nine-by-nine matrix kAB = (∂2V/∂yA∂yB)ya=0 evalu-

ated at the equilibrium position (ya = 0) of the form

kai,bj = κab δij where κab =

 k −k 0

−k 2k −k
0 −k k

 . (5.2.62)

This differs from (5.2.59) by omitting the k dependence, but more importantly in spin space this

involves the matrix δij rather than σij and so it does not contain any rotational zero modes. This

happens because the choice (5.2.61) does not give a rotation-invariant potential due to the appearance

in it of the explicit direction ℓez. By contrast, the choice (5.2.53) only acquires a dependence on ℓez
once sa is exchanged for ya.
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The mass matrix in these coordinates similarly is Mai,bj = Mab δij (or M = M⊗ I3) where I3 is

the 3× 3 unit matrix and

M =

m 0 0

0 mc 0

0 0 m

 . (5.2.63)

Written out in all of their glory, using this mass matrix and (5.2.59) gives the 9× 9 matrices

K =



0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 k + k 0 0 −k 0 0 −k

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 −k 0 0 2k 0 0 −k
0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 −k 0 0 −k 0 0 k + k


and M =



m 0 0 0 0 0 0 0 0

0 m 0 0 0 0 0 0 0

0 0 m 0 0 0 0 0 0

0 0 0 mc 0 0 0 0 0

0 0 0 0 mc 0 0 0 0

0 0 0 0 0 mc 0 0 0

0 0 0 0 0 0 m 0 0

0 0 0 0 0 0 0 m 0

0 0 0 0 0 0 0 0 m


. (5.2.64)

The matrix A = M−1/2 KM−1/2 therefore becomes

A =



0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 (k + k)/m 0 0 −k/√mmc 0 0 −k/m

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 −k/√mmc 0 0 2k/mc 0 0 −k/√mmc

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 −k/m 0 0 −k/√mmc 0 0 (k + k)/m


. (5.2.65)

Solving the characteristic equation: det(A− ω2) = 0 for the eigenvalues ω2 reveals seven independent

zero eigenvectors and two nonzero eigenvalues (or characteristic frequencies):

ω2
1 =

k + 2k

m
and ω2

2 =
k

m

(
1 +

2m

mc

)
. (5.2.66)

Because the equilibrium configuration is a rotor (all atoms collinear) only five of the zero modes

are consequences of translation and rotation symmetries. Under translation symmetry the positions

of all atoms shift by a common amount, δya = ϵ, corresponding to the following translational zero

modes of the matrix K:

δtxY =
1√
3



1

0

0

1

0

0

1

0

0


, δtyY =

1√
3



0

1

0

0

1

0

0

1

0


and δtzY =

1√
3



0

0

1

0

0

1

0

0

1


, (5.2.67)
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Although the first two of these are also obvious zero eigenvectors of A the third one must be rescaled

by powers of the mass due to the rescaling Y = M−1/2Ỹ required to relate the original variable Y to

the eigenvectors of A. So the zero modes corresponding to translations in the z direction is given by

δtzỸ =
1√

mc + 2m



0

0√
m

0

0
√
mc

0

0√
m


, (5.2.68)

as is easily verified by direction multiplication by A.
The other two zero modes associated with symmetries are those due to rigid rotations about

the centre of mass of the molecule, for axes perpendicular to the z axis (which is the direction along

which the atoms lie when in their equilibrium position). Since the central atom lies at the centre of

mass it does not move under these rotations, and the equidistant positions of the outer two atoms

makes them rotate in opposite directions. Explicitly, for an infinitesimal rotation about the x axis we

have δy−y = θx ℓ and δy+y = −θx ℓ and an infinitesimal rotation about the y direction similarly gives

δy−x = θy ℓ and δy+x = −θy ℓ, so the corresponding zero eigenvectors of K (and A) therefore are

δrxY =



0

1

0

0

0

0

0

−1

0


and δryY =



1

0

0

0

0

0

−1

0

0


. (5.2.69)

Inspection of A shows that the remaining non-symmetry zero modes involve transverse motion of

the central atom in the x and y directions without also moving the outer ones:

δrxY =



0

0

0

1

0

0

0

0

0


and δryY =



0

0

0

0

1

0

0

0

0


. (5.2.70)

These are only approximate zero modes since their eigenvalues only vanish because of the simplifying

approximations made when evaluating K, in particular the assumption that this matrix is dominated

– 134 –



by V ′′
a (ℓ) and V

′′
r (ℓ). This assumption neglects the restoring force that acts transverse to the molecular

axis when the central atom is ‘plucked’ away from its equilibrium position and allowed to oscillate.

The remaining eigenvectors correspond to the nonzero eigenvalues given in (5.2.66). The eigen-

vector corresponding to the first nonzero eigenvalue is given by

Y1 =



0

0

1

0

0

0

0

0

−1


A cos(ω1t+ δ) for the eigenvalue ω2

1 =
k + 2k

m
. (5.2.71)

This involves only the outer atoms oscillating with frequency ω1 in opposite directions in the z direction

while the central atom does not move (as it must in order for the molecule not to carry net momentum).

Because only the outer atoms move the frequency depends only on the mass m of the outer atoms.

The other eigenvector with nonzero eigenfrequency for the matrix A is

Ỹ2 =



0

0

1

0

0

−2
√
m/mc

0

0

1


Ã cos(ω2t+ δ) for the eigenvalue ω2

2 =
k

m

(
1 +

2m

mc

)
. (5.2.72)

More useful is to have this oscillation in terms of the original variables Y, keeping in mind the relation

Y = M−1/2Ỹ. Absorbing a factor of
√
m by defining Ã =

√
mA, this can be written

Y2 =



0

0

1

0

0

−2m/mc

0

0

1


A cos(ω2t+ δ) for the eigenvalue ω2

2 =
k

m

(
1 +

2m

mc

)
. (5.2.73)

This corresponds to both of the outer atoms oscillating in the same direction with frequency ω2 while

the central atom simultaneously oscillates in the other direction with the amplitude required to ensure

that its instantaneous momentum precisely cancels the momenta of the outer two atoms. That is, the
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momenta along the z direction for of each type of atom performing this oscillation are

mẏ−z = mẏ+z = −mAω2 sin(ω2t+ δ) and mcẏcz = +2mAω2 sin(ω2t+ δ) , (5.2.74)

and so mẏ−z +mẏ+z +mcẏcz = 0.

All told our three-atom triatomic molecule has 9 degrees of freedom of which 5 describe rigid body

translations and rotations. The remaining 4 degrees of freedom describe 4 independent normal modes

of oscillation, each with its own characteristic frequency, for small displacements of the constituent

atoms about their equilibrium positions. The two modes for which the central atom moves transverse

to the molecule’s axis have systematically smaller frequencies compared to oscillations for which the

atoms move along the line connecting the equilibrium positions of the atoms. A general vibration of

the molecule can be written as a linear combination of these four normal modes.

⋆ ⋆ ⋆

One can continue in this way, adding more and more atoms to obtain larger and larger

macroscopic bodies. In general each atom adds another 3 normal modes (one for each of

the three spatial directions). The number of zero modes coming from spatial symmetries in

general remains fixed at six (three translations and three rotations – or possibly only two

independent rotations if all the atoms are collinear).

5.3 Continuum of Oscillators

The number of normal modes arising in this way for an oscillating macroscopic body can be

truly enormous once the number N of atoms becomes sizable. The motion can sometimes

nonetheless be fairly simple and acquire a universal behaviour in some circumstances – most

notably when the system is only observed over distance scales that are very large compared

with the typical interatomic spacings and over time scales that are long compared with the

periods, T = 2π/ω, of the typical characteristic frequencies. This section is devoted to what

happens in this limit and why simplicity can emerge.

As we saw in the previous section, normal modes often involve adjacent atoms moving in

very different ways. For instance, for the triatomic molecule one of a pair of adjacent atoms

could be completely motionless while its immediate neighbor oscillates like crazy. These kinds

of oscillations can be very hard to detect if one can only resolve distance scales that are very

large compared to the interatomic spacing. If only comparatively large distances can be

resolved then the only oscillations that can be detected in practice are those that involve a

macroscopic number of atoms moving together in a very similar way.

It also turns out that these are the normal modes that typically involve the lowest fre-

quencies: for N oscillators coupled only to their nearest neighbours the lowest-frequency

normal modes tend to be the ones where all of the particles are moving as similarly to one

another as possible, with none moving completely out of phase with the others. This kind

of low-frequency coherent motion is often universal in its character (in the sense that it does

not depend in detail on the properties of the underlying atoms).
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There is a good reason why these low frequency modes of oscillation become universal.

We have seen that if all the atoms of an object move with exactly the same speed in the same

direction then this is not really an oscillation at all. It is instead a rigid body translation. It

can cost arbitrarily little energy if the motion is slow enough because there is no potential

energy cost if the interatomic interactions are translation invariant. But if there are a great

many atoms present then some oscillations can involve large groups of atoms moving together

with velocities that are almost but not exactly the same. If the change in velocity from atom

to atom is sufficiently small the energy cost of this motion can also be made arbitrarily

small because it locally is almost a symmetry transformation. (It becomes an honest-to-

God symmetry in the limit that all atoms move with exactly the same speed and direction.)

It is the intimate relationship between this type of motion and symmetries that makes the

resulting behaviour universal.

5.3.1 The oscillating string

To explore these ideas more concretely consider first the simple system of a long line (or a

long and comparatively narrow bundle) of atoms that are too closely spaced to distinguish

individual atoms, but which are free to move transverse to the line’s initial direction.

We wish to write down the Lagrangian for such a string of atoms in order to obtain its

equations of motion. To this end we start with the kinetic energy of the motion. Suppose

then that we have a narrow string or wire of cross sectional area A whose typical length

a ∼
√
A is both much smaller than the resolution of our position measurements and much

larger than the spacing ℓ between atoms.

Because we cannot resolve its width the wire will look like a one-dimensional object,

with length but no width, and so its position is specified by giving the curve z(u) that gives

the wire’s position as a function of time. Here u is any convenient parameter (we later use

arc-length measured along the wire for this purpose, but that is not required) that labels a

particular ‘point’ along the wire’s length. It is possible that the wire’s cross-sectional area

A = A(u) varies along the wire.

We know that in secret every point on the curve z(u) contains many atoms all more

closely packed than we can resolve. Consider a small segment of this wire contained in an

interval du about some value for u, chosen so that the length, ds, of this interval is at the

limit of resolution of our measurements. That is, ds is much shorter than any process we

hope to actually measure, but is also much larger than the interatomic spacing within the

wire: ds≫ a≫ ℓ.

Given an explicit parameterization z(u) = {x(u), y(u), z(u)} of the wire’s position, the

vector ∂z/∂u is tangent to the wire. The the length of the wire lying in the interval du is

ds =
√

dx2 + dy2 + dz2 =
√
dz · dz =

√
dz

du
· dz
du

du , (5.3.1)
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and so ds/du =
√
(dz/du) · (dz/du). If u is a reliable label of points along the wire it

increases monotonically as one moves along the wire and so we can assume ds/du > 0 is

strictly positive everywhere so the map u → s is one-to-one. It is often convenient to use s

itself as the parameter labelling points along the wire. In this case (5.3.1) shows that

dz

ds
· dz
ds

= 1 , (5.3.2)

(so the tangent vector is in this case automatically normalized).

If we could only resolve it, the volume of this segment of the wire would be

dV = A(s) ds = A(u)

(
ds

du

)
du , (5.3.3)

and so the total mass within this segment is dm = ρ(s, t) dV where ρ is the mass-per-unit-

volume of the atoms in the wire. In terms of the microscopic atoms

dm = ρ(s)A(s) ds =
∑
a∈dV

ma , (5.3.4)

where ma is the mass of atom ‘a’ and the sum runs only over those atoms that lie within the

volume element dV . If we cannot resolve the width of the wire then what mattters is the

wire’s mass-per-unit-length:

σ(s) :=
dm

ds
= ρ(s)A(s) . (5.3.5)

Next we restrict our attention to atoms that are all mostly moving in the same direction,

doing so by assuming that all of the atoms in the volume dV have the same velocity, v, to

within the tolerance of our measurements, but allowing for the possibility that this common

velocity varies slowly with s, v = v(s), as we move down the wire. Having the entire segment

move together at low energies is a natural consequence of the interatomic forces Fab that

act between the atoms (and provide them with a preferred equilibrium distance from all of

their neighbours). In particular, it provides a strong repulsive part that prevents atoms being

pushed into one another.

Under these circumstances the motion of a segment of the wire is transverse to the

direction along the wire. For instance, if the wire is initially laid along the z axis then the

repulsion of atoms requires a wire segment to move only in the x-y plane, so v = vx ex+vy ey.

In practice this means that the motion of atoms within a short segment of length ds simply

changes the shape of the wire, so the velocity gives the rate of change of the curve that defines

the wire’s position:

v(s, t) = ∂tz(s, t) =: ż(s, t) , (5.3.6)

and

v(s, t) · ∂sz(s, t) = 0 . (5.3.7)
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The kinetic energy due to this motion of the volume dV then is

dK = 1
2 dmv2 = 1

2 ρv
2 dV = 1

2 ρv
2Ads = 1

2 σ v
2 ds . (5.3.8)

For a material wire there is also a potential energy cost to moving one part of the wire

relative to its neighbours. This also comes from the interatomic forces Fab that act between

the atoms. The attractive part of the interactomic forces resists the stretching of the wire

since it imposes an energy cost on changing the wire’s length. If the curve defining the wire

changes from z(u) to z(u) = z(u) + y(u), with y perpendicular to the tangent dz/du and

we parameterize using the arc-length, s̄, for the original curve z(u) then (5.3.1) tells us that

|dz/ds| = 1 and predicts the change in the length of a segment initially of length ds to be

δds =

[√
1 +

dy

ds
· dy
ds

− 1

]
ds ≃ 1

2

(
dy

ds

)2

ds , (5.3.9)

where the cross term vanishes19 in the first equality because (dz/ds) · (dy/ds) = 0 and the

approximate equality assumes small displacements, so |dy/ds| ≪ 1.

The potential energy cost of such a deformation is the work done against the total restor-

ing interatomic force by this change of length. Once aggregated over the interior of the wire

this restoring force is called the wire’s tension: T (s) > 0, and is regarded as being one of its

macroscopic properties, like its mass-per-unit-length σ(s). The potential energy change due

to a small displacement of the wire therefore is

dV = T (s) δds ≃ 1
2 T (s)

(
dy

ds

)2

ds ≃ 1
2 T (s)

(
dy

ds

)2

ds , (5.3.10)

where the last equality uses that the difference between s and s is higher order in dy/ds.

This expression for the potential energy vanishes if ∂y/∂s = 0 because the limit of a

constant displacement of the whole wire is a rigid-body motion for which there is no cost in

potential energy. Working to quadratic order in ∂y/∂s in (5.3.10) is the analog in this instance

of using the harmonic approximation when exploring the potential energy of oscillations of

individual atoms around their equilibrium positions.

We now have the tools to write down the Lagrangian for the aggregate motion of small

deviations of atoms aligned along a narrow wire, at least in the low-energy limit appropriate

for asking questions over time scales much longer than the characteristic frequencies of the

generic atomic normal modes of vibration (so that oscillatory motion over short unresolved

distances can be ignored). The Lagrangian is as usual the difference between the total kinetic

and potential energies which, using (5.3.8) and (5.3.10), becomes

L = K − V =

∫ s1

s0

ds

(
dK

ds
− dV

ds

)
=

∫ s1

s0

ds
[
1
2 σ (∂ty)

2 − 1
2 T (∂sy)

2
]
. (5.3.11)

19A more systematic treatment including when the cross term cannot be neglected is given in §9.
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As usual, eq. (5.3.11) is to be integrated over time to obtain the action, so

S[y(s, t)] =

∫ t1

t0

dt L =

∫ t1

t0

dt

∫ s1

s0

ds
[
1
2 σ (∂ty)

2 − 1
2 T (∂sy)

2
]
. (5.3.12)

This is now a functional of a configuration y(s, t) that is a function of two variables rather

than just time. The equations of motion are obtained in precisely the same way, though, by

asking which configurations give δS = 0 stationary under arbitrary variations δy(s, t).

In this formulation the two parameters s and t are conceptually treated very differently.

The parameter s and the vector index i = x, y, z in yi(s, t) are collectively treated effectively

the same as the label A in the generalized coordinate qA(t) introduced in §2.2. The main

difference is that s is a continuous variable rather than a discrete one, so sums over A turn

into sums over i and integrals over s.

5.3.2 The wave equation

To derive the equations of motion we take the difference of the action evaluated at y(s, t) +

δy(s, t) and its value evaluated at y(s, t), keeping only linear terms in δy(s, t) and its deriva-

tives. Taylor expanding the integrand of (5.3.12) to linear order gives

δS =

∫ t1

t0

dt

∫ s1

s0

ds
[
σ ∂ty · ∂t(δy)− T ∂sy · ∂s(δy)

]
=

∫ s1

s0

ds
[
σ ∂ty · δy

]t1
t0
−
∫ t1

t0

dt
[
T ∂sy · δy

]s1
s0

(5.3.13)

+

∫ t1

t0

dt

∫ s1

s0

ds
[
−∂t

(
σ ∂ty

)
+ ∂s

(
T ∂sy

)]
· δy(s, t) .

The goal is to require δS vanish for arbitrary variations δy(s, t). We first demand δS = 0

for those δy(s, t) that vanish at the boundaries t = t0 and t1 and s = s0 and s1. In this case

only the final integral in (5.3.13) contributes and so requiring δS = 0 for arbitrary δy(s, t)

implies

−∂t
(
σ ∂ty

)
+ ∂s

(
T ∂sy

)
= 0 . (5.3.14)

If it is also true that the action is to be stationary when δy ̸= 0 at the endpoints then one

gets the additional conditions

∂ty = 0 for all s when t = t0 and t1

and ∂sy = 0 for all t when s = s0 and s1. (5.3.15)

For cases where both T and σ are independent of s and t the field equation (5.3.14)

becomes

−∂2t y + c2s ∂
2
sy = 0 , where cs :=

√
T

σ
. (5.3.16)

– 140 –



The quantity cs has the dimension of velocity. Eq. (5.3.16) is a famous equation and is called

the wave equation, since its solutions describe wave propagation. As we see below cs turns

out to be the wave speed.

Eq. (5.3.16) is simple enough that it can be solved exactly (provided cs is independent of

s and t). The general solution can be found by changing variables from s and t to u = s− cst
and v = s+ cst. In terms of these variables (5.3.16) becomes

∂2y

∂u ∂v
= 0 . (5.3.17)

This integrates to give the general solution

y(u, v) = f1(u) + f2(v) , (5.3.18)

where f1(u) and f2(v) are arbitrary vector functions, subject only to the conditions that they

(like y) are perpendicular to the background configuration z. In terms of the original variables

this becomes

y(s, t) = f1(s− cst) + f2(s+ cst) . (5.3.19)

Eq. (5.3.19) provides the key to interpreting (5.3.16) as a wave equation. This is because

for any profile f1(x) the function f(s − cst) describes the translation of the profile to larger

and larger values of s as t changes, where the the translation occurs at speed cs (see Fig. 27).

A similar story goes through for f2(s+ cst) though this translates the profile to smaller and

smaller values of s (again with speed cs) as t increases.

Figure 27. The evolution of a profile y = f(x± cst) showing how the fixed profile translates through

a distance ∆x = ∓csτ after time evolves through an interval ∆t = τ . (For instance if f(x) has a

maximum at x = 0 when t = 0 then when t = τ the maximum still occurs when the argument of f

vanishes, but for f(x− csτ) this happens when x = csτ .)
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The general solution to (5.3.16) is clearly the superposition of a left-moving and a right-

moving wave, whose specific profiles can be determined by the initial conditions:

y(s, 0) = f1(s) + f2(s) and ∂ty(s, 0) = cs

[
−f ′1(s) + f ′2(s)

]
. (5.3.20)

For instance if y(s, 0) = h(s) is specified and the wire is initially at rest, ∂ty(s, 0) = 0, then we

learn f ′1(s) = f ′2(s) and so f1(s) = f2(s) +C for some constant C, and so f2(s) =
1
2 [h(s)−C].

In this case the solution is

y(s, t) = f2(s− cst) + f2(s+ cst) + C = 1
2

[
h(s− cst) + h(s+ cst)

]
. (5.3.21)

5.3.3 Normal Modes (again)

It is also possible to seek normal mode solutions to (5.3.16), which can be defined to have

a simple time-dependence y(s, t) = u(s) e−iωt. In this case (5.3.16) states that the function

u(s) must satisfy

∂2su+ k2u = 0 where k := ω/cs . (5.3.22)

This is solved by

u = a1 e
iks + a2 e

−iks (5.3.23)

where k (or equivalently ω) and the constant vectors a1 and a2 are chosen to satisfy any spatial

boundary conditions. For instance if y(s, t) = 0 for s = 0 and s = L then un(s) = an sin(kns)

where kn = nπ/L for n = 1, 2, 3, · · · a positive integer, leading to the characteristic frequencies
ωn = nπcs/L. The remaining constants an can then be chosen by imposing a convenient

normalization condition on the normal modes in question.

Just as was true when all of the atoms can be resolved, a general solution to the wave

equation (together with an appropriate set of boundary conditions) can be written as a linear

combination of normal modes, each of which has a characteristic frequency. Furthermore, the

relative amplitude of oscillation at each point of the string is fixed once the specific normal

mode is chosen, exactly like what happens when the motion of each atom can be resolved.

The particular combination of normal modes that arises in any particular physical problem

is obtained by matching to the initial conditions, y(s, 0) and ∂ty(s, 0).

In the continuum case we study here this normal-mode decomposition just turns out to be

a Fourier series representation of wave motion. To see why this is true it is useful to examine

a particular case in more detail. To this end, suppose the displacement satisfies the boundary

condition that it vanishes at the edges of an interval at all times: y(0, t) = y(L, t) = 0.

Consistency requires any initial conditions also to satisfy this boundary condition.

For instance, if y(s, 0) = h(s) and ∂ty(s, 0) = 0 (as used above) then consistency requires

h(0) = h(L) = 0). In this case it is always possible to find coefficients hn such that

h(s) =

∞∑
n=1

hn sin
(nπs
L

)
. (5.3.24)
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The required coefficients can be found by using the identity∫ L

0
ds sin

(nπs
L

)
sin
(mπs

L

)
=
L

2
δmn , (5.3.25)

since it shows that hm can be found by multiplying (5.3.24) through by sin(mπs/L) and

integrating:

hn =
2

L

∫ L

0
ds h(s) sin

(nπs
L

)
. (5.3.26)

Using (5.3.24) in (5.3.27) then gives the solution as an expansion of normal modes, of the

form

y(s, t) =
1

2

∞∑
n=1

hn

{
sin
[nπ
L

(s− cst)
]
+ sin

[nπ
L

(s+ cst)
]}

, (5.3.27)

with hn given in terms of the initial condition y(s, 0) = h(s) by (5.3.26).

5.4 Spin Waves*

yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada

yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada

yada yada yada yada yada yada

5.4.1 Antiferromagnets

yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada

yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada

yada yada yada yada yada yada

5.4.2 Ferromagnets

yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada

yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada

yada yada yada yada yada

6 Relativistic Systems

The two great revolutions in physics during the early twentieth century – relativity and

quantum mechanics – are widely perceived as both requiring the abandonment of Newton’s

formulation of nature’s laws. Although this is certainly true for quantum physics the same

is not strictly true for relativity provided one takes the Lagrangian formulation of Newton’s

law’s as primary, since there is a Lagrangian formulation for classical relativistic motion.

The main thing to change is the specific form for how forces and energies depend on

position and velocity, which is more about the choice of the Lagrangian used in a particular

situation rather than a complete abandonment of the formalism. This section seeks to clarify

this by showing how special relativity can be embedded into the Lagrangian framework of

classical mechanics.
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6.1 Poincaré vs Galilean Invariance

From the point of view of Lagrangian mechanics the main difference between special relativity

and Newtonian mechanics is the form that is assumed for spacetime symmetries. As listed in

§1.6 the spacetime symmetries assumed in Newtonian mechanics come in three types:

� Translations in space and time: r → r+ c and t→ t+ τ ;

� Rotations in space: r → R r, where R ∈ O(3) is a 3× 3 rotation matrix, and

� Galilean boosts: r → r + u t (that relates inertial observers who move with velocities

that differ by the constant velocity u).

Although translations and rotations have played an important role in discussions to this

point, invariance of the laws of physics under Galilean boosts has been more of an academic

observation.

Translation and rotation invariance do not change at all when we pass to special relativity;

it is the invariance under Galilean boosts that changes. It might seem odd that this is possible

since the derivation of the transformation r → r+ u t given in §1.6 seems to rely only on the

properties of vector addition and so is not that complicated. As it turns out, the ‘mistake’

in this derivation is to assume that time is universal for all inertial observers, as we see more

explicitly in §6.1.2 below.

Before exploring how relativity differs it is worth first describing in more detail how

Galilean invariance restricts the choices we have made to this point.

6.1.1 Galilean constraints on L

Consider first the Lagrangian L(r, ṙ, t) describing the motion of a single particle, for which

the sole degree of freedom in the position r(t). Invariance under spatial and time translations

implies L cannot depend on r undifferentiated and it cannot depend explicitly on t, and so

L = L(ṙ). Rotation invariance then further restricts L = L(v2) to be a function of v2 = ṙ2

since this is the only rotational scalar that can be built using only ṙ.

The functional form for L(v2) is further constrained by requiring physics to be invariant

under Galilean boosts, for which ṙ → ṙ+u for arbitrary constant u, and so v2 → v2+2u·ṙ+u2.
If we were to demand L be invariant under this transformation then we would learn the absurd

result that L must be independent of v2 and so just be a constant.

Happily this is too strong a condition because we must only demand the action be invari-

ant and so L can change under a Galilean boost so long as it changes by an additive constant

or a total time derivative (or both). But this is still a restrictive condition because it implies

that L(v2) must be linear in v2. Defining the coefficient to be 1
2m this means the unique

result for the Galilean-invariant Lagrangian for a single particle is

L = 1
2mv

2 for which L→ L+ 1
2mu

2 +
d

dt

(
mu · r

)
. (6.1.1)
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We see from this argument that what might have seemed an arbitrary choice for the

kinetic energy of a single particle is really the only choice that is consistent with Galilean

invariance. Turning this argument around, we see from the above Lagrangian that Galilean

invariance requires the equations of motion for an isolated particle to have the form m r̈ = 0,

which indeed is Newton’s first law (in the absence of forces a particle moves in a straight line

at constant speed).

More possibilities are of course possible once more than one particle is present. For

instance, for two particles invariance under time translations again requires L not to depend

separately on t but invariance under spatial translations is now possible if r1 and r2 appear

undifferentiated only through the difference r = r1−r2. Invariance under rotations requires r,

ṙ1 and ṙ2 to appear only through the rotation invariants that can be built from these vectors:

r2, ṙ21, ṙ
2
2, ṙ1 · ṙ2, r · ṙ1 and r · ṙ2. What remains is to impose invariance under Galilean boosts.

There is no loss of generality in writing L = K−U whereK = 1
2m1ṙ

2
1+

1
2m2ṙ

2
2+m12 ṙ1·ṙ2 is

an arbitrary quadratic function of the velocities and U is everything else (and so in principle

differs from the scalar potential in that it can depend on velocities). Although K is not

invariant under Galilean transformations it does transform into a constant plus a total time

derivative, precisely as was the case for a single particle. The function U can depend on both

r and the velocities ṙ1 and ṙ2 but the result can only be Galilean invariant under ṙa → ṙa+u

if the velocities appear in U only through the difference ṙ1 − ṙ2 = ṙ. We are led to the

conclusion that U = U(r2, ṙ2 , r · ṙ) can be a function of three independent invariants. In

spherical polar coordinates (r, θ, ϕ) we have r2 = r2, ṙ2 = ṙ2+r2(θ̇2+sin2 θ ϕ̇2) and r · ṙ = rṙ,

so U = U(r, ṙ, θ̇2 + sin2 θ ϕ̇2).

We see that Galilean invariance (like invariance under rotations and translations) does

constrain the form allowed for L, with the strongest constraints arising in the case where only

a single particle is present.

6.1.2 Lorentz invariance

In special relativity the logic for L is similar: we choose the Lagrangian of any system from the

subset of those that are invariant under translations, rotations and boosts between inertial

observers moving at different speeds. The only change is that the explicit form for the

transformation of boosts is no longer given by

r → r+ v t (6.1.2)

when the two inertial observers’ velocities differ by v.

Historically, the need for this change was driven by the discovery and success of Maxwell’s

theory of electromagnetism. According to this theory the equations of motion for electric and

magnetic fields are not invariant under (6.1.2). A particular manifestation of this fact is in the

theory’s prediction of electromagnetic waves: in the absence of electric charges and currents
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Maxwell’s equations imply E satisfies

−∂
2E

∂t2
+ c2∇2E = 0 (6.1.3)

and similarly for B, where c is a quantity that is calculable in terms of the vacuum’s dielectric

permeability and permittivity, taking the numerical value c = 299, 792, 458 m/s, agreeing well

with the speed of light in vacuum. Indeed (6.1.3) is called the wave equation – compare it

with (5.3.16) for waves along a wire – and has wave solutions whose propagation speed is c.

The ability to calculate the speed of light in this way starting from equations of electricity

and magnetism revealed that light was a manifestation of oscillating electric and magnetic

fields having a particular range of wavelengths, and it predicted the existence of a whole

spectrum of waves at other wavelengths on which our subsequent technology has since come

to rely. This was of course regarded as a huge success of Maxwell’s theory.

The fly in the ointment was that (6.1.3) is not Galilean invariant and so if different inertial

observers are related by (6.1.2) then only one of them could agree with Maxwell’s prediction

and the others should measure different speeds, in much the same way that the measured

speed of water waves depends very much on the speed of the observer’s motion relative to

the water.

This led to attempts to use the measured speed of light to infer the Earth’s motion relative

to whatever the rest frame was of the medium (the ‘luminiferous aether’) through which these

waves move. The absence of any evidence of motion (despite the speed and direction of the

Earth’s velocity changing as it orbits the Sun) eventually led to the conclusion that perhaps

(6.1.2) is not the correct expression relating inertial observers.

Einstein (and Lorentz) found the correct transformation rule relating inertial frames

by demanding that all inertial observers must measure precisely the same numerical value,

c = 299, 792, 458 m/s, for the speed of light in vacuum. This would allow Maxwell’s equations

to predict the speed of light correctly for all inertial reference frames (as the measurements

seemed to indicate that it did). Einstein’s observation was that this could be done if inertial

observers disagree on the rate of passage of time.

Because all inertial observers measure the same value for c it becomes possible to define

our units of distance so that c = 1. Such units would not be useful if all inertial observers

did not agree on the speed of light. These units are used throughout the rest of this section.

Conversion of subsequent formulae to ordinary units is accomplished by inserting whatever

factors of c are required to give the expression the correct dimensions. (E.g. for a result like

v = 0.2 to have the dimensions of m/s, its right-hand-side must really be 0.2 c. Similarly, for

E an energy and m a mass a formula like E = m becomes E = mc2.)

From a symmetry point of view, it is useful to cast the required transformation in a man-

ner that is similar to the way that rotations were treated in §2.3.4: as a linear transformation

that mixes up the coordinates but in this case allowing both spatial and temporal components
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of vectors to mix. Denoting the time and space coordinates by {xµ} with µ = 0, 1, 2, 3 and

{x0, x1, x2, x3} = {t, x, y, z} when relating the coordinates of two inertial frames in relative

motion we seek a transformation rule of the linear form

xµ → Λµν x
ν , (6.1.4)

where the summation convention is in force and the constant matrices Λµν are chosen to

ensure that all inertial observers agree on the speed of light.

To better formulate the condition that the speed of light remains unchanged it is useful

to more precisely specify the physical distances associated with different coordinate displace-

ments ∆xµ. Mathematically this is done by endowing spacetime with a metric — that is, a

position-dependent 4× 4 matrix, gµν(x), in terms of which the distance ds corresponding to

a given set of infinitesimal coordinate displacements, dxµ, locally is

ds2 = gµν(x) dx
µdxν . (6.1.5)

The summation convention is again in force, with repeated Greek indices (like µ and ν in the

above) being summed over the values 0, 1, 2, 3.

From this point of view special relativity can be summarized as the statement that for

all inertial observers the metric that appears in (6.1.5) is independent of position and given

everywhere by

ds2 = ηµν dx
µ dxν = −dt2 + dx2 + dy2 + dz2 , (6.1.6)

and so in matrix form for rectangular coordinates {x0, x1, x2, x3} = {t, x, y, z}, we have

ηµν =


−1

1

1

1

 , (6.1.7)

where all non-written entries are zero. Any 4× 4 symmetric invertable matrix gµν appearing

in an expression like (6.1.6) that locally defines the notion of physical distance is called a

spacetime metric and the particular case ηµν is called the Minkowski metric.

Notice that there are three cases to explore:

� Spacelike separations satisfy ds2 > 0 and agree with our notion of distance in flat space

if it is restricted to a purely spatial interval, along which dt = 0.

� Lightlike separations satisfy ds2 = 0 and describe the trajectory of a light ray. That is,

ds = 0 implies dt2 = dℓ2, where dℓ2 = dx2 + dy2 + dz2 measures the spatial distance

traversed. Any such a trajectory satisfies dℓ/dt = 1, and so moves at the speed of light

(since c = 1). The requirement that all inertial observers agree on the interval ds2

therefore includes as a special case the condition that all such observers agree on the

speed of light.
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� Timelike separations are those for which ds2 = −dt2+dℓ2 < 0. In this case the interval

corresponds to the world line of a trajectory of a particle moving at less than the speed

of light, since v2 = (dℓ/dt)2 = 1 + (ds/dt)2 < 1. In this case it is useful to define

dτ =
√
−ds2, since this represents the proper time elapsed by the observer moving

along this trajectory (for whom dℓ = 0).

The transformations of special relativity are those transformations of the form (6.1.4) that

do not change the Minkowski metric eq. (6.1.6). All such observers will agree on physical

distances and so also agree on physical laws that are expressed in terms of them. Special

Relativity can then be regarded as the requirement that physics looks the same when expressed

in terms of either coordinates, xµ and x′µ, when the transformation that relates them preserves

the Minkowski metric of (6.1.6). Invariance of the metric implies the constant matrices Λµν

satisfy

ηαβΛ
α
µΛ

β
ν = ηµν . (6.1.8)

The group of transformations defined by eqs. (6.1.8) are called the Lorentz group, or the

group O(3, 1). If spatial and temporal translations are also included, with xµ → xµ + aµ for

some constant 4-vector aµ then the symmetry group is called the Poincaré group.

Spatial rotations provide a special case of Lorentz transformations, for which

Λµν =

(
1

Rij

)
, (6.1.9)

where i, j = 1, 2, 3 runs over purely spatial directions, and Rij is an arbitrary 3×3 orthogonal

matrix: δijM
i
kM

j
l = δkl (that is to say: R is a rotation). By contrast, the boosts that relate

inertial observers with different speeds involves both time and space directions. For instance,

as is easy to verify, the matrix

(Λx)
µ
ν =


coshβx sinhβx

sinhβx coshβx

1

1

 , (6.1.10)

that mixes the t and x directions satisfies the defining condition (6.1.8), for any value of the

real parameter βx. The same is true for the following matrices that similarly mix t with the

y and z directions,

(Λy)
µ
ν =


coshβy sinhβy

1

sinhβy coshβy

1

 and (Λz)
µ
ν =


coshβz sinhβz

1

1

sinhβz coshβz

 , (6.1.11)

for any real value of βy and βz.
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To make contact between the above definitions and the transformations that arise in

introductory discussions of special relativity, we must establish how the parameters βi are

related to the components vi of relative velocity of the two observers. To this end consider the

motion of a free particle in the absence of applied forces. Such a particle does not accelerate

and so its trajectory in spacetime is given by a straight line,

xµ(u) = cµ + vµ u , (6.1.12)

where cµ and vµ are constant 4-vectors and u is a parameter that labels the points along the

line. Any such a curve satisfies

dxµ

du
= vµ and

d2xµ

du2
= 0 . (6.1.13)

Geometrically dxµ/du gives the components of the tangent vector to this curve, and it is

because this is constant that we know eq. (6.1.12) describes a straight world-line.

The invariant interval measured using the metric (6.1.6) along the trajectory is

ds2 = ηµν
dxµ

du

dxν

du
du2 = (v · v) du2 , (6.1.14)

so it follows that vµ must satisfy v ·v = ηµν v
µvν < 0 for a timelike trajectory (i.e. motion with

speed less than the speed of light). Such vectors are also said to be timelike. (By contrast, for

motion at the speed of light — such as for a photon — vµ would instead be null: v · v = 0.)

A curve with a timelike tangent is called a timelike curve.

By definition of the metric the arc-length along any timelike curve defines the proper

time, τ , as measured by a clock that moves along this trajectory. Since the invariant interval

is negative for time-like trajectories we define dτ2 = −ds2. It is convenient to use τ rather

than u as the parameter labelling points along a timelike curve. In this case uµ := dxµ/dτ is

called the 4-velocity of the trajectory, and eq. (6.1.14) then implies u · u = −1.

Writing the components of uµ as

dxµ

dτ
= uµ =

(
dt

dτ
,
dx

dτ
,
dy

dτ
,
dz

dτ

)
=

dt

dτ

(
1,

dx

dt
,
dy

dt
,
dz

dt

)
, (6.1.15)

the condition u · u = −1 implies dt/dτ satisfies (dt/dτ)2(1 − v2) = 1, where the velocity

3-vector, v, is defined to have components vi = dxi/dt. We read off from this the time

dilation that relates the proper time τ to the time t of the observer with respect to which the

trajectory has velocity v:

γ :=
dt

dτ
=

1√
1− v2

. (6.1.16)

where the condition dt/dτ > 0 (i.e. both t and τ increase into the future) fixes the sign of

the square root.
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We may now relate the parameter β appearing in a Lorentz boost to the speed, v, of the

inertial observers involved, and thereby verify that eq. (6.1.10) describes a standard Lorentz

transformation as derived when still a baby on your mother’s knee. To this end, suppose Λµν

transforms from the frame of an observer at rest (whose 4-velocity is uµ = (1, 0, 0, 0)) to the

frame of an inertial observer moving with speed v along the x axis (whose 4-velocity from

(6.1.15) is uµ = (γ, γv, 0, 0)). Then
γ

γv

0

0

 =


coshβ sinhβ

sinhβ coshβ

1

1



1

0

0

0

 , (6.1.17)

and so coshβ = γ and sinhβ = γv (and therefore tanhβ = v). Notice that the definition

γ = (1−v2)−1/2 is then equivalent to the identity cosh2 β−sinh2 β = 1. β is sometimes called

the rapidity of the moving particle.

Exercise: Prove the identity Λx(β1)Λx(β2) = Λx(β1 + β2) for the composition

of two boosts along the x axis, as in eq. (6.1.10), and use this to show that the

inverse of the matrix Λx(β) is Λ
−1
x (β) = Λx(−β). Use your result with the relation

v/c = tanhβ to derive the relativistic law for adding velocities: if β = β1 + β2

then

v =
v1 + v2

1 + v1v2/c2
. (6.1.18)

With this connection between β and v the relation between the coordinates in these two

frames, xµ
′
= Λµ

′
νx

ν , is 
t′

x′

y′

z′

 =


coshβ sinhβ

sinhβ coshβ

1

1



t

x

y

z

 , (6.1.19)

and so trading β for v (and temporarily replacing the factors of c) gives the familiar expressions

t′ =
t+ vx/c2√
1− v2/c2

, x′ =
x+ vt√
1− v2/c2

, (6.1.20)

together with y′ = y and z′ = z. Notice that these reduce to Galilean result t → t′ and

x → x′ = x + vt – c.f. (6.1.2) specialized to motion along the x-axis – in the limit of speeds

that are small compared to the speed of light: v ≪ c.

It is the fact that these expressions imply that events sharing a common value for t are

not the same as those sharing a common value for t′ – i.e. the relativity of simultaneity —
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that makes it much more efficient to think in terms of spacetime, rather than space and time

separately.

Worked example: particle kinematics

The instantaneous 4-momentum, pµ, of a particle moving slower than the speed of light is proportional

to its timelike 4-velocity uµ,

pµ = m
dxµ

dτ
= muµ , (6.1.21)

with proportionality constant m > 0. The interpretation of m is found by evaluating the components

of pµ. Using the components for uµ found in (6.1.15), we have

p0 = E = mγ =
m√
1− v2

and pi = mγ vi =
mvi√
1− v2

, (6.1.22)

which shows that the particle’s instantaneous energy is E = p0 and its 3-momentum is pi and so m

is its rest mass. Because (6.1.21) relates 4-vectors to 4-vectors it is true in any inertial frame, which

implies the relations (6.1.22) also hold for the components of pµ and uµ in any inertial reference frame.

The scalar condition ηµνu
µuν = −1, which holds in all inertial reference frames, implies pµ defined

by (6.1.21) satisfies ηµνp
µpν = −m2. This is equivalent to the relativistic energy-momentum relation

E2 = p2 +m2 . (6.1.23)

which therefore also holds in all inertial frames.

The 4-momentum of a photon can be thought of as the limit of the above as m→ 0 (with dτ → 0

so that (6.1.21) doesn’t imply pµ → 0). The components of pµ remain fixed and well-defined in this

limit, and the dτ → 0 limit implies that the 4-velocity dxµ/du points in a null direction. Because uµ is

no longer time-like it is no longer possible to choose proper time, τ , as the parameter along the world

line. The resulting 4-momentum satisfies ηµνp
µpν = pµp

µ = 0, and so (6.1.23) reduces to E = |p|.

⋆ ⋆ ⋆

Electromagnetism in relativistic notation

Since Lorentz transformations were discovered by requiring consistency with Maxwell’s theory

of electromagnetism it is no surprise that these can be written in a manifestly Lorentz-

covariant way (as this section reviews).

It turns out that the six components of the electric and magnetic fields, E and B, trans-

form as the components of an antisymmetric tensor, Fµν = −Fνµ, according to
F00 F01 F02 F03

F10 F11 F12 F13

F20 F21 F22 F23

F30 F31 F32 F33

 =


0 −Ex −Ey −Ez
Ex 0 Bz −By
Ey −Bz 0 Bx

Ez By −Bx 0

 , (6.1.24)

which labels the inertial coordinates in the usual way, xµ = {x0, x1, x2, x3} = {t, x, y, z}.
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There are two types of fundamental laws in electromagnetism. One type expresses the

forces felt by charges in the presence of electric and magnetic fields, and states that a point

charge of magnitude q moving with velocity v experiences a Lorentz force of magnitude

F = q
(
E+ v ×B

)
. (6.1.25)

The second type relates the properties of the electric and magnetic fields to the distribu-

tion of charges and currents that source them, as summarized by Maxwell’s equations:

∇×E+
∂B

∂t
= 0 , ∇ ·B = 0 (6.1.26)

and

∇×B− ∂E

∂t
= j , ∇ ·E = σ . (6.1.27)

Since all inertial observers agree on the laws of electromagnetism, it should be possible to

formulate these in terms of Lorentz tensors like Fµν . Indeed, the Lorentz force, eq. (6.1.25),

can also be grouped into a force 4-vector,

Fµ = qFµνu
ν , (6.1.28)

where uν denotes the 4-velocity of the point charge. The relativistic version of Newton’s Law,

ṗ = F, in the presence of this force then is

dpµ

dτ
= Fµ = qFµνuν , (6.1.29)

where uν denotes the 4-velocity of the point charge, Fµν is defined by (6.1.24) and indices

are raised and lowered using the Minkowski metric: uµ = ηµνu
ν (with the usual implied

summation due to the repeated index ν).

The two source-free Maxwell equation, eqs. (6.1.26), can be similarly written as the

combined tensor equation

∂µFνλ + ∂νFλµ + ∂λFµν = 0 , (6.1.30)

and the remaining two Maxwell equations with sources, eqs. (6.1.27), become

∂νF
µν = jµ , (6.1.31)

where the 4-vector jµ is the electric current 4-vector (more about which below). Notice that

the antisymmetry Fµν = −F νµ implies ∂µ∂νF
µν vanishes identically, showing that eq. (6.1.31)

necessarily implies ∂µj
µ = 0.

Worked example: electromagnetic current conservation

The condition ∂µj
µ = 0 provides the relativistic expression of something familiar: conservation of

electric charge.
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The components of the electric charge density q(x, t) and the electric current j(x, t) transform

together as a 4-vector under Lorentz transformations, with components:

jµ =

(
j0 = q

ji

)
, (6.1.32)

where ji represent the 3 spatial components of the current density vector, j.

The quantities q and j should be related by Lorentz transformations because if there is an observer

who sees a nonzero density of electric charge, q(x, t), then anyone else who moves relative to this

observer must see a nonzero electric current density, j(x, t), in addition to seeing a charge density

which differs from the stationary observer (due to the Lorentz contraction of space in the direction of

motion).

Being a 4-vector means that it transforms under a Lorentz transformation in a very specific way:

jµ
′
= Λµν j

ν , (6.1.33)

and so in the specific case of a boost between inertial observers moving at relative speed v, c.f.

eqs. (6.1.10) and (6.1.20), this becomes

q′ = j0
′
=

q+ v · j/c2√
1− v2/c2

, j′ =
j+ vq√
1− v2/c2

, (6.1.34)

Conservation of electric charge may be expressed in terms of this 4-vector in a manifestly Lorentz-

invariant way, as

∂µ j
µ =

∂j0

∂t
+∇ · j = 0 . (6.1.35)

Since the left-hand side is a Lorentz scalar, if any observer finds the right-hand-side vanishes, then all

inertial observers must find that it vanishes. Equation (6.1.35) expresses local charge conservation, as

may be seen by integrating it over a volume V having boundary ∂V , and using Gauss’ theorem

0 =

∫
V

[
∂j0

∂t
+∇ · j

]
d3x =

d

dt

∫
V

qd3x+

∫
∂V

n · j dS , (6.1.36)

where dS denotes an infinitesimal area element of the surface, whose outward-pointing normal vector

is n. Written this way it is clear that charge is conserved, inasmuch as the rate of change of the total

charge in any volume V is equal to the net flux of charge carried by the current through the boundaries

of V .

⋆ ⋆ ⋆

Finally, the connection between E and B and the electromagnetic potentials, Φ and A,

B = ∇×A and E = −∇Φ− ∂A

∂t
, (6.1.37)

can also be grouped into the single tensor equation

Fµν = ∂µAν − ∂νAµ , (6.1.38)

with the gauge potential 4-vector defined by

Aµ = {A0, Ai} = {Φ,A} and so Aµ = ηµνA
ν = {A0, Ai} = {−Φ,A} . (6.1.39)
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Exercise: Verify that eqs. (6.1.25), (6.1.26), (6.1.27) and (6.1.37) follow from

eqs. (6.1.28), (6.1.30), (6.1.31) and (6.1.38), together with the definitions of Fµν ,

Aµ and jµ.

6.2 Relativistic Point Particle

We are now in a position to identify the Lagrangian for a point particle from which equations

like (6.1.21) emerge as consequences of the Euler-Lagrange equations. We can also do so for

electrically charged particles in the presence of electromagnetic fields, and show how equations

like (6.1.29) emerge in this way.

6.2.1 Particle Kinematics

We start with a single particle whose spacetime position (or world-line) is given by a 4-vector

xµ(u), where u is a parameter that labels the different points along the particle’s world-line.

We seek an action that is invariant under general Poincaré transformations of the form

S[x(t)] =

∫
C

duL(x, ẋ, u) (6.2.1)

where C is the particle world line and the integration is over the parameter u that labels

points along the world line. One might think the action should arise as an integral over

time, but in relativity there is no unique time slicing of spacetime, so we instead must over a

parameterization of the particle world line.

Integrating over u makes sense because parameterizations of a timelike world line can

be regarded as clocks that are a proxy for the world line’s proper time, τ(u). Because the

parameterization is general we also demand the action be invariant under reparameterizations

of the worldline: u → v(u). Because du → (du/dv) dv under a reparameterization u → v(u)

invariance of S implies the Lagrangian must transform as L→ (dv/du)L.

Proceeding along the same lines as was done in §6.1.1 for Galilean transformations we

ask how L is restricted by these conditions. Although in principle the Lagrangian L could be

a function of xµ and ẋµ = dxµ/du, invariance under spacetime translations, xµ → xµ + aµ

implies that it can only depend on ẋµ. Lorentz invariance then requires L be unchanged by

the replacement xµ → Λµνx
ν and so must have the form

L = L(ẋ2) where ẋ2 := ηµν
dxµ

du

dxν

du
= −

(
dt

du

)2

+
dr

du
· dr
du

. (6.2.2)

The final symmetry constraint to impose is to ask L to be invariant under reparam-

eterizations of the worldline itself: u → v(u), since we are free to parameterize it as we

like. As mentioned above, this implies L → (dv/du)L under such a transformation. But

ẋ2 → (dv/du)2ẋ2 so it follows that L must be proportional to
√
−ẋ2 (with the sign in the

square root chosen because ẋ2 < 0 for a timelike curve). The resulting action then is

S = −m
∫

C

du
√

−ηµν ẋµ ẋν = −m
∫

C

du
√
−ẋ2 , (6.2.3)
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where m is a constant of proportionality (that we show below is the particle’s rest mass). The

overall sign in (6.2.3) is chosen so that it agrees with the sign of (6.1.1) in the nonrelativistic

limit.

This argument shows that the form for the action for a single particle is determined up

to normalization by the assumption that it only involve first derivatives and that the result

be Poincaré invariant (as required for consistency with special relativity). The result was also

unique (up to normalization) for Galilean invariance so the difference here arises because the

explicit transformation laws relating different inertial frames is different.

The action (6.2.3) has a very simple geometrical interpretation, as is most easily seen

by reparameterizing the world-line C using arc-length along the curve. Since the curve is

timelike the relevant arc-length is the proper time, τ , for the moving particle, defined by

dτ =
√
−ds2 =

√
−ẋ2 du where the second equality uses the definition (6.1.6) of the invariant

distance, specialized to a curve xµ(u) along which dxµ = ẋµ du. Comparing this to (6.2.3)

shows that the action can alternatively be written

S = −m
∫

C

dτ (6.2.4)

and so is proportional to the total proper time elapsed along the world line C.

The equations governing the motion of an isolated relativistic particle are given (as usual)

by finding the curve xµ(u) that extremizes the action (6.2.3). Taking the difference S[x(u) +

δx(u)]− S[x(u)] and expanding out to linear order in δxµ(u) then gives

δS[x(u)] = m

∫ uf

u0

du

[
ηµν ẋ

ν

√
−ẋ2

]
δẋµ (6.2.5)

=

[
mηµν ẋ

µδxν√
−ẋ2

]uf
u0

− ηµν

∫ uf

u0

du

[
d

du

(
mẋν√
−ẋ2

)
δxµ
]
.

The resulting stationarity conditions are simplest when the parameter u is chosen to be

proper time, since in this case −ẋ2 = 1, leaving

d2xµ

dτ2
= 0 for all τ (6.2.6)

together with the boundary condition[
ηµν

dxµ

dτ
δxν
]uf
u0

= 0 . (6.2.7)

The general solution to (6.2.6) is a straight line in spacetime:

xµ(τ) = xµ0 + uµ τ , (6.2.8)

where xµ0 and uµ are constant 4-vectors and use of the proper time as parameter requires

ẋ2 = −1 and so implies the 4-velocity uµ satisfies ηµν u
µuν = −1. We see in this way how the
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action (6.2.3) implies the properties of inertial motion assumed in (6.1.12) and (6.1.13). Just

like for the case of Galilean relativity, special relativity again implies Newton’s first law: in

the action of an applied force an isolated object moves in a straight line with constant speed.

To identify the meaning of the parameter m we differentiate (6.2.3) to get the generalized

momentum. This gives

pµ(u) =
δS

δẋµ(u)
=

m√
−ẋ2

ηµν ẋ
ν . (6.2.9)

Specializing to proper time as parameter then says−ẋ2 = 1 and so pµ = ηµνpν = m (dxµ/dτ) =

muµ (where uµ = dxµ/dτ is the particle’s 4-velocity), in agreement with (6.1.21).

Instead specializing to using x0 = t as the parameter along the world-line instead implies

dx0/du = dx0/dt = 1 while dxi/du = dxi/dt = vi become the components of the particle’s

3-velocity v. In this case −ẋ2 = 1− v2 where v2 = v · v, and so (6.2.9) implies

pµ = ηµνpν =
m√
1− v2

dxµ

dt
and so p0 =

m√
1− v2

and p =
mv√
1− v2

, (6.2.10)

in agreement with standard formulae for the velocity dependence of the particle’s energy and

3-momentum (compare with (6.1.22)). These expressions confirm the interpretation of the

parameter m as the particle’s rest mass.

In these same coordinates the action itself becomes S = −m
∫
dt

√
1− v2, showing that

S ≃ 1
2m
∫
dtv2 agrees with (6.1.1) (up to an irrelevant additive constant) in the non-relativistic

limit v2 ≪ 1.

6.2.2 Particle moving in a Gravitational field

The above line of argument generalizes very easily to a particle moving in a gravitational

field, though showing this involves using a few facts from general relativity that lie outside

our main line of development.

There are three new facts that are pertinent for describing particle motion in a gravita-

tional field. The first states that for relativistic systems the gravitational field is described

by a spacetime metric, gµν(x), whose role is to locally define distances in the same way as is

done for special relativity in eq. (6.1.6). That is:

ds2 = gµν(x) dx
µ dxν . (6.2.11)

The main difference between this and (6.1.6) is that the value of gµν(x) can vary from place

to place in spacetime.

Now it is also true that even for Special Relativity the entries of the matrix that de-

fines invariant distance can be made to vary from place to place just by doing a coordinate

transformation – for example just changing to polar coordinates in (6.1.6) changes it to

ds2 = −dt2 + dr2 + r2(dθ2 + sin2 θ dϕ2). But it is not true that any given metric gµν(x) can

always be put into the form gµν = ηµν everywhere in spacetime just by doing a coordinate
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transformation. When this is possible throughout a region then that region is said to have

zero spacetime curvature (or to be a flat spacetime). Special Relativity emerges from General

Relativity as the special case where the metric is flat, and this is the second important fact

that we need.

The third important fact is that the equations of motion in General Relativity are the

same when written in arbitrary coordinate systems. In that sense they remove the need for

there to be a proviso that equations of motion only take the same form when written in an

inertial reference frame.

These facts allow us to figure out the action governing the motion of a point particle

moving in a gravitational field. The dynamical variable again is the timelike curve in space-

time, xµ(u), along which the particle might move. In a gravitational field we no longer can

demand the action be Poincaré invariant, because those are the symmetries of flat space. In

principle the action could depend on both xµ and ẋµ = dxµ/du, but we seek an action where

the dependence on undifferentiated xµ arises only through the position dependence of the

metric, gµν(x). We also assume the action depends on the metric and not its derivatives, as

should be true at least for relatively weakly varying gravitational fields.20

Although it goes beyond the scope of these notes to prove it, these assumptions require

the Lagrangian to be built as a function L = L(ẋ2) of the coordinate invariant combination

ẋ2 := gµν(x) ẋ
µẋν , (6.2.12)

that generalizes the definition of ẋ2 given in (6.2.2) to a general curved space. Invariance of

the action under reparameterizations u → v(u) again dictates that L must be proportional

to
√
−ẋ2, leading to the action

S = −m
∫

C

du

√
−gµν [x(u)]

dxµ

du

dxν

du
= −m

∫
C

du
dτ

du
= −m

∫
C

dτ . (6.2.13)

Here m is the same constant of proportionality encountered in flat space and the second-last

equality uses (6.2.11) to rewrite the argument inside the square root as the square of the

derivative (dτ/du)2 of the proper distance

dτ2 = −ds2 = −gµν(x) dxµ dxν , (6.2.14)

measured along the curve C. Just as in flat spacetime the point particle action is proportional

to the proper time along the particle’s world line.

The equations of motion for the particle are found as before, by requiring the variation

of this action vanish when varying the trajectory xµ(u) → xµ(u) + δxµ(u). Repeating the

derivation that in flat space led to (6.2.6) now instead gives

d2xµ

dτ2
+ Γµνλ[x(τ)]

dxµ

dτ

dxν

dτ
= 0 for all τ (6.2.15)

20This assumption precludes interactions that depend on spacetime curvature, for instance.
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where the quantity Γµνλ(x) is given in terms of the metric, gµν , its inverse gµλgλν = δµν and

its derivatives ∂λgµν by

Γµνλ = 1
2 g

µσ
(
∂νgλσ + ∂λgνσ − ∂σgνλ

)
. (6.2.16)

The attentive reader will recognize some of these expressions as arising in the discussion

surrounding eq. (2.1.27), though in a completely different context. Eq. (6.2.15) reduces (as it

should) to eq. (6.2.6) in the limit where gµν = ηµν because Γµνλ vanishes when the metric is

constant.

Eq. (6.2.15) has a nice geometrical interpretation: it is the equation for an affinely pa-

rameterized geodesic for the metric gµν . As the above derivation shows, these are the curves

that extremize the path length between two points as measured with the metric gµν . For

spacelike separated curves the arc length along a geodesic provides the minimum distance be-

tween these two points (and this is why they turn out to be straight lines for flat spacetimes).

For timelike curves the geodesics provide the maximum possible arc length (or proper time)

between two fixed endpoints (and this is why accelerated observers always age slower than

those that move along geodesics – as in the twin paradox).

Eq. (6.2.15) turns out to have the same form when written in any coordinates because

the left-hand side of the equation transforms like a rank-one tensor (as it turns out). But the

terms ẍµ and Γµνλẋ
ν ẋλ are not separately tensors, so different coordinate systems contribute

to each of these differently (but in a way where the non-tensor difference drops out of their

sum). Observers using different coordinates calculate different expressions for ẍµ because

they differ in the value taken by Γµνλ. For instance, on flat space Γµνλ vanishes for an inertial

observer for whom the metric ηµν is constant. But it does not vanish in an accelerating or

rotating reference frame. In the language of §3, the fictitious forces are contained within Γµνλ.

6.2.3 Particle interactions with Electromagnetic fields

Since electromagnetism is the poster child of a relativistic theory (from which the form of

Lorentz transformations was initially derived), it should be no surprise to find that the inter-

action term (2.6.16) for a particle interacting with an electromagnetic field needs no changing

to be written in a relativistic form, since

−
∫ tf

t0

dt V = q

∫ tf

t0

dt
{
−Φ[r(t), t] + ṙ ·A[r(t), t]

}
= q

∫ tf

t0

dt
dxµ

dt
Aµ[xa(t)]

= q

∫ uf

u0

du
dxµ

du
Aµ[xa(u)] , (6.2.17)

since xµ = {t , r} and A0 = −Φ (c.f. eq. (6.1.39)). In the top line the time coordinate t is used

as a parameter to label points along the particle trajectory, since this is the standard practice

for nonrelativistic mechanics. The second line uses the fact that the integral is parameter

invariant – i.e. the Jacobian dt/du cancels between the integration measure and the derivative
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– to relabel the curve using an arbitrary parameter u (which can, but need not, be chosen to

be arc-length – or proper time – as measured along the curve itself).

The only thing needed to make particle motion in an electromagnetic field manifestly

relativistic in this case is to use the relativistic form (6.2.3) or (6.2.4) for the particle kinetic

energy, rather than (say) (6.1.1). We are led in this way to the relativistic generalization of

the point-particle Lagrangian (2.6.22) in the presence of an electromagnetic field:

S =

∫
C

du
{
−m

√
−ηµν ẋµ ẋν + q ẋµAµ[x(t)]

}
, (6.2.18)

where (as usual) C denotes the world-line of the particle in question.

The interpretation of the parameter q can be found by examining the equations of motion

predicted by (6.2.18), implied by requring δS = 0 for arbitrary variations δxµ(u) of the particle

world line. These are (compare with (6.2.5))

ηµν

[
d

du

(
mẋν√
−ẋ2

)]
+ q

dxν

du
(∂νAµ − ∂µAν) = 0 , (6.2.19)

which when specialized to proper-time parameterization (u = τ for which ẋ2 = ηµν ẋ
µẋν = −1)

gives

m
d2xµ

dτ2
= qFµν

dxν

dτ
. (6.2.20)

Here Fµν = ηµλFλν . This agrees with (6.1.29) once we use the definition (6.1.21) of 4-

momentum, which tells us that q is the particle’s electric charge.

6.3 Strings and Membranes*

yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada

yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada

yada yada yada yada

7 Hamiltonian Mechanics

The Hamiltonian formulation of mechanics starts from the Lagrangian formulation, but rather

than treating the generalized velocities, q̇A, as secondary to the ‘positions’ qA the idea is to

treat them as being on more of an equal footing with the generalized positions. Even better

is to focus directly on the more useful, potentially conserved, quantities like generalized

momenta pA, rather than using velocities.

Part of the motivation for entertaining this type of reformulation is to allow an even

broader class of variable changes when analyzing physical situations. After all, the Lagrangian

formulation’s superpower is the ease with which it handles changes of variables, and this ability

to find efficiently the most convenient variables to simplify a problem can be the difference

between being able to solve it or not. But to this point the main freedom to change variables
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has taken the form of redefinitions of the generalized coordinates qA → q̃A = fA(q), with the

velocities then just going along for the ride by differentiation: ˙̃qA = (∂fA/∂qB) q̇B.

Putting qA and pB on a more equal footing opens up the possibility for handling an

even broader class of redefinitions that mix up both positions and momenta: {p, q} →
{p̃(p, q), q̃(p, q)}. We shall see that doing so also allows us to rewrite time evolution purely

in terms of first-order differential equations rather than second-order ones, though at the

expense of having more variables to integrate.

7.1 Canonical Evolution

To see how this works, recall the definition (2.3.2) of the generalized momentum pA for each

qA, and the Euler-Lagrange equation (2.2.4):

pA :=
∂L

∂q̇A
in terms of which the Euler-Lagrange equation is ṗA =

∂L

∂qA
. (7.1.1)

As usual we here imagine that L(q, q̇, t) is a known function and the partial derivative with

respect to q̇ denotes differentiation with the other variables – in this case q and t – held

fixed. What we seek is a reformulation of the least-action principle for which it is qA(t) and

pA(t) that are independently varied, rather than qA and q̇A. That is, we seek the a quantity

H(q, p, t) – called the system’s Hamiltonian – whose natural arguments21 are qA(t) and pA(t),

in the sense that derivatives with respect to qA are taken with pB fixed rather than fixing q̇B.

To motivate the construction recall that the variation of the Lagrangian under a change

of path can be written

δL(q, q̇, t) =

(
∂L

∂q̇A

)
δq̇A +

(
∂L

∂qA

)
δqA = pA δq̇

A + ṗA δq
A , (7.1.2)

where (as always) do not forget the implied sum over the repeated index A and the second

equality uses (7.1.1). We’d like to trade the δq̇A term for a δpA term, so recalling that the

variation of pAq̇
A is δ(pAq̇

A) = pA δq̇
A + q̇A δpA motivates the following definition:

H(q, p, t) := pA q̇
A − L(q, q̇, t) , (7.1.3)

for which

δH = (pA δq̇
A + q̇AδpA)− (pAδq̇

A + ṗAδq
A) = q̇AδpA − ṗAδq

A . (7.1.4)

21If you have taken thermodynamics you might recognize this question. A similar question gets asked in

thermodynamics when defining thermodynamic potentials. A quantity like the Helmholtz free energy, A(T, V ),

naturally has temperature and volume as arguments, but it is sometimes more useful to express things in terms

of temperature and pressure (such as when describing the mechanical equilibrium between two phases of a

fluid). In this case it is the Gibbs free energy G(T, p) that is of more interest, and the different descriptions are

famously related by a Legendre transformation. The same solution applies here: we must perform a Legendre

transformation on L(q, q̇, t) to obtain the desired quantity H(q, p, t).
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Notice that (7.1.3) shows that H agrees with the energy E associated with the lagrangian L,

that was defined in (2.3.8) when discussing Noether’s theorem and conservation laws.

Whenever q̇A arises on the right-hand side of (7.1.3) we are supposed to use q̇A = q̇A(q, p)

as obtained in principle by inverting the definition pA = pA(q, q̇) obtained from (7.1.1). In

the simplest version of the Hamiltonian formalism eqs. (7.1.1) are invertible and so q̇A(q, p)

can always be found in this way. But it can happen that this is sometimes not possible, such

as when the system is subject to constraints. (For instance, how does one invert things if

a constraint sets pA = 0?). And the possibility that (7.1.1) cannot be inverted is not just

an obscure academic footnote since it actually happens in many of the theories we believe

actually describe nature at a fundamental level – as we see in §6 and §10.2. In such cases a

generalization is necessary for the procedure described here, as described in §11.

Returning to the main argument, to find how Newton’s laws are reformulated we write

the action S[p(t), q(t)] in terms of H(p, q, t):

S =

∫ tf

t0

dτ L(q̇, q, τ) =

∫ tf

t0

dτ
[
pA q̇

A −H(q, p, τ)
]
. (7.1.5)

As usual, this is regarded as a functional that assigns a number to any given particle trajectory

but with the important new proviso that the trajectory is now specified by giving both qA(t)

and pB(t) (and not assuming one can be obtained from the other by differentiating) rather

than just giving qA(t) alone.

Varying the action and demanding that it be stationary with respect to arbitrary small

variations δqA(τ) and δpB(τ) gives the desired reformulation of Newton’s laws. Explicitly

δS =

∫ tf

t0

dτ

[
δpA q̇

A + pA δq̇
A − ∂H

∂qA
δqA − ∂H

∂pA
δpA

]
=
[
pAδq

A

]tf
t0
+

∫ tf

t0

dτ

[(
q̇A − ∂H

∂pA

)
δpA −

(
ṗA +

∂H

∂qA

)
δqA
]
. (7.1.6)

Requiring this to vanish for any δqA(τ) and δpA(τ) subject to the boundary condition δq
A(t0) =

δqA(tf ) = 0 then implies Hamilton’s first-order reformulation of Newton’s equations of motion

q̇A =
∂H

∂pA
and ṗA = − ∂H

∂qA
, (7.1.7)

where the partial derivative with respect to qA now is done with pB fixed (rather than with

the q̇A’s being fixed).22

Eqs. (7.1.7) are the Hamiltonian equations of motion, which are remarkably symmetrical

in how the q’s and p’s appear. Because of this symmetry they are sometimes also called the

22If the problem also requires the action to be stationary against variations with δqA(t0) and δqA(tf ) nonzero

then the ‘surface term’ of eq. (7.1.6) shows we must require (7.1.7) to be true and impose the additional

conditions pA(t0) = pA(tf ) = 0.
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canonical equations of motion, with the momenta appearing in them – defined by (7.1.1) –

called the canonical momenta for the generalized coordinates qA.

In order to see how these definitions reproduce earlier formulations of Newton’s laws it

is worth reconsidering some simple examples in this new context.

7.1.1 Examples

It is worth seeing in detail how this works in a few familiar examples.

Simple harmonic oscillator

For instance for the 1D harmonic oscillator we had

L = 1
2 mẋ

2 − 1
2 kx

2 (7.1.8)

for which the equation of motion obtained from the Euler-Lagrange equation (2.2.4) is

mẍ+ kx = 0 . (7.1.9)

For the Lagrangian (7.1.8) the canonical momentum obtained from (7.1.1) is p = mẋ,

which inverts to give ẋ = p/m, so the Hamiltonian becomes

H(x, p) = p ẋ− L =
p2

m
−
(
p2

2m
− kx2

2

)
=

p2

2m
+
kx2

2
. (7.1.10)

This is to be compared with the equations (7.1.7) obtained from (7.1.10):

ẋ =
∂H

∂p
=

p

m
and ṗ = −∂H

∂x
= −kx , (7.1.11)

of which the first agrees with the above definition, p = mẋ, and the second (after eliminating

p) again gives mẍ+ kx = 0, in agreement with (7.1.9).

Two-body central force

The lagrangian describing the relative motion for two bodies moving under the influence of a

conservative central force is (in polar coordinates)

L = 1
2µṙ

2 + 1
2µr

2θ̇2 + 1
2µr

2 sin2 θ ϕ̇2 − V (r) , (7.1.12)

for which the canonical momenta are

pr =
∂L

∂ṙ
= µṙ , pθ =

∂L

∂θ̇
= µr2θ̇ and pϕ =

∂L

∂ϕ
= µr2 sin2 θ ϕ̇ , (7.1.13)

and the Euler-Lagrange equations become

ṗr = µr(θ̇2 + sin2 θ ϕ̇2)− V ′(r) , ṗθ = µr2 sin θ ϕ̇2 and ṗϕ = 0 . (7.1.14)
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Eqs. (7.1.13) invert to give the generalized velocities

ṙ =
pr
µ
, θ̇ =

pθ
µr2

and ϕ̇ =
pϕ

µr2 sin2 θ
, (7.1.15)

and so the Hamiltonian that results then is

H = pr ṙ + pθ θ̇ + pϕ ϕ̇− L =
p2r
2µ

+
p2θ

2µr2
+

p2ϕ

2µr2 sin2 θ
+ V (r) . (7.1.16)

The equations of motion that equations (7.1.7) imply in this case are:

ṙ =
∂H

∂pr
=
pr
µ
, θ̇ =

∂H

∂pθ
=

pθ
µr2

and ϕ̇ =
∂H

∂pϕ
=

pϕ

µr2 sin2 θ
, (7.1.17)

in agreement with (7.1.15), and

ṗr = −∂H
∂r

=
p2θ
µr3

+
p2ϕ

µr3 sin2 θ
− V ′(r) , ṗθ = −∂H

∂θ
=

p2ϕ

µr2 sin3 θ cos θ
(7.1.18)

and ṗϕ = −∂H/∂ϕ = 0, in agreement with (7.1.14) once (7.1.13) are used.

N-body conservative interactions

As our third example consider the case of N particles interacting through a conservative

force that is derivable from a potential energy that is a function only of the particle positions,

V (r1, · · · , rN).

The lagrangian describing the motion for these particles can be written

L = 1
2

∑
a

maṙ
2
a − V (r1, · · · , rN) . (7.1.19)

The canonical momenta obtained from this are

pa =
∂L

∂ṙa
= ma ṙa , (7.1.20)

and the corresponding Euler-Lagrange equations become

ṗa = −∇aV = − ∂V

∂ra
. (7.1.21)

Eqs. (7.1.20) invert to give ṙa = pa/ma and so the Hamiltonian is

H =
∑
a

pa · ṙa − L =
∑
a

p2
a

2ma
+ V (r1, · · · , rN) , (7.1.22)

in agreement with the energy for such a system. The Hamiltonian equations of motion (7.1.7)

imply in this case:

ṙa =
∂H

∂pa
=

pa
ma

, (7.1.23)

in agreement with (7.1.20) above, and

ṗa = −∂H
∂ra

= − ∂V

∂ra
(7.1.24)

in agreement with (7.1.21).
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7.1.2 The Routhian and Ignorable Coordinates

An immediate consequence of the canonical equations (7.1.7) is that pA(τ) is conserved for

any qA that does not appear in H(q, p). An explicit instance when this occurs is provided by

Hamiltonian for two-body central-force motion, eq. (7.1.16), which does not depend on the

variable ϕ. These are what were called ‘ignorable’ (or cyclic) coordinates when encoutered

in §2.3.1, where they arose whenever L depends on a variable qA only through its derivative

q̇A. Ignorable coordinates are ignorable in the sense that they influence the motion of other

coordinates only through the constant value taken by their momentum.

For example, the central force two-body problem ignorable coordinates arise because of

angular momentum conservation. This ensures ϕ is an ignorable coordinate with conserved

canonical momentum, pϕ. In practice this means ϕ̇ can be eliminated in terms of pϕ = J

using (7.1.15), leading in this case to

ϕ̇ =
J

µr2
. (7.1.25)

Using this in the equations of motion for the other variables means they depend on ϕ only

through the constant value J . As argued in §1.2.1 angular momentum conservation also

forces the orbit to lie in a plane, allowing us to adapt our coordinates so that the orbital

plane satisfies θ = π
2 for all time (so pθ = 0). Once this is done the equations for the

remaining variable r – c.f. eq. (7.1.18) – become

ṗr = µr̈ =
J2

µr3
− V ′(r) = −V ′

eff(r) where Veff =
J2

2µr2
+ V (r) , (7.1.26)

which we saw completely fixes the radial motion.

There is a subtlety in the removal of ignorable coordinates that this example illustrates.

Notice that if we had made the replacement pϕ = J (and θ = π
2 ) directly in expression (7.1.12)

for L it would have given

L = 1
2µṙ

2 + 1
2µr

2 ϕ̇2 − V (r) = 1
2µṙ

2 +
J2

2µr2
− V (r) , (7.1.27)

and this, if varied with respect to r, does not reproduce the correct equation (7.1.26) because

the J2 term has the wrong sign. It is crucial only to eliminate the ignorable coordinate after

all of the other variables have been varied to obtain their equations of motion.

This same subtlety does not occur if the problem is studied in the Hamiltonian formula-

tion, however, because replacing pϕ = J (and θ = π
2 ) in the Hamiltonian (7.1.16) gives

H =
p2r
2µ

+
J2

2µr2
+ V (r) =

p2r
2µ

+ Veff(r) , (7.1.28)

with the J2 term appearing with the correct sign.

This distinction matters because it is sometimes useful to have a reduced version of the

Lagrangian within which ignorable coordinates are already eliminated. A trick for being able
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to do so is to perform the Legendre transformation from L to H, but only for the ignorable

coordinates like ϕ and not for the other coordinates like r. The hybrid quantity obtained

from the Lagrangian when only some of the coordinates are transformed in this way is called

a Routhian rather than a Lagrangian or Hamiltonian. One of its virtues is that ignorable

coordinates can be eliminated directly in the Routhian before varying the other variables,

leaving a result that can be treated as a Lagrangian for those other degrees of freedom.

Suppose, then, that the generalized coordinates qA are divided into two groups: {qA} =

{qa, ξα} and where we perform the transformation from L(q, ξ, q̇, ξ̇, t) to R(q, ξ, p, ξ̇, t) by

defining

pa :=
∂L

∂q̇a
and R(q, ξ, p, ξ̇, t) = paq̇

a − L(q, ξ, q̇, ξ̇, t) , (7.1.29)

where as usual we imagine solving for q̇a = q̇a(q, ξ, p, ξ̇, t). That is, we perform a Legendre

transformation only on the qa variables (which we imagine might be ignorable, though we do

not explicitly use that they are ignorable in the definition (7.1.29)).

Under small changes of the variables this definition of R implies

δR = (paδq̇
a + q̇aδpa)−

(
∂L

∂q̇a
δq̇a +

∂L

∂qa
δqa +

∂L

∂ξ̇α
δξ̇α +

∂L

∂ξα
δξα
)

= q̇aδpa − ṗaδq
a −

(
∂L

∂ξ̇α
δξ̇α +

∂L

∂ξα
δξα
)

(7.1.30)

which implies

q̇a =

(
∂R

∂pa

)
q,ξ,ξ̇

and ṗa = −
(
∂R

∂qa

)
p,ξ,ξ̇

(7.1.31)

where the subscripts make explicit what is held fixed when taking the partial derivative. We

also learn that derivatives of L and R are related by(
∂R

∂ξα

)
q,p,ξ̇

= −
(
∂L

∂ξα

)
q,q̇,ξ,ξ̇

and

(
∂R

∂ξ̇α

)
q,p,ξ̇

= −
(
∂L

∂ξ̇α

)
q,q̇,ξ,ξ̇

. (7.1.32)

Using these in the Euler-Lagrange equations (2.2.4) for ξα then implies these can also be

written
d

dt

(
∂R

∂ξ̇α

)
=
∂R

∂ξα
. (7.1.33)

As is easy to verify, equations (7.1.31) and (7.1.33) ensure that the action

S =

∫ tf

t0

dτ
(
paq̇

a −R
)

(7.1.34)

satisfies δS = 0 for arbitrary variations δqa, δpb and δξ
α, showing that they are equations of

motion. Evidently R(q, ξ, p, ξ̇, t) behaves like a Lagrangian for the variables ξα and ξ̇α but

like a Hamiltonian for the variables qa and pa.
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The energy for this system is found by applying eq. (2.3.8) to the original Lagrangian

and using (7.1.32) in the result, leading to

E =

(
∂L

∂ξ̇α

)
ξ̇α +

(
∂L

∂q̇a

)
q̇a − L = −

(
∂R

∂ξ̇α

)
ξ̇α +R . (7.1.35)

As a concrete example, the two-body central force case with θ = π
2 has the Lagrangian,

L = 1
2µṙ

2 + 1
2µr

2 ϕ̇2 − V (r) , (7.1.36)

and performing the Legendre transformation (7.1.29) only for the variable ϕ and not to r

leads to the Routhian

R(r, ϕ, ṙ, pϕ) = pϕϕ̇− L = −µṙ
2

2
+

p2ϕ
2µr2

+ V (r) . (7.1.37)

The energy (7.1.35) for this Routhian is

E = −
(
∂R

∂ṙ

)
ṙ +R =

µṙ2

2
+

p2ϕ
2µr2

+ V (r) =
µṙ2

2
+ Veff(r) , (7.1.38)

in agreement with the standard result. The virtue of using R rather than L is that we can

set pϕ = J in R before varying r(t) and still obtain the correct equations governing how r

evolves once the ignorable coordinate is removed by replacing pϕ with J .

Worked example: Symmetric top in a gravitational field (again)

Consider next the motion of a symmetric top of mass M in a constant gravitational field, supported

on its axis a distance ℓ from its centre of mass. In particular we wish to compute the Routhian that

describes how the remaining degrees move once these ignorable coordinates have been removed. The

Lagrangian for this system expressed in terms of Euler angles is given in (4.5.28), repeated again here

L = 1
2

[
I1(θ̇2 + ϕ̇2 sin2 θ) + I3(ψ̇ + ϕ̇ cos θ)2

]
−Mgℓ cos θ . (7.1.39)

The ignorable coordinates here are ϕ and ψ, whose momenta

pψ =
∂L

∂ψ̇
= I3(ψ̇ + ϕ̇ cos θ) = I1a , (7.1.40)

and

pϕ =
∂L

∂ϕ̇
= (I1 sin2 θ + I3 cos2 θ)ϕ̇+ I3 ψ̇ cos θ = I1b , (7.1.41)

are conserved (with constant values parameterized using the integration constants a and b). Solving

these for ψ̇ and ϕ̇ then gives

ϕ̇ =
b− a cos θ

sin2 θ
and ψ̇ =

I1a
I3

−
(
b− a cos θ

sin2 θ

)
cos θ . (7.1.42)
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The Routhian for the variable θ is found by performing the Legendre transformation on the

ignorable coordinates ψ and ϕ:

R(θ, θ̇, a, b) = pϕ ϕ̇+ pψ ψ̇ − L

= I1b
(
b− a cos θ

sin2 θ

)
+ I1a

[
I1a
I3

−
(
b− a cos θ

sin2 θ

)
cos θ

]
−

[
1
2I1θ̇

2 + 1
2I1 sin

2 θ

(
b− a cos θ

sin2 θ

)2

+ 1
2I3

(
I1a
I3

)2

−Mgℓ cos θ

]

= − 1
2I1θ̇

2 +Mgℓ cos θ +
(I1a)2

2I3
+ 1

2I1b
(b− a cos θ)2

sin2 θ
, (7.1.43)

The conserved energy for this Routhian is given by (7.1.35), which in this case becomes

E = −θ̇
(
∂R

∂θ̇

)
+R = 1

2I1θ̇
2 +Mgℓ cos θ +

(I1a)2

2I3
+ 1

2I1b
(b− a cos θ)2

sin2 θ
, (7.1.44)

in agreement with (4.5.36), reproduced again here:

θ̇2 sin2 θ = (α− β cos θ) sin2 θ − (b− a cos θ)2 , (7.1.45)

once we write E = E − (I1a)2/(2I3) and identify α = 2E/I1 and β = 2Mgℓ/I1 as in (4.5.37).

⋆ ⋆ ⋆

7.1.3 Higher derivatives and the Ostrogradsky instability

As a different application of canonical methods consider next how to handle variational prob-

lems where the Lagrangian is allowed to depend on more than just q and q̇, such as by being

allowed to depend also on q̈. This example sets up the Hamiltonian formalism for such systems

and shows them generically to produce a Hamiltonian that is not bounded from below.

When the Hamiltonian is unbounded from below the theory is usually unstable: because

there is no minimum energy configuration. Usually we demand theories to have energies that

are bounded from below since this is usually a prerequisite for the system to have a ground

state to which it can relax. If the energy is not bounded from below then the system can

always spontaneously dissipate energy into radiation, and can do so without end because there

is no bottom: there is not limit to how negative the energy can go. The observation that

higher-derivative theories are prone to this type of instability is known as the Ostrogradsky

instability, and it is a large part of the reason why we restrict our attention to Lagrangians

that depend only on q and q̇ when modeling physical systems.

In order to make this point it suffices to consider only a single variable q. Consider

therefore

L = L(q, q̇, q̈) , (7.1.46)
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for which the variation of the action δS =
∫
dτ δL becomes

δS =

∫ tf

t0

dτ

[
∂L

∂q
δq +

∂L

∂q̇
δq̇ +

∂L

∂q̈
δq̈

]
=

{[
∂L

∂q̇
− d

dτ

(
∂L

∂q̈

)]
δq +

∂L

∂q̈
δq̇

}tf
t0

(7.1.47)

+

∫ tf

t0

dτ

{
∂L

∂q
− d

dτ

(
∂L

∂q̇

)
+

d2

dτ2

(
∂L

∂q̈

)}
δq .

Consider first variations δq(τ) that vanish at the endpoints – δq(t0) = δq(tf ) = 0 –

and whose time derivative also vanishes at the endpoints – δq̇(t0) = δq̇(tf ) = 0. For the

action to be stationary with respect to arbitrary variations like these requires the following

Euler-Lagrange equation to hold:

∂L

∂q
− d

dτ

(
∂L

∂q̇

)
+

d2

dτ2

(
∂L

∂q̈

)
= 0 . (7.1.48)

If the variation is not required to vanish at the endpoints then (7.1.48) still applies but

we also learn from (7.1.47) the additional information that

∂L

∂q̇
− d

dτ

(
∂L

∂q̈

)
and

∂L

∂q̈
must vanish at t = t0 and t = tf . (7.1.49)

For second-order equations of motion these would provide too many boundary conditions

relative to the number of integration constants that can be used to satisfy them. But be-

cause (7.1.48) can involve up to four derivatives of q with respect to time, its integration can

involve four integration constants rather than the usual two. It is these additional integra-

tion constants that can allow the freedom to ask for additional boundary conditions at the

endpoints.

It is worth making the discussion concrete by having a simple example in mind, so consider

the following quadratic Lagrangian

L = 1
2

(
−m2q2 + q̇2 +

q̈2

M2

)
, (7.1.50)

where the freedom to rescale q has been used to set the coefficient of q̇2 to unity. The Euler-

Lagrange equation (7.1.48) for this lagrangian is the following fourth-order linear ordinary

differential equation:

−m2q − q̈ +
η

M2

....
q = 0 , (7.1.51)

where m and M are real parameters with the dimensions of frequency and η = ± is a sign to

be chosen to explore the consequences of changing the sign of the 4-derivative term.

This has as its general solution

q =

4∑
i=1

Ai e
−iωit , (7.1.52)
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where the integration constants Ai are chosen to reproduce the initial conditions q(t0), q̇(t0),

q̈(t0) and
...
q (t0) and the frequencies ωi are the roots to the quartic equation

ηω4

M2
+ ω2 −m2 = 0 . (7.1.53)

These are explicitly given by

ω2
± = 1

2ηM
2

[
−1±

√
1 +

4ηm2

M2

]
, (7.1.54)

which for m≪M become

ω2
+ ≃ m2

[
1 +O

(
m2

M2

)]
and ω2

− ≃ −ηM2

[
1 +O

(
m2

M2

)]
. (7.1.55)

Consider first η = +1. Then ω2
± is always real, and the roots ω+ are also real and

reproduce the standard oscillatory solutions expected in the limit M → ∞ (for which the

higher-derivative term in (7.1.50) becomes negligible). In this case the roots ω− are always

imaginary, however, and this points to an instability problem since one of the solutions e−iω−t

necessarily grows exponentially in time. Worse, this growth is very rapid as M → ∞, despite

large M naively being the limit where the higher-derivative term should become negligible

in L. But the
....
q /M2 term in L is only negligible compared to the q̇2 term when the time

derivative is small compared to M but this is not the case for the ω− solution.

The situation is a bit different if η = −1 because in this case all of the ω± can be real

provided that 4m2 ≤M2. Once this is violated then the square root becomes imaginary and

so ω2
± becomes complex. Complex ω± again indicates a solution growing exponentially with

time, and so an instability. We see from this example that instability often arises, though the

example is simple enough to obscure whether introducing nonlinearities into the equations

might change this conclusion. Investigating higher-derivative theories within the Hamiltonian

framework provides a more robust diagnostic for potential instabilities.

In order to set up the Hamiltonian formalism for the general Lagrangian (7.1.46) it is

useful to reformulate it so that L involves only first time derivatives. This can always be done

by adding more variables. Consider therefore the alternative formulation where

S[Qi(t), λ(t)] =

∫ tf

t0

dτ L̃ =

∫ tf

t0

dτ
[
L(Q1, Q2, Q̇2) + λ(Q2 − Q̇1)

]
. (7.1.56)

In this formulation there are two coordinates, Q1 and Q2, but there is also a constraint that

forces Q2 to be the time derivative of Q1. The variable λ is the Lagrange multiplier whose

variation is designed to impose this constraint, along the lines described in §2.5.2 (see also

§A.2).
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To verify that this reproduces the same equations of motion as does the original formu-

lation using L(q, q̇, q̈) we vary the action (7.1.56), leading to

δS =

[
∂L

∂Q̇2

δQ2 − λ δQ1

]tf
t0

(7.1.57)

+

∫ tf

t0

dτ

{[
∂L

∂Q1
+ λ̇

]
δQ1 +

[
∂L

∂Q2
+ λ− d

dt

(
∂L

∂Q̇2

)]
δQ2 +

[
Q2 − Q̇1

]
δλ

}
.

Requiring this to be stationary for arbitrary variations for which δQ1 and δQ2 vanish at the

endpoints leads to the Euler-Lagrange equations

∂L

∂Q1
+ λ̇ = 0 , λ =

d

dt

(
∂L

∂Q̇2

)
− ∂L

∂Q2
and Q2 = Q̇1 . (7.1.58)

Substituting the last two of these into the first indeed reproduces (7.1.48).

Going to the Hamiltonian formulation is straightforward with these new variables, be-

cause for them L depends only on Q1, Q2, λ and their first time derivatives. The starting

point is to construct the canonical momenta:

P1 :=
∂L

∂Q̇1

= −λ , P2 :=
∂L

∂Q̇2

= P2(Q1, Q2, Q̇2) and Pλ :=
∂L

∂λ̇
= 0 , (7.1.59)

and we assume that the second of these can be solved to give

Q̇2 = Q̇2(Q1, Q2, P2) . (7.1.60)

The equation for Pλ cannot be similarly solved for λ̇ but this does not really matter because λ̇

does not appear at all in the action anyway. We cannot solve for Q̇1 just using the definitions

of the canonical momenta, but this is also not a problem (as we see below) because Q̇1 drops

out once we use the equation for P1.

The Hamiltonian is then found from the standard expression (7.1.3):

H = P1Q̇1 + P2Q̇2 + Pλλ̇−
{
L[Q1, Q2, Q̇2(Q1, Q2, P2)] + λ(Q2 − Q̇1)

}
= (P1 + λ)Q̇1 + P2Q̇2(Q1, Q2, P2)− λQ2 − L[[Q1, Q2, Q̇2(Q1, Q2, P2)] (7.1.61)

= P2Q̇2(Q1, Q2, P2) + P1Q2 − L[Q1, Q2, Q̇2(Q1, Q2, P2)] ,

where the second line uses Pλ = 0 and the final equality eliminates λ using the definition

(7.1.59) for P1.

What is important about this last expression is that it is linear in P1, regardless of the

details of the functional form of L. In the absence of a constraint that restricts the allowed

range for P1 this means that H is not a function that is bounded from below. As mentioned

earlier, it is this unboundedness that is ultimately responsible for instability.23

23This instability is particularly pressing for the quantum theory, where everything that is possible becomes

compulsory: quantum transitions can drive the system to lower and lower energies even if the initial conditions

did not do so.
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7.2 Phase Space and Poisson Brackets

Returning to the main line of development, we wish to further explore how time evolution

works within the Hamiltonian framework. The main change from the Lagrangian picture

is that for N particles our space of paths is now categorized by 6N variables: 3 position

and 3 momentum coordinates for each particle. This 6N -dimensional space with coordinates

{qA, pB} is called the system’s phase space (as opposed to the configuration space spanned by

the coordinates {qA} alone), and it provides the stage on which the drama of Hamiltonian

mechanics unfolds.

The other main change is that the equations of motion – eqs. (7.1.7), repeated here

q̇A =
∂H

∂pA
and ṗB =

∂H

∂qB
(7.2.1)

are a set of coupled first-order differential equations and so each should be expected to generate

one integration constant when solved. These 6N integration constants correspond to the

two integration constants obtained for each of the 3N variables qA when their second-order

differential equations are integrated in the Lagrangian approach. In both formulations 6N

constants provide enough constants to parameterize the initial conditions {qA(t0), pB(t0)} (or

{qA(t0), q̇B(t0)}) required to fully specify the evolution.

In general the rate of change of any quantity F (q, p, t) built from the basic variables qA

and pB is given by

dF

dt
=

(
∂F

∂qA

)
q̇A +

(
∂F

∂pA

)
ṗA +

∂F

∂t
=

(
∂F

∂qA

)
∂H

∂pA
−
(
∂F

∂pA

)
∂H

∂qA
+
∂F

∂t
. (7.2.2)

This is particularly simple when specialized to F = H since then most terms cancel leaving

dH

dt
=
∂H

∂t
. (7.2.3)

This is how energy conservation emerges in this forulation: H is conserved provided all of its

time-dependence comes through the time-dependence of q(t) and p(t), and it does not itself

have its own explicit time dependence.

Whether energy is conserved or not can be rephrased in terms of the original Lagrangian

because the definition of H implies(
∂H

∂t

)
q,p

= −
(
∂L

∂t

)
q,q̇

, (7.2.4)

where the subscripts show what is held fixed when taking the partial derivative with respect

to t. We see that ∂L/∂t = 0 is required for energy conservation. This is consistent with

how energy conservation emerges from Noether’s theorem – c.f. section §2.3.3 above – as a

consequence of time-translation invariance. For it to do so the change of the Lagrangian under

a time translation δqA = q̇A must be a total time derivative of something, and comparing

δL =

(
∂L

∂q̇A

)
q̈A +

(
∂L

∂qA

)
q̇A (7.2.5)
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to dL/dt shows that δL = dL/dt, but only if ∂L/∂t = 0.

7.2.1 The Poisson bracket

The combination of derivatives appearing in (7.2.2) comes up frequently enough that it has

a name; Poisson bracket. That is, for any two functions f(q, p) and g(q, p) defined on phase

space the Poisson bracket is defined as{
f , g

}
:=

∂f

∂qA
∂g

∂pA
− ∂f

∂pA

∂g

∂qA
, (7.2.6)

(with, as usual, there being an implied sum on A). In terms of this the evolution equation

(7.2.2) can be written
dF

dt
=
{
F ,H

}
+
∂F

∂t
. (7.2.7)

The Poisson bracket has a number of properties that follow directly from its definition.

For any functions f(q, p), g(q, p) and h(q, p) defined on phase space:

antisymmetry :
{
f , g

}
= −

{
g , f

}
bilinearity :

{
f + g , h

}
=
{
f , h

}
+
{
g , h

}
(7.2.8)

product rule :
{
fg , h

}
= f

{
g , h

}
+
{
f , h

}
g .

Also, {
f , c

}
= 0 if c is a constant , (7.2.9)

and taking a time derivative implies

∂t

{
f , g

}
=
{
∂tf , g

}
+
{
f , ∂tg

}
. (7.2.10)

Finally, the Poisson bracket satisfies the following Jacobi identity:{
f ,
{
g , h

}}
+
{
g ,
{
h , f

}}
+
{
h ,
{
f , g

}}
= 0 . (7.2.11)

The Poisson bracket also simplifies if one or both of its arguments is one of the coordinates

on phase space: {
f , qA

}
= − ∂f

∂pA
and

{
f , pA

}
=

∂f

∂qA
, (7.2.12)

and so in particular{
qA , qB

}
= 0 ,

{
pA , pB

}
= 0 and

{
qB , pA

}
= δBA . (7.2.13)
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7.2.2 Symmetries Revisited

We have seen in eqs. (7.2.3) and (7.2.4) that for systems where the Lagrangian does not

depend explicitly on time – i.e. when ∂L/∂t = 0 – that several related things happen:

1. First, the system described by L is invariant under time translations,

δqA = δt q̇A and δq̇A = δt q̈A . (7.2.14)

This transformation is a symmetry because under it δL = δt (dL/dt), which leaves the

action S =
∫
dt L invariant because the change in L is a total time derivative.

2. Second, time-translation invariance implies Noether’s theorem guarantees a conserva-

tion law – c.f. the discussion in §2.3.3 – which in this case is the energy as defined in

(2.3.8).

3. Third, the Hamiltonian as defined by (7.1.3) is equal to the energy as defined by (2.3.8),

and its conservation is verified explicitly by its equation of motion (7.2.3) that for time-

translation invariant systems states dH/dt = 0.

4. Fourth, for any other quantity F (q, p) defined on phase space that does not depend

explicitly on t the change under a time translation is given by δF = δt (dF/dt) which,

using (7.2.2), can be written:

δF = δt
dF

dt
= δt

{
F ,H

}
. (7.2.15)

In particular, for any such F the change in F is given by the Poisson bracket of H with

F (and we say the Hamiltonian generates time translations).

In this section we see that a similar set of statements also hold for other continuous

symmetries, and this provides a much more intuitive identification of the conserved quantities

whose existence is guaranteed by Noether’s theorem.

To this end consider constant translations of the generalized coordinates, δqA = ϵA, for

some collection of infinitesimal constants ϵA, without yet asking that these be symmetries.

We ask whether there exist quantities, call them QA, with the property that they generate

constant translations for qA for any function of phase space. Such a quantity must satisfy

δqA = ϵA = ϵB
{
qA , QB

}
and δpA = 0 = ϵB

{
pA , QB

}
, (7.2.16)

for all qA and pB.

But inspection of (7.2.13) shows that such a quantity indeed exists: it is given by the

canonical momentum for each qA: QB = pB. Furthermore, with this choice the antisymmetric

property of (7.2.8) together with the properties (7.2.9) and (7.2.12) automatically ensure

δF = ϵB
{
F , pB

}
= ϵB

∂F

∂qB
(7.2.17)
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for any function F (q, p) on phase space. This is indeed how we expect an arbitrary function to

change under an infinitesimal translation of qA, as can be seen by Taylor expanding F (q+ϵ, p)

out to linear order in ϵ.

Now suppose this transformation is a symmetry of the system of interest. For the present

purposes we take this to mean that the system’s Hamiltonian is invariant under this trans-

formation (for a specific choice for the ϵA’s). That is, when the transformation is a symmetry

we have the additional information that

δH = ϵB
{
H , pB

}
= ϵB

∂H

∂qB
= 0 . (7.2.18)

Ignorable coordinates are special cases of symmetries of this type for which only a single

coordinate shifts (such as spatial translations of a centre-of-mass coordinate for an isolated

system or a shift of the angular variable ϕ for the two-body central force problem). The

upshot is {H ,Q} = 0 for the symmetry generator Q = ϵBpB.

Now comes the main point: because the Poisson bracket is antisymmetric – c.f. eq. (7.2.8)

– there are two ways to read the relation {Q ,H} = {H ,Q} = 0. It can either be read (as

above) as saying that the transformation generated by Q leaves H unchanged, or it can

be read as saying that the transformation generated by H leaves Q unchanged. But the

transformation generated by H is just time translation and so having Q be unchanged by this

means {
Q ,H

}
=

dQ

dt
= 0 . (7.2.19)

That is to say: Q is conserved. This is a particularly transparent way to see why continuous

symmetries are related to conservation laws (that is to say, to understand why Noether’s

theorem is true). It also provides a new way to construct the conserved charge: just ask

what quantity generates the symmetry in question. This is very useful because one is rarely

lucky enough to set up a problem with all of the symmetry information provided as ignorable

coordinates.

Worked example: Generators of Angular Momentum

As an illustration we use this formulation to construct the generators of rotations acting on the position

of a particle written using cartesian coordinates {xi} = {x, y, z}.
We have seen that the matrices that describe rotations about the x, y and z axes are given

explicitly by (4.4.1), reproduced here for ease of reference:24

Rx =

1 0 0

0 cos θx − sin θx
0 sin θx cos θx

 , Ry =

 cos θy 0 sin θy
0 1 0

− sin θy 0 cos θy

 or Rz =

cos θz − sin θz 0

sin θz cos θz 0

0 0 1

 ,

(7.2.20)

24The signs are chosen here to give an active rotation in a right-hand coordinate system, for which a 90o

rotation about the x axis takes ey to ez, a 90o rotation about the y axis takes ez to ex and a 90o rotation

about the z axis takes ex to ey.
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For infinitesimal rotation angles these become

Rx ≃

1 0 0

0 1 −θx
0 θx 1

 , Ry =

 1 0 θy
0 1 0

−θy 0 1

 or Rz =

 1 −θz 0

θz 1 0

0 0 1

 , (7.2.21)

and so imply the transformation rules respectively become

δxx = 0 , δxy = −θxz , δxz = θxy (7.2.22a)

δyx = θyz , δyy = 0 , δyz = −θyx (7.2.22b)

δzx = −θzy , δzy = θzx , δzz = 0 . (7.2.22c)

These can be written in terms of Poisson brackets as

δxxi = θx

{
xi , Lx

}
, δyxi = θy

{
xi , Ly

}
and δzxi = θz

{
xi , Lz

}
, (7.2.23)

where

Lx = ypz − zpy , Ly = zpx − xpz and Lz = xpy − ypx (7.2.24)

(or, more compactly, Li = ϵijkxjpk) are the components of angular momentum. The proof of this just

repeatedly uses the properties (7.2.8) through (7.2.13). For instance{
y , Lx

}
=
{
y , ypz − zpy

}
= y
{
y , pz

}
−
{
y , zpy

}
= −z

{
y , py

}
= −z , (7.2.25)

and similarly for the other Li and other coordinates xj .

Notice that these rotation generators also do the correct thing when they act on each other, since

the components Li of angular momentum should transform as a vector. Explicitly, we expect

δxLx = 0 , δxLy = −θxLz , δxLz = θxLy (7.2.26a)

δyLx = θyLz , δyLy = 0 , δyLz = −θyLx (7.2.26b)

δzLx = −θzLy , δzLy = θzLx , δzLz = 0 , (7.2.26c)

or, equivalently,

δjLi = ϵijkθjLk . (7.2.27)

To verify this is true we explicitly compute δiLj = θi{Lj , Li}. For example:{
Lx , Ly

}
=
{
ypz − zpy , zpx − xpz

}
=
{
ypz , zpx

}
−
{
ypz , xpz

}
−
{
zpy , zpx

}
+
{
zpy , xpz

}
= ypx

{
pz , z

}
− 0− 0 + xpy

{
z , pz

}
= −ypx + xpy = Lz , (7.2.28)

and similarly for the other two possible pairs: {Ly , Lz} = Lx and {Lz , Lx} = Ly, all of which can be

compactly written {Li , Lj} = ϵijk Lk. Using this in δiLj = θi{Lj , Li} then reproduces (7.2.27).

Since the angular momenta generate rotations, the arguments of this section show (again) why

angular momentum is conserved in rotationally invariant theories.

⋆ ⋆ ⋆
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Finally, notice also that if f and g are generators of a symmetry (so {f ,H} = {g ,H} = 0)

then their Poisson bracket also generates a symmetry, in the sense that {{f , g} , H} = 0. To

prove this use the Jacobi identity (7.2.11) to write{{
f , g

}
, H
}
=
{
f ,
{
g ,H

}}
+
{
g ,
{
H , f

}}
, (7.2.29)

from which the conclusion follows. This just expresses the fact that performing two symme-

tries one after the other is also a symmetry, a fact that plays a role in concluding that the

set of symmetries forms a group (in the mathematical sense of the word ‘group’) and the

generators of continuous symmetries – together with the Poisson brackets – form an algebra

(called the Lie algebra of the continuous symmetry group).

Worked example: Charged particle in a magnetic field (again)

As another illustration of the Poisson bracket consider the point particle with electric charge q moving

in a magnetic field B.

In this case the Lagrangian for the system is given by (2.6.22) restricted to the case of a vanishing

electrostatic potential Φ = 0:

L = 1
2mṙ2 + qṙ ·A , (7.2.30)

where (as usual) the vector potential A is defined by B = ∇×A, and as a result is only defined up

to a gauge transformation A → A+∇ω for an arbitrary function ω.

The canonical momentum is defined as usual by

p =
∂L

∂ṙ
= mṙ+ qA which inverts to give ṙ =

1

m

(
p− qA

)
, (7.2.31)

and so the Hamiltonian becomes

H = p · ṙ− L =
p

m
· (p− qA)− 1

2m
(p− qA)2 − qA · (p− qA) =

1

2m
(p− qA)2 . (7.2.32)

Although p is not gauge invariant the Hamiltonian H = 1
2mṙ2 is.

Writing the components in rectangular coordinates, r = x ex+y ey+z ez and p = px ex+py , ey+

pz ez, the Poisson brackets for the canonical variables are the standard ones:{
xi , xj

}
=
{
pi , pj

}
= 0 and

{
xi , pj

}
= δij . (7.2.33)

The Poisson brackets for the velocities then become{
xi , ẋj

}
=

1

m

{
xi , pj − qAj(x)

}
=

1

m
δij (7.2.34)

and {
ẋi , ẋj

}
=

1

m2

{
pi − qAi(x) , pj − qAj(x)

}
=

q

m2

(
∂iAj − ∂jAi

)
=

q

m2
ϵijkBk . (7.2.35)

⋆ ⋆ ⋆
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7.3 Canonical Transformations

Much of the power of Lagrangian methods comes from the ease with which they allow very

general changes of variables within configuration space,

qA → QA = QA(q) , (7.3.1)

what is sometimes called a point transformation. In these types of transformations the gener-

alized velocities transform in a way that is dictated by the underlying point transformation,

with q̇A → Q̇A = (∂QA/∂qB) q̇B.

There is a much broader freedom to change variables possible within the Hamiltonian

framework because it treats the q’s and p’s as independent of variables with the p’s only

becoming related to the generalized velocities once Hamilton’s equations (7.1.7) are imposed.

It is therefore useful to consider general changes of variables on phase space, of the form

qA → QA = QA(q, p) and pB → PB = PB(q, p) , (7.3.2)

with both positions and momenta involved from the get-go.

The main thing we ask of such a change of variables is that it not change the physics

being studied, and this means that we must require the variational problems δS = 0 in the

two variables to be equivalent. The new system after the change of variables should still

be described by a Hamiltonian, call it25 K(Q,P ), such that varying the action built using

K produces the same stationary trajectories within phase space as do the stationary curves

found using the original Hamiltonian H(q, p). That is, we require

δ

∫ tf

t0

dt
[
pAq̇

A −H(q, p)
]
= 0 (7.3.3)

which implies

q̇A =
∂H

∂pA
and ṗA = − ∂H

∂qA
(7.3.4)

to describe the same phase-space trajectories as

δ

∫ tf

t0

dt
[
PAQ̇

A −K(Q,P )
]
= 0 (7.3.5)

which implies

Q̇A =
∂K

∂PA

and ṖA = − ∂K

∂QA
. (7.3.6)

As discussed in §2.4, this condition is true if the integrands of the two formulations of the

action differ only by the time derivative, dF/dt of some function F . Written as differentials

this says

pA dqA −H(q, p) dt = PA dQA −K(Q,P ) dt+ dF . (7.3.7)

25The Hamiltonians H and K can also depend explicitly on t but we suppress writing this argument for

notational clarity.
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Any transformation that satisfies this condition is called a canonical transformation. Rewrit-

ing (7.3.7) as26

dF1 = pA dqA − PA dQA +
[
K(Q,P )−H(q, p)

]
dt , (7.3.8)

shows that it is natural to regard F = F1(q,Q, t) to be a function of qA and QB, in which

case (7.3.8) implies (
∂F1

∂qA

)
Q,t

= pA ,

(
∂F1

∂QA

)
q,t

= −PA (7.3.9)

and (
∂F1

∂t

)
q,Q

= K(Q,P )−H(q, p) . (7.3.10)

The function F1(q,Q, t) is called the generating function of the canonical transformation

since the transformation is completely specified once F1(q,Q, t) is given. That is, given

H(q, p, t) and F1(q,Q, t) the new canonical positions QA(q, p) are defined by solving the

equations pA(q,Q) = ∂F1/∂q
A for the QA’s. The new momenta are defined by substituting

the result for QA(q, p) into PA(q, p) = −∂F1/∂Q
A. The Hamiltonian in the new variables

is then found using K = H + ∂tF1 where pA(Q,P ) and qB(Q,P ) are found by inverting

the expressions QA(q, p) and PB(q, p). A useful consequence of the existence of a generating

function – and in particular the relation (7.3.9) – is the further identity

∂PA

∂qB
= − ∂2F1

∂qB∂QA
= − ∂2F1

∂QA∂qB
= − ∂pB

∂QA
. (7.3.11)

It is also possible to define a generating functional F2(q, P ) that has qA and PB as its

natural variables. This is found by defining F2(q, P, t) = F1 + QAPA since then dF2 =

dF1 +QAdPA + PAdQ
A, which together with (7.3.8) implies

dF2 = pA dqA +QA dPA +
[
K(Q,P )−H(q, p)

]
dt , (7.3.12)

and so (
∂F2

∂qA

)
P,t

= pA ,

(
∂F2

∂PA

)
q,t

= QA (7.3.13)

and (
∂F2

∂t

)
q,P

= K(Q,P )−H(q, p) . (7.3.14)

Once F2(q, P, t) is specified PA(q, p) is found by solving ∂F2/∂q
A = pA for PA. Using

this result in QA = ∂F2/∂PA then gives QA(q, p), and the new Hamiltonian is obtained from

K = H + ∂tF2. A similar procedure defines a generating function F3(p,Q, t) = F1 − pAq
A

and F4(p, P, t) = F2 − pAq
A, should these be desired. These other forms for the generating

function allow (7.3.11) to be generalized to

∂QA

∂qB
=

∂2F2

∂qB∂PA

=
∂2F2

∂PA∂qB
=
∂pB
∂PA

, (7.3.15)

26The subscript ‘1’ is added to F to distinguish it from the other generating functions defined below.
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∂PA

∂pB
= − ∂2F3

∂pB∂QA
= − ∂2F3

∂QA∂pB
=

∂qB

∂QA
, (7.3.16)

and
∂QA

∂pB
=

∂2F4

∂pB∂PA

=
∂2F4

∂PA∂pB
= − ∂qB

∂PA

. (7.3.17)

7.3.1 Preservation of Poisson brackets

Because a canonical transformation preserves the Hamiltonian structure of the equations of

motion it also follows that it preserves the Poisson brackets, in the sense described in this

section.

Consider two functions, u and w, on phase space and a canonical transformation Q =

Q(q, p) and P = P (q, p). We have two independent ways to write u and w: either u = U(Q,P )

and w =W (Q,P ) or u = u(q, p) and w = w(q, p) where

u(q, p) = U [Q(q, p), P (q, p)] and w(q, p) =W [Q(q, p), P (q, p)] . (7.3.18)

This means there are two natural ways to define the Poisson bracket between u and w,

depending on whether the derivatives are taken with respect to (q, p) or (Q,P ):{
u ,w

}
qp

:=
∂u

∂qA
∂w

∂pA
− ∂u

∂pA

∂w

∂qA
or

{
u ,w

}
QP

=
∂U

∂QA

∂W

∂PA

− ∂U

∂PA

∂W

∂QA
. (7.3.19)

The rest of this section shows that if (q, p) → (Q,P ) is a canonical transformation then it

follows that these two notions of Poisson bracket are the same{
u ,w

}
qp

=
{
u ,w

}
QP

, (7.3.20)

so there is no need for the subscripts qp or QP .

The proof of this result just diligently uses the definitions. Starting with (7.3.18) shows

∂u

∂qA
=

∂U

∂QB

∂QB

∂qA
+

∂U

∂PB

∂PB

∂qA
and

∂u

∂pA
=

∂U

∂QB

∂QB

∂pA
+

∂U

∂PB

∂PB

∂pA
, (7.3.21)

and similarly for the derivatives of w. Combining these then shows{
u ,w

}
qp

=
∂u

∂pA

∂w

∂qA
− ∂u

∂qA
∂w

∂pA

=

[
∂U

∂QB

∂QB

∂pA
+

∂U

∂PB

∂PB

∂pA

] [
∂W

∂QC

∂QC

∂qA
+
∂W

∂PC

∂PC

∂qA

]
−
[
∂U

∂QB

∂QB

∂qA
+

∂U

∂PB

∂PB

∂qA

] [
∂W

∂QC

∂QC

∂pA
+
∂W

∂PC

∂PC

∂pA

]
(7.3.22)

=

[
∂U

∂PB

∂W

∂QC
− ∂U

∂QC

∂W

∂PB

] [
∂PB

∂pA

∂QC

∂qA
− ∂PB

∂qA
∂QC

∂pA

]
+
∂U

∂PB

∂W

∂PC

[
∂PB

∂pA

∂PC

∂qA
− ∂PB

∂qA
∂PC

∂pA

]
+

∂U

∂QB

∂W

∂QC

[
∂QB

∂pA

∂QC

∂qA
− ∂QB

∂qA
∂QC

∂pA

]
.
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So far we have not used that the relation (q, p) → (Q,P ) is a canonical transformation.

In particular, being canonical means eq. (7.3.11) and eqs. (7.3.15) through (7.3.17) all hold:

∂PA

∂qB
= − ∂pB

∂QA
,

∂QA

∂qB
=
∂pB
∂PA

,
∂PA

∂pB
=

∂qB

∂QA
and

∂QA

∂pB
= − ∂qB

∂PA

. (7.3.23)

These in turn imply

∂PB

∂pA

∂PC

∂qA
− ∂PB

∂qA
∂PC

∂pA
=

∂qA

∂QB

∂PC

∂qA
+
∂pA
∂QB

∂PC

∂pA
=
∂PC

∂QB
= 0 , (7.3.24)

where the second-last equality uses the chain rule for differentiation. Similarly

∂QB

∂pA

∂QC

∂qA
− ∂QB

∂qA
∂QC

∂pA
=
∂QB

∂pA

∂pA
∂PC

+
∂QB

∂qA
∂qA

∂PC

=
∂QB

∂PC

= 0 , (7.3.25)

and
∂PB

∂pA

∂QC

∂qA
− ∂PB

∂qA
∂QC

∂pA
=
∂PB

∂pA

∂pA
∂PC

+
∂PB

∂qA
∂qA

∂PC

=
∂PB

∂PC

= δCB . (7.3.26)

Using these in (7.3.22) finally gives{
u ,w

}
qp

=
∂U

∂PB

∂W

∂QB
− ∂U

∂QB

∂W

∂PB

=
{
u ,w

}
QP

, (7.3.27)

as claimed.

7.3.2 Examples of Canonical Tranformations

This section tries to make the above discussion more concrete by exploring simple examples

of canonical transformations.

Point transformations

Consider first the case where the generating function F2(q, P, t) is linear in the new momenta:

F2(q, P, t) = fA(q, t)PA , (7.3.28)

where fA(q, t) are a collection of arbitrary functions of the generalized positions qA. In this

case eqs. (7.3.13) become

pA =
∂F2

∂qA
= PB

∂fB

∂qA
and QA =

∂F2

∂PA

= fA(q, t) . (7.3.29)

The second of these equations shows the generalized coordinates are shuffled in an ar-

bitrary way and so this transformation is the point transformation qA → QA = fA(q, t)

considered in earlier sections when discussing Lagrangian methods. The first of eqs. (7.3.29)

can be solved for PA provided the Jacobian matrix ∂fB/∂qA is invertible (as is required if

the transformation from the q’s to the Q’s is to be invertible), and it simply ensures that the

momenta transform as would follow from the definitions pA = ∂L/∂q̇A and PA = ∂L/∂Q̇A.

– 180 –



This shows that arbitrary invertible point transformations, qA → QA(q, t), are also canon-

ical transformations. If fA is time independent then (7.3.14) shows that the old and new

Hamiltonians H and K are related by simply performing the change of variables:

K(Q,P ) = H[q(Q,P ), p(Q,P )] . (7.3.30)

The trivial (or ‘identity’) transformation is a special case of this transformation for which

fA(q) = qA and so F2(q, P ) = qAPA. In this case eqs. (7.3.29) become pA = PA and QA = qA,

as expected for the identity transformation.

The harmonic oscillator

A more complicated example applies to the 1D simple harmonic oscillator, whose initial

coordinate is q(t) and whose Hamiltonian is as given in (7.1.10), which we write as

H(q, p) =
p2

2m
+
mω2

2
q2 , (7.3.31)

where ω2 = k/m is the oscillator frequency. Hamilton’s equations in these variables are the

usual oscillator equations

q̇ =
p

m
and ṗ = mq̈ = −mω2q . (7.3.32)

Consider in this case a canonical transformation generated by the generating function

F1(q,Q) = 1
2mωq

2 cotQ . (7.3.33)

With this choice eqs. (7.3.9) become

p =
∂F1

∂q
= mωq cotQ and P = −∂F1

∂Q
= 1

2mωq
2 csc2Q . (7.3.34)

Solving the second of these for q gives the explicit form for the resulting canonical transfor-

mation:

q =

√
2P

mω
sinQ and p =

√
2mωP cosQ , (7.3.35)

which clearly mixes up positions and momenta in a nontrivial way.

This particular canonical transformation is noteworthy because the Hamiltonian is par-

ticularly simple once written in the new variables. Because ∂tF1 = 0 the new Hamiltonian

is

K(Q,P ) = H[q(Q,P ), p(Q,P )] = ωP cos2Q+ ωP sin2Q = ωP . (7.3.36)

Hamilton’s equations (7.3.6) for the new variables are particularly simple:

Q̇ =
∂K

∂P
= ω and Ṗ = −∂K

∂Q
= 0 . (7.3.37)
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The transformation has had the effect of changing q into an ignorable coordinate, and

the equations of motion are solved by

Q(t) = Q0 + ω t and P (t) = P0 , (7.3.38)

where Q0 and P0 are integration constants. Using these in eqs. (7.3.35) translates this solution

to the original variables

q =

√
2P0

mω
sin(Q0 + ω t) and p =

√
2mωP0 cos(Q0 + ω t) , (7.3.39)

which is indeed the usual solution to (7.3.32).

This shows the power of being able to change variables in a way that mixes up positions

and momenta: the right choice for a canonical transformation can be general enough to allow

a complete solution to the evolution of a particular problem. This leads to some obvious

questions, like when is such a transformation possible? And how does one find the magic

variable change when it is?

7.3.3 Symplectic manifolds

In many ways the invariance of the Hamiltonian formulation of Newton’s laws under arbitrary

canonical transformations taken together with the central role played by the Poisson brackets

defines the essence of classical mechanics. Many modern treatments describe classical me-

chanics in those terms: as the study of the geometry of symplectic manifolds, allowing the

use of powerful tools originally designed to study problems in differential geometry.

Differential geometry is a natural language to use when formulating laws that remain

invariant under changes of coordinates. When studying gravitational physics spacetime is

regarded as a differential manifold and the focus is on understanding the properties of the

metric tensor on that manifold, where the metric is a symmetric rank-two tensor, gµν(x) =

gνµ(x), that defines inner products and distances on the manifold through formulae like

ds2 = gµν(x) dx
µ dxν . (7.3.40)

Here dxµ = {dt,dx,dy,dz} denotes a small coordinate displacement and ds represents the

physical invariant distance between the points separated by this coordinate displacement. One

studies how gµν changes under changes of coordinates and identifies quantities like curvature

that characterize the geometry of the manifold in a coordinate-invariant way.

A similar approach can be taken to classical mechanics where the starting point is some

even-dimensional manifold with coordinates yµ so that it is phase space that is the differential

manifold. The role of the metric is played by an antisymmetric tensor, ωµν(y) = −ωνµ(y),
defined on this manifold. This form defines the Poisson bracket structure on the manifold,

with the Poisson bracket of two functions f(y) and g(y) defined by{
f , g

}
= ωµν

∂f

∂yµ
∂g

∂yν
. (7.3.41)
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ωµν is called a symplectic form.

Performing a coordinate transformation y → ỹ(y) and using the chain rule implies{
f , g

}
= ω̃µν

∂f

∂ỹµ
∂g

∂ỹν
. (7.3.42)

where

ω̃αβ = ωµν
∂ỹα

∂yµ
∂ỹβ

∂yν
. (7.3.43)

This is just the standard transformation rule for any rank-two contravariant tensor ωµν .

If we define a canonical transformation as one that does not change the Poisson brackets

we see its Jacobian Jαµ = ∂ỹα/∂yµ must satisfy

ω̃αβ = ωµν
∂ỹα

∂yµ
∂ỹβ

∂yν
= ωαβ . (7.3.44)

That is, ωαβ is an invariant tensor (as opposed to just transforming covariantly).

For any such a form at a given point one can use the freedom to change coordinates to

define a special set of coordinates {yµ} = {qA , pB} for which ω can be written as the specific

matrix

ω =

(
0 I

−I 0

)
, (7.3.45)

where the 0’s here represent n×n zero matrices and I represents the n×n unit matrix. This

is how the labels qA and pB arise within this general manifold formulation of phase space.

To make contact between (7.3.44) and earlier sections suppose we write out the Jacobian

for a change of variables {yµ} = {qA , pB} to {ỹµ} = {QA , PB} explicitly:

∂ỹµ

∂yν
=

(
∂QA/∂qB ∂QA/∂pB

∂PA/∂q
B ∂PA/∂pB

)
, (7.3.46)

Using this to write out the right-hand side of (7.3.43) explicitly, with ωµν given by (7.3.45)

then gives

ω̃αβ = ωµν
∂ỹα

∂yµ
∂ỹβ

∂yν
=

(
{QA , QB} {QA , PB}
{PA , Q

B} {PA , PB}

)
, (7.3.47)

from which we can see that the transformation is canonical – i.e. the left-hand side is again

given by (7.3.45) – if and only if the new variables satisfy {QA , QB} = {PA , PB} = 0 and

{QA , PB} = δAB, as found earlier.

Consider next a one-parameter canonical transformation, QA = QA(q, p, u) and PA =

PA(q, p, u), for some parameter u, with u = 0 corresponding to the identity transformation.

Then if we choose u = ϵ to be infinitesimal we can write

QA = qA + ϵ FA(q, p) and PA = pA + ϵEA(q, p) (7.3.48)
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for some functions FA and EA. Putting this into the Jacobian (7.3.46) then gives

∂ỹµ/∂yν =

(
δAB + ϵ ∂FA/∂qB ϵ ∂FA/∂pB

ϵ ∂EA/∂q
B δBA + ϵ ∂EA/∂pB

)
. (7.3.49)

Using this to evaluate (7.3.47) then shows that the condition for (7.3.48) to be canonical

at linear order in ϵ is
∂FA

∂qB
= −∂EB

∂pA
. (7.3.50)

This implies there is locally a function G(q, p) such that

FA =
∂G

∂pA
and EA = − ∂G

∂qA
, (7.3.51)

in which case (7.3.50) is a consequence of the symmetry of double derivatives: ∂2G/∂qA∂pB =

∂2G/∂pB∂q
A. We say G generates the one-parameter family of canonical transformations.

Since the above argument could have been made starting at any point, another way to

think of the one parameter family of transformations is as an ‘active’ transformation rather

than a ‘passive’ one: i.e. as the motion of points in phase space rather than a change of

description of fixed points. In this alternate description the expression QA = QA(q, p, u) and

PA = PA(q, p, u), describe a family of curves in phase space along which any particular point

changes. The tangent to these curves

dQA

du
=
∂G

∂pA
and

dPA

du
= − ∂G

∂qA
, (7.3.52)

are determined by the function G(q, p). In a general set of coordinates this would be written

dyµ

du
= ωµν

∂G

∂yν
. (7.3.53)

This is all very reminiscent of Hamilton’s equations, since the classical equations of motion

(7.1.7) have precisely the same form as (7.3.52) where the Hamiltonian H(q, p) plays the role

of the generator G(q, p) (underlining the role of the Hamiltonian as the generator of time

translations). On one hand any one-parameter canonical transformation can be regarded as a

Hamiltonian flow for some choice of function G(q, p). On the other hand this also shows that

actual time evolution can be regarded as being a particular case of a canonical transformation.

In either case eqs. (7.3.53) are very geometrical: canonical transformations (and time

evolution) are integral curves on the phase-space manifold whose tangents are determined in

terms of the gradients of a particular scalar function, with the special structure of classical

mechanics arising due to the properties of ωµν(y). A full discussion of this goes well beyond

the scope of these notes, but the interested reader can consult texts such as those written by

Arnold or by Abraham and Marsden.

Worked example: Spin (phase-space as a 2-sphere)
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As a nontrivial example of a phase space manifold that is not simply a plane consider the phase space

for the precession of a classical spin. This is described by the spherical angles (θ, ϕ) that label the

point on a 2-sphere towards which the spin points at any given instant.

We take the action for this spin to be

S =

∫ tf

t0

dt a ϕ̇ cos θ , (7.3.54)

where a is a constant. This is unusual in that it is linear in time derivatives, but this is to be expected

for a slowly moving spin system for the following reasons. For slowly moving systems the terms with

the fewest derivatives dominate and for systems that are invariant under time reversal, t → −t, the
leading term involving time derivatives must involve at least two of them and so is quadratic in the

velocities. But since spins are not time-reversal invariant their Lagrangian can involve single powers

of velocity and so their slow motion is described by an action linear in velocities, like (7.3.54).

The canonical momentum for ϕ in this case is

pϕ =
∂L

∂ϕ̇
= a cos θ , (7.3.55)

which suggests we should think of θ as the canonical momentum for ϕ. This is reinforced by the

fact that no derivatives of θ appear in S, since this implies that if we had regarded θ as being an

independent coordinate then its canonical momentum pθ = ∂L/∂θ̇ would be zero. Put differently:

if we regard both θ and ϕ as independent coordinates then we find the system is constrained. The

constraint both states that pθ vanishes and that θ is related to pϕ by (7.3.55).

Taking ϕ and pϕ = a cos θ to be the canonical variables, the Hamiltonian for this system is

H(θ, ϕ) = pϕϕ̇− L = 0 . (7.3.56)

This simply expresses that there is no energy cost for the direction of the spin to change. Nonetheless

there is nontrivial dynamics because the Poisson brackets are nontrivial.

Writing dpϕ = −a sin θ dθ we see that the Poisson brackets in this system for phase-space variables

f(θ, ϕ) and g(θ, ϕ) are given by{
f , g

}
=
∂f

∂ϕ

∂g

∂pϕ
− ∂f

∂pϕ

∂g

∂ϕ
= − 1

a sin θ

(
∂f

∂ϕ

∂g

∂θ
− ∂f

∂θ

∂g

∂ϕ

)
, (7.3.57)

and so in particular {ϕ , pϕ} = {ϕ , a cos θ} = 1 (as it should). Although there is no energy cost for

the spin changing there is also no force urging such a change. Because H = 0 it is trivial to conclude

the equations of motion are

θ̇ =
{
θ ,H

}
= 0 and ϕ̇ =

{
ϕ ,H

}
= 0 . (7.3.58)

The rotation invariance of the problem can be shown by considering the following three generators

J1 = a sin θ cosϕ , J2 = a sin θ sinϕ and J3 = a cos θ . (7.3.59)

These are just the cartesian components of a vector J that points in the direction (θ, ϕ) with length

a. As is easily checked, the Poisson brackets of these components with one another are given by{
J1 , J2

}
= a2

{
sin θ cosϕ , sin θ sinϕ

}
= − a2

a sin θ

[
(− sin θ sinϕ)(cos θ sinϕ)− (cos θ cosϕ)(sin θ cosϕ)

]
= a cos θ = J3 , (7.3.60)

– 185 –



and similarly {J2 , J3} = J1 and {J3 , J1} = J2. More compactly:{
Ji , Jj

}
= ϵijk Jk , (7.3.61)

in agreement with the Poisson brackets for the angular momentum generators as given e.g. in and just

below eq. (7.2.28).

We see that the Ji indeed generates rotations on vectors and so can play the role of angular

momentum. Since it is not associated with r × p for a moving degree of freedom it can be regarded

as an object’s intrinsic spin. With this interpretation the magnitude of total angular momentum (or

spin) J is J2 = J · J = a2. Eqs. (7.3.59) then show that the dynamics of θ and ϕ describes how the

direction in which the angular momentum points changes with time.

This dynamics can be made more interesting if the spin couples to something, such as to a

magnetic field through a magnetic moment coupling of the form V = −µB · J, where µ is a constant

representing the system’s magnetic moment. The sign of V ensures the energy is lowered when the

magnetic field and the spin are aligned.

In this case the action replaces (7.3.54) with

S =

∫ tf

t0

dt
[
a ϕ̇ cos θ + µa(B1 sin θ cosϕ+B2 sin θ sinϕ+B3 cos θ)

]
, (7.3.62)

and so the expression for pϕ remains unchanged but now the Hamiltonian becomes

H = pϕϕ̇− L = −µa(B1 sin θ cosϕ+B2 sin θ sinϕ+B3 cos θ) = −µB · J . (7.3.63)

It is convenient to choose the z-axis parallel to B, in which case H = −µaB cos θ. With this Hamil-

tonian the equations of motion are

ṗϕ = −∂H
∂ϕ

= 0 and ϕ̇ =
∂H

∂pϕ
= − 1

a sin θ

∂H

∂θ
= µB . (7.3.64)

The equations of motion can also be recast directly in terms of J, in terms of which they are

dJi
dt

=
{
Ji , H

}
= −µ

{
Ji , Jk

}
Bk = −µ ϵiklBkJl (7.3.65)

and so

J̇ = −µB× J . (7.3.66)

In particular d(J2)/dt = 2J · J̇ = 0 so only the direction of the angular momentum changes. J̇ is also

perpendicular to B and so the instantaneous change to J is perpendicular to the plane spanned by J

and B: the angular momentum precesses around the magnetic field direction.

The precession rate is found by choosing the z-axis parallel to B so B1 = B2 = 0 and B3 = B =

|B|. The equations of motion (7.3.65) then imply J̇3 = 0 and so J3 = a cos θ is time-independent (as

must also be θ). The evolution of J1 and J2 then is

J̇1 = µB J2 and J̇2 = −µB J1 , (7.3.67)

which integrates to give J1 = a sin θ cos(ω t+ϕ0) and J2 = a sin θ sin(ω t+ϕ0) and so ϕ = ω t+ϕ0 where

the angular speed of precession is ω = µB. Here both ϕ0 and θ are integration constants determined

by the initial conditions.

⋆ ⋆ ⋆
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7.4 Hamilton-Jacobi methods*

yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada

yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada

yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada

yada yada yada yada yada yada yada yada yada

7.5 Connection to Quantum Mechanics

For many physicists Hamiltonians are first encountered in quantum mechanics rather than

classical mechanics and indeed the advent of quantum mechanics is one of the reasons why

Hamiltonian methods are so widely used today. This section touches just briefly on how

Hamiltonian methods facilitate the transition from classical to quantum mechanics and on

how quantum physics provides insights into the foundations of classical mechanics (including

explaining why variational principles play so large a role).

7.5.1 Commutation relations

The most obvious connection between classical and quantum methods is the correspondence

between the classical Poisson bracket, {u ,w} and the quantum commutator: [û , ŵ] = û ŵ −
ŵ û that can be nonzero for the operators that represent physical observables in quantum

mechanics.

A fundamental role is played in the quantum version of a theory by the commutation

relations that state how the operators representing generalized positions and momenta fail to

commute: [
q̂A , q̂B

]
=
[
p̂A , p̂B

]
= 0 and

[
qA, pB

]
= iℏ δAB . (7.5.1)

It is hard to miss the similarity between these expressions and the Poisson brackets given

in (7.2.13) that hold between the q’s and p’s. This underlies the well-known ‘quantization’

rule in which the operators describing various physical objects are promoted from classical

variables to noncommuting quantum ones, subject to the rule that the Poisson bracket in the

classical theory goes over to the commutator in the quantum theory:{
A ,B

}
→ 1

iℏ

[
Â , B̂

]
. (7.5.2)

This type of rule is very powerful because it can be applied to any system for which a

Lagrangian is known. Historically this turned out to be very useful when exploring quantum

field theories like electromagnetism and general relativity, for which both classical Lagrangian

and Hamiltonian descriptions are well developed (see §10).

7.5.2 Path integrals

There is another, deeper, connection between classical and quantum mechanics. It is deeper

in the sense that it provides answers to the question of why variational methods play such
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a central role in classical mechanics and why it is the action that is the thing that should

be varied. This other connection comes from what is called the path integral formulation of

quantum mechanics.

Although it goes beyond the scope of these notes, this section provides a cartoon of how

this happens. This section assumes a working knowledge of quantum mechanics, at the level

presented in undergraduate classes. We start by computing a path-integral representation

for the amplitude in quantum mechanics of having a transition from a quantum state |q, t0⟩
prepared as having a definite position q at time t0 to a state with a different position at a

different time |q̃, t1⟩, where t1 > t0. We imagine the dynamics responsible for this evolution

is described by a Hamiltonian H(Q,P ).

We work in the Heisenberg picture for which the quantum operators are time-dependent

– Q = Q(t) and P = P (t) – with

Q(t) = eiHtQ(0) e−iHt and P (t) = eiHt P (0) e−iHt . (7.5.3)

This implies a time dependence for their eigenvalues and eigenvectors as well,

Q(t) |q, t⟩ = q(t) |q, t⟩ and P (t) |p, t⟩ = p(t) |p, t⟩ , (7.5.4)

where

|q, t⟩ = eiHt |q, 0⟩ and |p, t⟩ = eiHt |p, 0⟩ . (7.5.5)

As mentioned in the previous section, the operators Q(t) and P (t) satisfy an equal-time

commutation relation (7.5.1) that resembles the Poisson bracket relation27 given in (7.2.13):

[Q(t) , P (t)] = i . (7.5.6)

Standard arguments tell us that the commutation relations (7.5.6) imply the overlap beween

position and momentum states is given at equal times by

⟨q, t|p, t⟩ = 1√
2π

eipq . (7.5.7)

We seek the analogue of this expression for eigenstates evaluated at different times, using

the Heisenberg-picture evolution (7.5.5) to do so. For infinitesimal time differences t′ = t+dt

one finds

⟨q, t+ dt|p, t⟩ = ⟨q, t| e−iH(Q,P )dt |p, t⟩ ≃ e−iH(q,p)dt⟨q, t|p, t⟩ = 1√
2π

e−iH(q,p)dt+ipq , (7.5.8)

where we assume H(Q,P ) = H[Q(t), P (t)] has the operator-ordering convention that all of

the P ’s are written to the right of the Q’s (as can always be ensured if not initially true by

repeatedly using the commutation relation (7.5.6)).

27We work for convenience with units for which ℏ = 1, though the missing factors can easily be recovered

at the end using dimensional analysis.
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The expression for the overlap between two position eigenstates at slightly different times

is then given by using the completeness of momentum eigenstates, which implies

⟨ψ|ϕ⟩ =
∫

dp ⟨ψ|p , t⟩ ⟨p , t|ϕ⟩ , (7.5.9)

for any two states in the quantum Hilbert space. This is called ‘inserting a partition of unity’.

Doing so in the amplitude ⟨q, t+ dt|q̃, t⟩ and using (7.5.7) and (7.5.8) gives:

⟨q, t+ dt|q̃, t⟩ =
∫

dp ⟨q, t+ dt|p , t⟩ ⟨p , t|q̃, t⟩ =
∫

dp√
2π

e−iH(q,p)dt+ip(q−q̃) . (7.5.10)

Now comes the main point. An expression for the overlap between position eigenstates

separated by a finite time difference T := tf − ti > 0 can be found by inserting a partition

of unity using the complete position eigenstates at slightly different times, each displaced

relative to the previous one by a time step dτ . That is, define N + 2 evenly spaced instants

in time, tk, chosen such that t0 = ti and tN+1 = tf and with ∆t := tk+1 − tk = T/(N + 1)

approaching dt as N → ∞. Then

⟨qf , tf |qi, ti⟩ =
∫

dq1 · · · dqN ⟨qf , tf |qN , tN⟩ · · · ⟨q2, t2|q1, t1⟩ ⟨q1, t1|qi, ti⟩ , (7.5.11)

and so using (7.5.10) for each of these overlaps gives

⟨qf , tf |qi, ti⟩ =
∫ N∏

k=1

dqj√
2π

N∏
j=0

dpj√
2π

exp

{
i

N+1∑
l=1

[
(pl−1)(ql − ql−1)−H(ql, pl−1)∆t

]}
,

(7.5.12)

where q0 := qi and qN+1 := qf are not integrated.

This becomes a path integral in the limit N → ∞. To see why, write the sequence

of values {q0, t0; q1, t1; · · · ; qN , tN ; qN+1, tN+1} and {p0, t0; p1, t1; · · · ; pN , tN ; pN+1, tN+1} as

curves q(t) and p(t) sampled at each of the tl’s with the endpoints of q(t) anchored at the

initial and final positions:

q(ti) = qi and q(tf ) = qf . (7.5.13)

The sum in the exponent of (7.5.12) becomes an integral involving these curves as N → ∞,

with ∆t→ dt and ql − ql−1 → q̇(t) dt in this limit, leading to the main result

⟨qf , tf |qi, ti⟩ =
∫ qf

qi

Dq(t)
∫

Dp(t) exp

{
i

∫ tf

ti

dt
[
p(t) q̇(t)−H[q(t), p(t)]

]}
. (7.5.14)

The notation
∫
Dq(t) and

∫
Dp(t) denotes functional integration, meaning an integration

over all possible different choices for the different paths q(t) and p(t). All curves q(t) and

p(t) are included in this integral – not just q(t) and p(t) satisfying the classical equations of

motion – and each curve contributes a phase to the overall amplitude given by the integrand
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of (7.5.14). The limits on the Dq(t) integration in (7.5.14) mean that only curves satisfying

(7.5.13) are to be summed over, while the absence of limits on the
∫
Dp(t) integral means

this includes an integration over the initial and final values for p(ti) and p(tf ).

Comparing with expressions like (7.1.5) shows that the phase weighting each path is

controlled by the action. Replacing the factors of ℏ on dimensional grounds then shows that

each path contributes the amplitude

eiS[q(t),p(t)]/ℏ . (7.5.15)

The total amplitude is then obtained by interfering all of these amplitudes together by sum-

ming the contribution over all possible paths. This is a very profound reframing of what

quantum evolution really is.

In particular it provides insight into why the classical path, obtained by finding the

stationary point of the action, is important. In classical systems the value of the action

is much much larger than the value of ℏ and so the phase of the amplitude eiS/ℏ changes

very rapidly as one varies through different paths. This generically leads to destructive

interference, with the contributions of neighbouring paths cancelling one another out. But

the same is not true for paths near a stationary point of the action, however, since for these

paths the amplitudes interfere constructively because the action (by assumption) does not

change by much.

It is this constructive interference of neighbouring paths that ensures that classical paths

dominate within quantum amplitudes, at least in the classical limit where S ≫ ℏ.

8 Chaotic Evolution
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8.1.1 Action-Angle variables
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8.1.2 Liouville’s Theorem
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8.2 Dynamical Systems*
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8.2.1 Phase Portraits
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8.3.1 Adiabatic Invariants
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9 Continuum Mechanics

This section picks up where §5.3 left off: a description of the macroscopic motion whose

roots lie in the motion of more microscopic constituents. From this point of view it is a

continuation of the theme of providing ever-finer detail about the motion of macroscopic

bodies that started with centre-of-mass motion, proceeded through rigid-body motion to the

pattern of small oscillations of atoms near their equilibrium positions.

This section extends the earlier treatment by making it more systematic. This also

allows a discussion that goes beyond the simplest systems to include shear and other types of

macroscopic manifestations of interatomic restoring forces. It also sets up the generalization

– given in §9.3 – of Newton’s laws to describe the macroscopic motion of fluids: systems for

which the constituent atoms do not have unique equilibrium positions relative to one another.

Together these two topics (elasticity and fluid mechanics) form the core of the applications

of Newton’s Laws to the more detailed behaviour of macroscopic collections of atoms in the
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regime where spatial resolution is insufficient to resolve the atoms and so justifies the system’s

approximate treatment as a continuous medium.

For a continuous system we imagine that there is a smallest volume, dV , that we can

resolve. This volume is on one hand assumed to be much smaller than is the physical system

of interest and on the other hand is also assumed to be much larger than the typical spacing

between the underlying constituent atoms. Rather than applying Newton’s laws atom by

atom we instead ask how they apply to such a minimal volume element. To this end this

section describes how applied forces are represented within the continuum limit.

When doing so it is worth keeping in mind that the underlying atomic picture tells us

that extensive properties like total mass or total particle number of the volume element will

be explicitly proportional to its volume dV = d3x = dx dy dz, so

dm = ρdV and dN = n dV , (9.0.1)

where coefficients like ρ(r, t) = dm/dV or n(r, t) = dN/dV depend on the local properties of

the underlying atoms but not on the size of the volume element itself.

9.1 Stress

The goal is to implement Newton’s laws by identifying the momentum of the volume element

and equating its time rate of change to the net force acting on the volume element. Our

guideline when doing so is to have the macroscopic expressions parallel the properties found

back in §1.3 when discussing the implications of Newton’s laws for macroscopic objects atom

by atom. This comparison to the atomic point of view suggests there are two types of forces to

keep track of: body forces like the force of gravity or electromagnetism that act at a distance,

and the inter-atomic forces that, when short-ranged, cause adjacent volume elements to act

on one another.

9.1.1 Long-range body forces

The force of gravity acting on each volume element is simple to write:

dFg = g dm = ρg dV , (9.1.1)

where the mass density ρ(r, t) is evaluated at the position of the volume element of interest

and g(r, t) can be imagined to differ for different volume elements. The gravitational force

acting on a larger region R is then found simply by adding the contribution from each of its

volume elements

Fg(R) =

∫
R
dFg =

∫
R
ρg dV . (9.1.2)

It is often useful to rewrite the gravitational body force in terms of the gravitational potential

Φg, in terms of which g(r, t) = −∇Φg(r, t).
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Electrostatic forces can be written in a similar way. If dq = qdV is the electric charge of

the volume element, with q(r, t) = dq/dV the electric charge density, then the electric force

on the element due to an applied electric field E is

dFE = dqE = qE dV (9.1.3)

and so the electric force on a region R containing many such volume elements is

FE(R) =

∫
R
dFE =

∫
R
qE dV =

∫
R
γρEdV , (9.1.4)

where the last equality introduces the local charge-to-mass ratio: γ(r, t) = q(r, t)/ρ(r, t).

9.1.2 Short-range interatomic forces

Writing down the macroscopic version of forces acting between different volume elements is

slightly trickier. This can be done relatively simply, however, when these forces act only over

atomic distances, which are by assumption much smaller than the size of the volume elements

of interest.

As always, the net force on the volume element is found by summing over the forces

acting on all of the atoms within the volume element. But we also know that Newton’s third

law ensures that the forces between pairs of atoms that are both interior to the same volume

element cancel out when this is done, along the lines found when deriving (1.3.2) from (1.3.1).

So the only forces that matter for any one volume element must be applied by atoms that

are not in the volume element in question. But if these forces are all very short ranged then

these atoms must be very close by and the force that they apply can be regarded as being

applied to the surface of the volume element.

Importantly, the same must also be true for the forces applied to larger regions built from

many smaller volume elements. If R consists of the union of a number of volume elements

then the net force acting on R due to short-range interatomic forces must be expressible in

two separate ways:

1. It must be given as a sum over the forces applied to each of its constituent volume

elements.

2. The result must also be expressable as a sum of forces only applied to its boundary

surface ∂R regardless of the shape of R.

Now comes the main point: suppose the components, dF i, of the interatomic forces acting

on any particular volume element are given by

dF i = F idV . (9.1.5)
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Then the above two conditions can only be consistent if F i is the derivative of some quantity:

F i =
∂τ ij

∂xj
= ∂jτ

ij , (9.1.6)

because when this is so then the components of the net force acting on a larger region R
becomes

F i(R) =

∫
R

∂τ ij

∂xj
dV =

∮
∂R

nj τ
ij dS . (9.1.7)

Here the second equality evaluates the volume integral using Gauss’ theorem to rewrite the

integral over a total derivative as the integral over the boundary of R. Here dS is a surface

area element and n is the outward-pointing unit normal at the surface element dS.

Figure 28. Sketch of the force dF applied to a small surface element of a region R, together with

the surface element’s outward-pointing unit normal n. The force components and the components of

n are related by dF i = nj τ
ij where τ ij is the local stress tensor.

The quantity τ ij is called the stress tensor. The final equality of (9.1.7) shows that it

gives the direction of the force acting on any surface element relative to the surface’s normal.

Diagonal elements like τxx, τyy and τ zz describe forces that are normal to the surface in

question (as would be the force due to a pressure within the material) while off-diagonal

components like τxy, τxz, τyz and so on describe forces that act tangent to the surface.

The torque, r × dF due to the net force on any surface element has components dti =

ϵijkx
jdF k and so is sensitive to the antisymmetric product xjdF k−xkdF j . Using (9.1.7) this

can be written [
xi∂kτ

jk − xj∂kτ
ik
]
dV =

[
∂k

(
xiτ jk − xjτ ik

)
− τ ji + τ ij

]
dV . (9.1.8)

Integrating over a region R within a medium then gives∫
R

[
xi∂kτ

jk − xj∂kτ
ik
]
dV =

∮
∂R

dS nk

(
xiτ jk − xjτ ik

)
+

∫
R
dV
(
τ ij − τ ji

)
. (9.1.9)

This should also be writable as a surface term because of the short range of the interatomic

forces and this shows that the stress tensor must be symmetric:

τ ij = τ ji . (9.1.10)
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Because of this the torque on any region R within the medium can be written

ti(R) = 1
2

∮
∂R

dS ϵijknl

(
xjτkl − xkτ jl

)
. (9.1.11)

In the simplest case where the strain tensor is spherically symmetric it must be propor-

tional to the identity matrix, since this is the only rotationally invariant symmetric tensor

(see §A.3.1). So in this case

τ ijsym = −p δij , (9.1.12)

for some quantity p. The force acting on a surface element is then in the direction of the

surface’s outward pointing unit normal,

dF i = τ ijsym nj dS = −p ni dS or dF = −pndS , (9.1.13)

showing that p = dF/dS is the magnitude of the inward-directed applied force per unit area

and so is naturally interpreted as the medium’s pressure.28

Given this characterization of how forces act on different volumes within a medium we

are now in a position to express the implications of Newton’s 2nd law for continuous media.

We first identify the momentum of each volume element dp = π dV and then equate its

temporal rate of change to the net applied force, as computed above, leading to

∂tπ
i = ∂kτ

ik + (FB)
i , (9.1.14)

where FB denotes the net body force applied.

Once this is done the momentum density π and the stress tensor must be expressed in

terms of the medium’s motion in order to get a differential equation that can be solved for this

motion. How this is done depends on whether or not the constituent atoms have equilibrium

positions – i.e. elastic media – or are free to move relative to one another – i.e. fluids – so

each of these is considered in turn in the next two sections.

9.2 Elastic Media

When atoms have fixed equilibrium positions relative to their neighbours then the dynamical

variable is the local displacement of the volume element from its equilibrium position. This

can be described within a continuous medium by a displacement vector u(r, t), with the

volume element’s new position r̃ and old position related by

r̃ = r+ u(r, t) . (9.2.1)

28Recall that τ ij captures the force acting on the surface of a region R coming from the surrounding media,

and so should be inward directed if this force arises because the medium has an ambient pressure (this is the

reason for the negative sign in the definition (9.1.12)).
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Our assumed inability to resolve distances smaller than the size of the volume element means

we can safely restrict attention to configurations for which all atoms within a single volume

element share the same displacement.

With this definition the goal now is to express both the momentum of a volume element

and the applied forces in terms of the dynamical variable u(r, t). Of these, the momentum is

easiest to do, since for a specific volume element the momentum is the sum of the momenta

of the individual atoms and so

dp = dm ∂tu = ρ ∂tudV and so π = ρ ∂tu . (9.2.2)

This implies the time rate-of-change of the momentum in a fixed region R whose position

and boundaries do not move is given by

∂tp(R) = ∂t

∫
R
dp =

∫
R
dV ∂t

(
ρ ∂tu

)
. (9.2.3)

The local expression of Newton’s second law for elastic materials is then obtained every-

where within the continuous medium by combining this with eq. (9.1.14) to write

∂t

(
ρ ∂tu

i
)
= ∂kτ

ik + (FB)i , (9.2.4)

where FB denotes the net body force. In order to use this expression we need to determine

how τ ik depends on the displacement u.

9.2.1 The Strain Tensor

For elastic materials it is displacement away from the equilibrium position that produces the

forces that push the atoms back to where they belong. This means that it should be possible

to express the stress tensor τ ij in terms of the displacement u (at least for small u). To

the extent that the strength of interatomic forces is a function of atomic separations this

dependence should enter at a macroscopic level through the dependence of the forces on the

physical distances between volume elements.

Consider, then, two volume elements initially separated by a given coordinate distance

dr = dx ex + dy ey + dz ez. The physical distance between these two volume elements then

is ds =
√
dr · dr. After these volume elements are displaced by the displacement field u(r, t)

the distance between them instead becomes ds̃ =
√
dr̃ · dr̃ where the differential version of

(9.2.1) implies dr̃ = dr+ (dr · ∇)u. In component form this becomes dx̃i = dxi + dxj∂ju
i.

The distance therefore satisfies

ds̃2 = δij(dx
i + dxk∂ku

i)(dxj + dxl∂lu
j) = ds2 + 2σij dx

idxj , (9.2.5)

where the strain tensor σij is defined by

σij =
1
2

[
∂uj
∂xi

+
∂ui
∂xj

+
∂uk

∂xi
∂uk
∂xj

]
. (9.2.6)
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The strain tensor is by definition symmetric, σij = σji, since any antisymmetric contribution

would not contribute to (9.2.5). In practice our interest is only in situations for which atoms

are displaced through distances much smaller than the distances we can resolve, in which case

the components |∂iuj | are small and it suffices to use

σij ≃ 1
2

(
∂iuj + ∂jui

)
. (9.2.7)

Notice that the Jacobian of the transformation from xi to x̃i = xi+ui is J i
j = ∂x̃i/∂xj =

δij + ∂ju
i, and so the element of volume d3x = dV itself changes by

dV → dṼ = dV |detJ | ≃ dV
(
1 + ∂iu

i
)
= dV

(
1 +∇ · u

)
, (9.2.8)

where |detJ | denotes the absolute value of the determinant of the Jacobian. The approximate

equality evaluates this by applying the identity

detA = exp
[
tr
(
logA

)]
(9.2.9)

(which holds for any diagonalizable matrix A) and linearizing the result in the small compo-

nents ∂iu
j . Eq. (9.2.9) can be derived from the expressions detA =

∏
i λi and trA =

∑
i λi

where λi are the eigenvalues of A. Specializing (9.2.9) to A = A0 + δA and linearizing in δA

implies detA = detA0 + δ(detA) where

δ(detA) = δ[tr(logA)] detA0 = [tr(A−1
0 δA)] detA0 , (9.2.10)

and the linearization in eq. (9.2.8) uses the special case A0 = I and tr(δA) = ∇ · u.
The physical significance of (9.2.8) is that the divergence of u expresses the fractional

change of volume that is induced by the displacement field u:

dṼ − dV

dV
= ∇ · u . (9.2.11)

Notice that this means the fractional change of volume induced by the displacement u is given

(for small ∂iu
j) by the trace of the strain tensor (9.2.7), because

trσ = δijσij ≃ ∂iu
i = ∇ · u . (9.2.12)

In what follows it can be convenient to separate the strain tensor (9.2.7) into an ‘expan-

sion’ part proportional to the unit matrix and a ‘shear’ part that is trace-free: σij = σshij +σ
ex
ij

with

σshij := 1
2

[
∂iuj + ∂jui − 2

3 (∇ · u) δij
]

and σexij := 1
3(∇ · u) δij . (9.2.13)
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9.2.2 Energy and local equilibrium

This section records the energy associated with the deformation of an elastic material, keeping

in mind when doing so that any unseen random motions of the underlying atoms also carry

energy.

The starting point is the work done by a small virtual change δu in the atomic displace-

ment. This is computed for each volume element by (as usual) taking the inner product of

δu with the applied force, so δW = δu · dF = δuiF i dV = δui (∂jτ
ij) dV . Summing this up

over a region R in the medium then gives

δW (R) =

∫
R
δui (∂jτ

ij) dV =

∮
∂R

δui τ
ij nj dS − 1

2

∫
R
τ ij (∂jδui + ∂iδuj) dV

=

∮
∂R

δui τ
ij nj dS −

∫
R
τ ij δσij dV , (9.2.14)

where the last equality on the first line integrates by parts, and uses the symmetry property

τ ij = τ ji to write the derivative of δu in a symmetric way. The final line uses the definition

(9.2.7) for the strain to identify how it varies when u varies.

The last term in (9.2.14) takes a more familiar form if specialized to a rotationally in-

variant medium for which τ ij = −p δij , where p is the medium’s ambient pressure (see the

discussion surrounding eq. (9.1.13)). In this case

−τ ijδσijdV = p δ (∇ · u) dV = p δ(dV ) , (9.2.15)

where the first equality uses (9.2.12) and the final equality uses (9.2.11). The last term

is a contribution to the work done by a system’s pressure when the volume is changed,

as is commonly encountered in elementary courses on thermodynamics. The connection to

thermodynamics is not accidental because from a macroscopic point of view it is impossible

to be sure that any applied energy goes entirely into coherently displacing atoms within a

volume element as opposed to giving them incoherent random motions relative to one another.

The energy associated with this kind of random microscopic motion can be handled

thermodynamically however if the deformation δu(r, t) takes place slowly enough to allow

the system to remain in local thermal equilibrium at all times. Here ‘local equilibrium’

means that any thermodynamic variables (like internal energy, particle number, pressure,

temperature etc) are related as described in introductory thermodynamics classes, but with

all of these variables (which are imagined to be functions of position and time) evaluated at

the same place.

For instance the ideal gas law says29 pV = NT (in fundamental units, for which Boltz-

mann’s constant is kB = 1), where p is the pressure, V is the system volume, N is the number

29An ideal gas is used here despite ideal gasses being more fluids than elastic media because the ideal gas

law is a particularly well-known equation of state. (See §9.3 for more about fluids.) The broader point made

here about local equilibrium applies equally well to equations of state more appropriate to elastic media.
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of gas particles and T is the temperature. An equivalent way to write this is p = nT where

n = N/V is the number density of particles, which is more useful for continuous media be-

cause n (unlike N and V ) can be regarded as varying in space and time (just like p and

T ). Local equilibrium means p(r, t) = n(r, t)T (r, t) locally holds for all positions and times.

The local value of any thermodynamic quantity can be regarded as being the approximately

constant value it takes across a small volume element dV .

It might seem puzzling to work with a local equation of state because in the usual story

of statistical mechanics thermodynamics emerges in the limit N,V → ∞ with N/V fixed, in

which case statistical fluctuations go to zero. How can infinite volume be consistent with a

picture where thermodynamic variables arise from the statistical mechanics of the contents of

very small volume elements? The key idea here is separation of scales: the continuum limit

assumes ℓ ≪ a: i.e. microscopic inter-atomic scales, ℓ, are much smaller than the small size,

a, of the volume elements resolved in a continuum description. It also assumes a itself is much

smaller than the sizes of objects being described in the continuum limit (like the wavelength,

λ, of a propagating wave).

Since particles and energy can both flow between adjacent volume elements as atoms

move, the appropriate statistical ensemble for each volume element is the grand canonical

ensemble (for which energy and particle number are not fixed). In this ensemble both the

energy dU = udV and the particle number dN = n dV in a volume element fluctuate between

different representatives of the statistical ensemble. But in a volume of size a3 fluctuations

like ∆n or ∆u are suppressed compared to their mean values n and u by powers of ℓ/a

(which is why they go to zero in the infinite-volume limit). For finite a these fluctuations are

nonzero but we assume ℓ is small enough relative to a that the fractional size of these thermal

fluctuations is negligible.

Local equilibrium in continuum mechanics further assumes that a/λ is small enough that

e.g. the change δu ∼ a ∂u in u between adjacent volume elements (that are separated by

a distance that is order a in size) is smaller than the thermal fluctuations in either of the

volume elements separately: δu < ∆u. It is because δu is smaller than ∆u that we can treat

u as being approximately constant within any given volume element while still imagining the

average u can drift over macroscopic distances. Both ∆u ≪ u and δu < ∆u can be satisfied

if ℓ is sufficiently small compared with a and a is sufficiently small compared to λ (i.e. if

derivatives like ∂u are not too big).

Returning to the main story, when local equilibrium applies the contribution of energy

transfer into random atomic motions is encorporated by including a change to the internal

energy, U =
∫
udV , due to a local transfer of heat. In equilibrium heat transfer can be written

as a contribution
∫
T δs dV where T (r, t) is the medium’s local temperature and δs(r, t) is

the local change to the medium’s entropy per unit volume S =
∫
sdV .

Combining both the work done by strain and the energy change due to heating, the
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change to the internal energy in a given volume element is δu = T δs− δW and so the change

in the total energy is

δU =

∫
δudV =

∫ (
Tδs+ τ ij δσij

)
dV (9.2.16)

where the integral is now over the entire volume of the medium and the surface term in the

work done – c.f. eq. (9.2.14) – is dropped because the displacement δu is taken to vanish at

the medium’s physical boundary.

Equating integrands shows that the internal energy has as its natural variables the entropy

and the system strain: u = u(s, σij), and(
∂u

∂s

)
σ

= T and

(
∂u

∂σij

)
s

= τ ij , (9.2.17)

where the subscripts emphasize what is being held fixed when the derivatives are taken. This

is the generalization of the usual statement u = u(s, V ) and du = Tds − p dV for more

elementary systems for which the only change in shape explored is a change to the overall

volume.

It is often more useful to have T as the independent variable rather than the entropy

density s and to this end we define the Helmholtz energy in the usual way: F = U − TS.
Writing F =

∫
f dV we find δf = −s δT + τ ij δσij and so(

∂f

∂T

)
σ

= −s and

(
∂f

∂σij

)
T

= τ ij . (9.2.18)

A Gibbs energy G = F −
∫
τ ijσijdV similarly provides a thermodynamic potential whose

natural variables are temperature T and stress τ ij , in which case G =
∫
g dV implies(

∂g

∂T

)
τ

= −s and

(
∂g

∂τ ij

)
T

= −σij . (9.2.19)

9.2.3 Constitutive Relations: Hooke’s law

With the definition of the strain tensor under our belts together with the above way to

characterize the energy associated with changes to strain we can return to the problem of

determining the expression for the stress in terms of the atomic displacements u. We do

so here by providing general expressions for the energy as a function of strain and then

differentiating to get the stress using (9.2.18).

For small strains the simplest procedure is to write the free energy F as a Taylor expansion

in powers of σij . The leading term arises at quadratic order because the configuration u = 0

has been assumed to be an equilibrium configuration for which the stress τ ij = δF/δσij

vanishes.30 This suggests the leading small-strain form for F =
∫
f dV has f written as a

quadratic function of σij :

f = f0 +
1
2 c

ijklσijσkl , (9.2.20)

30It can happen that the equilibrium position depends on temperature, in which case the free energy density

can contain a term linear in the strain, like α (trσ) where α vanishes for a specific temperature T = T0.
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for some medium-dependent coefficients cijkl that satisfy cijkl = cklij = cijlk = cjikl. For

rotationally invariant systems the coefficients cijkl must be built using only the Kronecker

delta and there are only two independent ways to do so consistent with the symmetries:

cijkl ∝ δijδkl and cijkl ∝ δikδjl + δjkδil. Their coefficients can be chosen such that

f = f0 +
1
2 λ(trσ)

2 + µσijσ
ij , (9.2.21)

where λ and µ are called the medium’s Lamé coefficients. The signs in this expression are

chosen so that nonzero strain increases the energy when λ and µ are positive.

A common alternative parameterization instead splits the strain into its shear and ex-

pansion parts – c.f. eq. (9.2.13) – and so replaces (9.2.21) with

f = f0 + µ
(
σij − 1

3 δij trσ
)2

+ 1
2κ(trσ)

2 , (9.2.22)

and so

κ = λ+ 2
3µ . (9.2.23)

In this way of parameterizing things κ is called the bulk modulus or the compression modulus

while µ is called the shear modulus. This second parameterization has the advantage that the

shear and expansion contributions to the strain are independent of one another and so the

condition that the equilibrium configuration u = 0 is stable is κ > 0 and µ > 0.

The stress induced by a given strain can now be found by differentiating (9.2.22) and

using the result in (9.2.18), leading to

τij =
∂f

∂σij
= 2µ

[
σij − 1

3 δij (trσ)
]
+ κ δij (trσ) = 2µσij + λ δij (trσ) . (9.2.24)

For suffiiciently small strains the stress is linear in the strain. This is the general formulation

of Hooke’s law for elastic media.

It is sometimes desirable to compute the strain that results when a given stress is applied

and this involves inverting (9.2.24) to solve for σij as a function of τij . The first step in this

direction takes the trace of (9.2.24) to learn

tr τ = 3κ trσ = 3κ(∇ · u) . (9.2.25)

Using this to eliminate trσ = ∇ · u from (9.2.24) leaves a result that can be solved for σij ,

leading to

σij =
1

2µ

[
τij − 1

3 δij (tr τ)
]
+

tr τ

9κ
δij . (9.2.26)

Worked example: Strain produced by a known stress

Consider an initially cubic elastic material with given bulk and shear moduli, κ and µ. Suppose the

stress within the material is constant and that the faces of the cube are parallel to the x, y and z
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axes. Suppose an external pressure, pext, is applied on both of the cube sides that are parallel to the

x-y plane, which applies a force purely perpendicular to the surface. What is the resulting strain and

shape the cube takes due to the applied pressure?

The external pressure applies an external force on the two sides to which it is applied that is

directed towards the interior of the cube. Keeping in mind that our conventions choose n to be an

outward pointing unit normal this means the stress at the surface of application is τzz = −pext.
Because the resulting force is normal to the surface we also know τzx = τzy = 0. Since the internal

stress is assumed to be constant these are also the expressions for τzz, τzx and τzy throughout the

interior of the cube. An identical argument for the other sides (for which no force is applied) implies

the other components of τ ij also vanish.

The only nonzero component of stress therefore is τzz = −pext. The fractional change in volume

of the cube is given by trσ = ∇ · u and because of (9.2.25) this is given by

∇ · u =
tr τ

3κ
=
τzz

3κ
= −pext

3κ
. (9.2.27)

This being negative shows that the cube’s volume is reduced (as might have been expected).

The total stress is given by (9.2.26) and so is

σij = 0 if i ̸= j , σxx = σyy = pex

(
1

6µ
− 1

9κ

)
, and σzz = −pex

(
1

3µ
+

1

9κ

)
. (9.2.28)

The vanishing of σij for i ̸= j implies

∂ux
∂y

+
∂uy
∂x

=
∂ux
∂z

+
∂uz
∂x

=
∂uz
∂y

+
∂uy
∂z

= 0 , (9.2.29)

while the diagonal elements of σij imply

∂uy
∂y

=
∂ux
∂x

= pex

(
1

6µ
− 1

9κ

)
and

∂uz
∂z

= −pex
(

1

3µ
+

1

9κ

)
. (9.2.30)

These last equations integrate to give

ux = xpex

(
1

6µ
− 1

9κ

)
+ fx(y, z) ,

uy = ypex

(
1

6µ
− 1

9κ

)
+ fy(x, z)

and uz = −zpex
(

1

3µ
+

1

9κ

)
+ fz(x, y) , (9.2.31)

for integration functions fx, fy and fz, each depending on the two indicated arguments. These

functions must satisfy (9.2.29), and are otherwise chosen to satisfy the boundary conditions. Setting

the centre of the cube at the orgin (x = y = z = 0) and demanding u = 0 there then fixes the

integration constants to all vanish.

For a cube whose initial sides were of length L the new lengths in the x and y and z directions

are

Lx = Ly = L

[
1 + pex

(
1

6µ
− 1

9κ

)]
and Lz = L

[
1− pex

(
1

3µ
+

1

9κ

)]
. (9.2.32)
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Notice the new volume is

LxLyLz = L3

[
1 + 2pex

(
1

6µ
− 1

9κ

)]2 [
1− pex

(
1

3µ
+

1

9κ

)]
≃ L3

(
1− pex

3κ

)
, (9.2.33)

in agreement with (9.2.27).

⋆ ⋆ ⋆

9.2.4 Elastic Waves

We are now in a position to write down what Newton’s 2nd law for the elastic medium in the

small-displacement Hooke’s Law regime implies for the displacement field u(r, t). To do so

we insert (9.2.24) into (9.2.4), leading to

∂t(ρ ∂tu) = µ∇2u+ (µ+ λ)∇(∇ · u) (9.2.34)

which uses

∂jσij =
1
2

(
∂i∂ju

j +∇2ui

)
= 1

2

[
∇(∇ · u) +∇2u

]
i

(9.2.35)

and

∂itrσ = ∂i∂ju
j =

[
∇(∇ · u)

]
i
. (9.2.36)

For simplicity consider the case where ρ is constant. In that case eq. (9.2.34) describes

waves moving through the medium, as can be seen by seeking solutions of the form

u(r, t) = u0 e
−iωt+ik·r . (9.2.37)

Substituting this into (9.2.34) implies(
ω2ρ− µk2

)
u0 − (µ+ λ)k(k · u0) = 0 . (9.2.38)

This has two types of solutions. There are two independent choices for u0 that are

perpendicular to k, and for these transverse sound waves (9.2.38) implies

ω2 = c2tk
2 with sound speed ct =

√
µ

ρ
. (9.2.39)

Alternatively we can choose u0 parallel to k in which case (9.2.38) implies the resulting

longitudinal sound wave satisfies

ω2 = c2l k
2 with sound speed cl =

√
2µ+ λ

ρ
. (9.2.40)

Three types of sound waves propagate through the elastic medium but the longitudinal and

transverse waves move through it with different sound speeds. More general solutions are

found by superposing these particular solutions.
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9.3 Fluids

As a final application of continuum methods consider next fluids: media for which the con-

stituent atoms do not have energetically preferred fixed positions relative to one another,

even in equilibrium. Everyday liquids and gasses like air or water provide familiar examples

of systems like this.

Although fluids could still be described using a displacement field u(r, t) it is in practice

not that useful to do so. One reason it is not useful is because the freedom for atoms to move

and the absence of a preference for atoms to maintain an equilibrium relative separation means

the displacement u(r, t) need not remain small over time. A related reason displacement is

less useful as a dynamical variable is because the internal energy is largely independent of the

relative positions of the atoms in the medium.

For fluids the internal energy instead is dominated by the kinetic energy of the atomic

motion as they move freely relative to the centre of mass. This makes the fluid velocity field

v(r, t) the more useful variable. In the continuum limit we continue to suppose our spatial

resolution only allows us to measure small regions (volume elements) of volume dV whose

linear size is much smaller than the scales of interest but also much larger than the spacings

between the constituent atoms.

9.3.1 Conserved quantities

Since atoms within fluids can move over significant distances it is no longer true that a given

volume element will contain a fixed number of atoms, so quantities like the number density

n(r, t) of atoms or their mass density ρ(r, t) are no longer likely to remain approximately

constant. But because the number of atoms is conserved the only way the number of atoms

within a region can change is if atoms physically move into or out of it through its boundary.

To see what this means in a continuum language consider a fixed region R with boundary

∂R that is wholly immersed within the fluid. The total number of atoms within this region,

N(R), is given by integrating the number density n(r, t) over the region. So if the physical

position and shape of R is not changing the rate of change of the number of atoms within R
is given by

∂tN(R) =

∫
R
∂tn dV . (9.3.1)

But this must equal the rate with which fluid particles move through the boundary of R.

This is characterized by the local particle flux j(r, t), defined so that the number of particles

per unit time passing through a small element of surface area dS is j · ndS where n is again

the outward pointing unit normal to the surface element in question.

The total rate with which particles enter the region R therefore is given by an integral

over its surface of the form

F = −
∮
∂R

j · ndS . (9.3.2)
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The overall negative sign appears because n is outward pointing and so j · n is positive when

the flux of particles is out of the region R rather than in. Since particles are neither created

or destroyed the rate of increase of the number contained in (9.3.1) must equal the rate with

which they enter through the boundaries, given in (9.3.2). That is,∫
R
∂tn dV +

∮
∂R

j · ndS = 0 . (9.3.3)

This can be made into a local statement by converting the surface integral into a volume

integral using Gauss’ theorem, leading to the equivalent statement∫
R

(
∂tn+∇ · j

)
dV = 0 . (9.3.4)

Since this must be true for any region R within the fluid the integrand itself must vanish,

leading to what is called the continuity equation:

∂tn+∇ · j = 0 , (9.3.5)

as the local expression of conservation of particle number. (Compare (9.3.5) with (6.1.35)

discussed earlier.)

More information is possible if we know why the particles move through the surface

bounding R since this tells us how j depends on other variables. In the simplest case atoms

move into and out of R because they are physically being carried along by the fluid flow. In

this case the flux of particles past any particular surface element dS is given by the product

of the fluid velocity and the number density of particles (per unit volume) of the fluid:

j = nv . (9.3.6)

When this is so (9.3.5) becomes

∂tn+∇ · (nv) = 0 . (9.3.7)

Another way to write (9.3.7) is

Dtn+ n∇ · v = 0 , (9.3.8)

where the convective time derivative is defined by

Dt = ∂t + v · ∇ . (9.3.9)

This derivative measures to total change with time seen by fluid elements that ride along with

the flow. For any local function f(r, t) the convective derivative Dtf = ∂tf + v · ∇f is the

sum of the explicit time variation of f and the change one sees due to motion with velocity

v due to any spatial gradients ∇f .
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With this interpretation for Dt expression (9.3.8) also has a simple interpretation. We

saw in (9.2.11) that ∇·u = (δ dV )/dV describes the fractional change in the volume of a local

volume element as it is locally displaced through a distance u(r, t). So ∇ ·v = ∂t[(δ dV )/dV ]

is the time rate of change of the differential volume change of a collection of atoms displaced

with a velocity v = ∂tu. Writing (9.3.8) as

Dtn

n
= −∇ · v (9.3.10)

then shows that the fractional rate of change of particle density along the flow is completely

due to the change of volume the particles occupy. That is to say: the total number of particles

does not change along the flow.

A similar story applies for the mass density, ρ = mn, of the fluid to the extent that the

average mass of each atom does not change in time. Here m is the mass of each atom if they

all have the same mass, or a suitable average of the masses if there is more than one type

of atom present. In this case the flux of mass across the boundary of a region is given by

mnv = ρv and so the local expression of conservation of mass becomes

∂tρ+∇ · (ρv) = 0 . (9.3.11)

The quantity ρv = mnv plays another role as well, since it can also be interpreted as

the local density of momentum (per unit volume). But momentum is another conserved thing

(in the absence of external forces) and so the same argument as given above implies that the

integral over R of its local rate of change, ∂t(ρv), must equal the total flux of momentum

that enters through the boundary ∂R. This flux can be found by an identical argument as

given above if applied separately for each component of momentum.

That is, the local density of the x component of momentum is ρ vx and so the local flux of

this component of momentum is ρ vx v. A similar result is true for the y and z components of

momentum and so flux appropriate to the momentum density ρ vi is given by the symmetric

tensor with components ρ vivj . The local expression of conservation of momentum – i.e. the

analogue of (9.3.11) for momentum – is given by

∂t(ρ vi) + ∂j(ρ vivj) = 0 (no applied forces) . (9.3.12)

Writing ∂j(ρ vivj) = vi ∂
j(ρ vj) + ρ vj ∂

jvi and ∂t(ρ vi) = ∂tρ vi + ρ ∂tvi together with

conservation of mass – i.e. eq. (9.3.11) – allows (9.3.12) to be written

ρ
[
∂tv + (v · ∇)v

]
= ρDtv = 0 (no applied forces) . (9.3.13)

This also has a simple physical interpretation since v is the density of momentum ρv divided

by the density of mass, and so is the local momentum per unit mass (as opposed to momentum

per unit volume). Eq. (9.3.13) then says that momentum per unit mass (or momentum per

atom) of a volume element is unchanged as one is carried along the flow.
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But momentum is famously not conserved in the presence of forces and so the expression

of Newton’s second law for fluids uses the net force applied to a fluid element on the right-hand

side of (9.3.13).

9.3.2 Navier Stokes Equations

To express Newton’s law we therefore replace the right-hand side of (9.3.13) with the net

force per unit volume applied to the fluid element. We consider two types of forces when

doing so. The first of these consists of long-range body forces applied to the volume element.

If the corresponding force per unit volume is denoted FB (with the ‘B’ standing for ‘body’

force), then FB should appear on the right-hand side of (9.3.13).

Concretely, for a gravitational field generated by a potential Φ the gravitational force

per unit volume is Fg = −ρ∇Φ (which reduces to Fg = ρg in the special case of a constant

gravitational field). For an electrostatic force one would instead have FE = qE where q(r, t)

is the medium’s net charge per unit volume and E(r, t) is the applied electric field.

The other type of force to be considered consists of the short-range contact forces that

act between neighbouring fluid elements. The short range of these forces implies these can

only act on the boundaries of the any particular region and as a result they can be written

as a total derivative of the local stress tensor, with components Fi = ∂jτij .

Adding these two types of applied forces on the right-hand side of (9.3.13) allows its

components to be written

ρ
[
∂tvi + (v · ∇)vi

]
= ρDtvi = (FB)i + ∂jτij . (9.3.14)

For this to be useful we require an expression for the stress tensor τ ij as a function of other

properties of the fluid, like its pressure or the components, vk, of its velocity. To this end it

is useful to decompose τij into a trace piece plus a traceless part

τij = −p δij +Θij (9.3.15)

where trΘ = δijΘij = 0. As we saw in the discussion around (9.1.13) the coefficient p hear

can be interpreted as the fluid’s pressure. The sign is chosen so that p is the externally applied

pressure (and so produces a force into the medium).

Θij contains the contribution of forces that arise because of the variation of the fluid

motion in space, so we seek its explicit dependence on the components of v. It is useful when

doing so to recall that our focus is on macroscopic properties of the fluid that vary only over

distances much longer than interatomic spacings, a limit for which spatial derivatives of v

can be regarded as being very small. The leading contribution to τij should involve the fewest

possible derivatives of v.

It is tempting to believe that this means the leading term involves no derivatives of v at

all (such as if the traceless symmetric tensor Θij were to be proportional to vivj− 1
3 v

2 δij . But
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any term like this would not be invariant under the replacement vi → vi + ci for a constant

vector c, and so is not invariant under the Galilean transformations discussed in §1.6.

Invariance under Galilean transformations requires the components vi to appear differ-

entiated at least once. The most general form involving only a single derivative is

Θij = η
[
∂ivj + ∂jvi − 2

3 δij(∇ · v)
]
+ ζ (∇ · v) δij , (9.3.16)

where the coefficients η and ζ are regarded as being properties characteristic of the fluid. η is

known as the coefficient of shear viscosity while ζ is the coefficient of bulk viscosity, and are

characteristic properties of the fluid.

Combining everything, using (9.3.15) and (9.3.16) in the equation of motion (9.3.14) gives

the expression of Newton’s 2nd law for fluids

ρ
[
∂tv + (v · ∇)v

]
= FB −∇p+ η∇2v +

(
ζ + 1

3η
)
∇(∇ · v) , (9.3.17)

which assumes η and ζ are spacetime independent (as is in practice often true to good approx-

imation). Eqs. (9.3.17) are called the Navier-Stokes equations. The Navier-Stokes equations

together with equation (9.3.11) expressing conservation of mass determine the evolution of ρ

and v in time for viscous fluids, assuming the quantities η, ζ and p are all known as functions

of ρ.

The required relations between η, ζ, p and ρ are normally dictated once a choice is made

for a thermodynamic equation of state for the fluid of interest. The key assumption is that

the fluid is locally in thermal equilibrium with a given thermodynamic free energy, whose

differentiation provides a relation between the pressure p and mass density ρ at each position.

There are several important special cases of the Navier-Stokes equations that have broad

applications.

� Ideal fluid: An ideal fluid is one for which the viscosity terms in (9.3.17) are negligible,

in which case they reduce to what are called Euler’s equations:

ρ
[
∂tv + (v · ∇)v

]
= FB −∇p (no viscosity) . (9.3.18)

As we see below, viscosity introduces dissipation and friction into the fluid flow and so

statements about energy conservation become much cleaner in the ideal-fluid limit. We

return in §9.3.5 below to a more precise statement of when viscosities can be neglected.

� Incompressible fluid: An incompressible fluid is one for which ρ is effectively constant,

as can sometimes be a reasonable approximation for liquids like water, for example. In

this case the expression of mass conservation (9.3.11) simplifies to the statement

∇ · v = 0 (incompressible flow) . (9.3.19)
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Using this in (9.3.17) then gives

∂tv + (v · ∇)v =
FB

ρ
−∇

(
p

ρ

)
+ ν∇2v (incompressible flow) , (9.3.20)

where ν := η/ρ is called the kinematic viscosity.

When the flow is incompressible and the body forces satisfy FB = −ρ∇Φ then taking

the curl of (9.3.20) and using the vector identity ∇×∇ = 0 allows it to be rewritten to

involve only v:

∂t(∇× v)−∇× [v × (∇× v)] = ν∇2(∇× v) (conservative incompressible flow) ,

(9.3.21)

where we use the vector identity

∇
(
1
2 v

2
)
= v × (∇× v) + (v · ∇)v . (9.3.22)

� Irrotational fluid: An irrotational fluid is defined as one for which the vorticity van-

ishes: i.e. ∇ × v = 0. When this is true the velocity can locally be written as the

gradient of a scalar, v = ∇ψ, for some velocity potential ψ. Whenever this is true it

follows that the fluid circulation about any closed path C within the fluid vanishes:∮
C
v · dl = 0 (irrotational) , (9.3.23)

where dl = t ds is proportional to the unit vector t tangent to the curve C, along which

the differential arc length is ds. If a fluid is both irrotational and incompressible then

(9.3.19) implies the velocity potential ψ satisfies Laplace’s equation

∇2ψ = 0 (irrotational and incompressible). (9.3.24)

The Navier-Stokes equations describe a rich variety of phenomena whose full exploration

goes well beyond the scope of these notes. The remainder of this section restricts itself to

exploring a few representative and simple examples.

9.3.3 Hydrostatics

The simplest situation is when the fluid is not moving so v = 0 everywhere. In this case the

continuity equation (9.3.11) and the Navier-Stokes equations reduce to

∂tρ = 0 and ∇p = FB . (9.3.25)

The first of these just says that conservation of mass implies the amount of mass per unit

volume cannot change if the fluid is not moving. The second of these says that the force that
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arises because of a gradient in pressure must balance any applied body forces if the fluid is

not to move. In particular the pressure must be constant if no body forces are present.

Suppose next that a body force is present of the form FB = −ρ∇Φ for some potential

Φ. This form assumes the force is conservative and that its strength is proportional to the

local mass density. This is true in particular for gravitational forces and it is also true for

fictitious centrifugal and coriolis forces in non-inertial frames (such as for frames that rotate

with the rotation of the Earth). It is even true for electrostatic forces if the fluid’s charge to

mass ratio q/ρ is independent of position (see e.g. eq. (9.1.4)). In any of these situations the

force-balance equation of (9.3.25) then becomes

1

ρ
∇p+∇Φ = 0 . (9.3.26)

More precise statements require knowledge of how p is related to ρ. For incompressible

fluids, whose density is a constant regardless of pressure, eq. (9.3.26) implies ∇(p+ ρΦ) = 0

and so

p+ ρΦ = constant . (9.3.27)

This states that all equipotential surfaces (along which Φ is constant) are also surfaces of

constant pressure. In the special case of a constant gravitational field Fg = ρg with g = −g ez
pointing in the z direction then Φ = Φ0 + g(z − z0) and so

p(z) = p0 − ρ g(z − z0) . (9.3.28)

Surfaces of constant pressure (and in particular any surface of interface with another fluid like

air) must in this case be surfaces of constant z (that is to say: horizontal). And the pressure

of the incompressible fluid increases in a calculable way as a function of depth.

If the fluid is not incompressible (such as is the case, say, for air) then progress can still

be made if it is assumed to be in thermal equilibrium because this implies a relationship

between ρ and p. For instance for an ideal gas the ideal gas law states p = nT , where n is

the gas’s number density (in units for which Boltzmann’s constant is kB = 1). In this case

p/ρ = T/m and we use ρ = mn where m is the average atomic mass and so (9.3.26) implies

T (r, t) +mΦ(r, t) = constant (ideal gas) . (9.3.29)

For a constant gravitational field Φ = Φ0 + g(z − z0) this implies

T (z) = T0 −mg(z − z0) , (9.3.30)

showing how temperature falls with height for an equilibrium fluid in a constant gravitational

field.
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If the fluid is instead held at constant temperature then it is useful to think in terms of

the fluid’s Gibbs free energy per unit mass, g(T, p), whose natural variables are temperature

T and pressure p, with standard thermodynamics arguments implying

dg = −sdT + vdp , (9.3.31)

where s(r, t) here denotes the local entropy per unit mass, in terms of which the entropy

per unit volume discussed in previous sections is s = ρ s. The variable v(r, t) = 1/ρ is

the volume per unit mass of the fluid. For isothermal situations where dT = 0 this shows

dg = vdp = dp/ρ and so (9.3.26) implies

∇
(
g+Φ

)
= 0 (isothermal) . (9.3.32)

Equipotential surfaces along which Φ(r) is constant also must be surfaces of constant g(r).

Alternatively, if there is negligible heat exchange within the fluid then the fluid profile is

adiabatic instead of isothermal. In this case its entropy per unit mass does not change and

so its entropy per unit volume s = ρ s is conserved (must satisfy a continuity equation):

∂t(ρ s) +∇ · (ρ sv) = 0 . (9.3.33)

Together with the continuity equation for mass – eq. (9.3.11) – this implies

Dts = ∂ts+ v · ∇s = 0 . (9.3.34)

For static fluids this implies in particular ∂ts = 0.

For the present purposes what is important is that being at constant entropy again allows

the combination ∇p/ρ to be written as a gradient. This is because the fluid’s specific enthalpy

density, w(r, t) = w[s(r, t), v(r, t)], has as its natural variables the entropy per unit mass, s,

and the pressure: dw = Tds + v dp with the volume per unit mass given by v = 1/ρ. It

follows that

(∇w)ad =
1

ρ
∇p (9.3.35)

and this allows (9.3.26) to be written

∇
(
w+Φ

)
= 0 (adiabatic) . (9.3.36)

In all of these cases the conditions of hydrostatic equilibrium together with thermal

equilibrium allow the response of fluid properties to applied body forces to be computed

explicitly. In the case of a gravitational force different types of equilibrium give different

types of density profiles for different fluids, but all three examples – e.g. eqs. (9.3.29), (9.3.32)

and (9.3.36) – agree on at least one thing: all thermodynamic quantities are constant along

equipotential surfaces. For a potential like Φ(z) = gz the pressure, temperature and density

are all functions of z only. If one were to have a thermodynamic variable like temperature

vary at fixed z in a gravitational field then the fluid configuration cannot be static. As applied

to the atmosphere this is part of the reason for the existence of the phenomenon of wind.
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Archimede’s principle

The Navier-Stokes equations contain in particular many older observations about the prop-

erties of fluids. One such is Archimede’s principle that provides a criterion for whether an

object of mass M and volume V will float or sink when immersed within a fluid subject to a

gravitational field. The principle states that the object floats (sinks) if its mass is less than

(heavier than) the mass of the fluid that it displaces.

To see why this follows from (9.3.25) consider the balance of forces on the immersed

object. The net force applied to the immersed object is the force of gravity and the sum of

the fluid pressure applied to its surface:

Fnet =M g −
∮
∂R

n p dS , (9.3.37)

where n is (as usual) the unit outward-pointing normal vector and the integral is over ∂R
(the boundary of the immersed object). The integral over the pressure is not zero because

hydrostatic equilibrium implies the pressure of the fluid is higher at depth because its gradient

must balance the force of gravity on the fluid.

Archimede’s principle follows if one imagines removing the immersed object and replacing

it with the fluid, in which case for constant gravitational field (9.3.25) implies

∇p = FB = ρg . (9.3.38)

Integrating the left-hand side of this over the volume R the immersed object would have

occupied then gives ∫
R
∇p dV =

∮
∂R

pndS (9.3.39)

on use of Gauss’ theorem. Integrating the right-hand side of (9.3.38) instead gives Mfl(R)g

where Mfl(R) is the integral of the fluid density over the region R and so is the mass of fluid

that the immersed body displaces.

So integrating (9.3.38) over R implies∮
∂R

pndS =Mfl(R)g . (9.3.40)

Comparing this to (9.3.37) then shows that the net force on the immersed object can be

written

Fnet =
[
M −Mfl(R)

]
g , (9.3.41)

and so the force is directed up if M < Mfl(R) and is directed down if M > Mfl(R), which is

pricely what Archimede’s principle would say. The object neither rises or sinks ifM =Mfl(R).
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Self-gravitating systems

A variant of the above discussion is the case where the gravitational field is sourced by the

fluid itself (rather than being a given field that is applied from the outside). The gravitational

potential is determined by solving Poisson’s equation

∇2Φ = 4πρ (9.3.42)

where ρ is the mass density responsible for the field. For self-gravitating fluids the gravita-

tional field experienced is sourced by the fluid itself.

In such situations one solves for ρ, p and Φ together, using the equation of state p(ρ),

the fluid equation (9.3.26) and Poisson’s equation (9.3.42). The gravitational field can be

eliminated from these by taking the divergence of (9.3.26) and using (9.3.42) in the result,

leading to the following condition for mechanical equilibirum:

∇ ·
(
1

ρ
∇p
)

= −∇2Φ = −4πρ . (9.3.43)

For instance, for a spherically symmetric source it is useful to use spherical polar coordi-

nates and choose ρ = ρ(r) and p = p(r). In this case (9.3.43) becomes

1

r2
d

dr

[
r2

ρ

(
dp

dr

)]
= −4πρ . (9.3.44)

The above derivation shows that this equation follows purely by requiring mechanical equi-

librium and so does not depend at all on whether or not the fluid is in thermal or chemical

equilibrium.

Equilibrium can enter by providing an equation of state p(ρ), after which (9.3.44) becomes

an ordinary differential equation that can be solved for ρ(r). Once this is done both p(r) and

Φ(r) can then be determined using the equation of state and (9.3.42).

For spherically symmetric solutions the first derivative of ρ (or any other scalar) must

vanish at the origin: ρ′(0) = 0. This means the solution found by integrating (9.3.44) is

completely determined by the value ρ0 chosen for ρ(0). For the equations of state of physical

interest ρ(r) found by integrating (9.3.44) decreases monotonically with r, until eventually

ρ → 0 as r → R. This is interpreted as the exterior of the self-gravitating object. The mass

of the object is then found by integrating the solution M = 4π
∫ R
0 dr r2ρ(r).

This procedure predicts that for a given equation of state both M and R are determined

by the single parameter ρ0. This implies there must be a relationship M = M(R) relating

mass and radius for self-gravitating objects built from materials sharing the same equation

of state. This is indeed borne out by observations of stars, for which e.g. Hydrogen burning

‘main-sequence’ stars fall along a line when plotted in the M -R plane, while e.g. ‘red-giant’

stars (that burn different nuclear fuels and so do not share the same equation of state) fall

along a different line.
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9.3.4 Steady Flow

Consider next situations where v is nonzero but time-independent. In this case the Navier-

Stokes equation (9.3.17) becomes

ρ (v · ∇)v = FB −∇p+ η∇2v +
(
ζ + 1

3η
)
∇(∇ · v) , (9.3.45)

For static flows the velocity field v(r) is tangent to the trajectories r(t) of fluid particles,

dr

dt
∝ v or, equivalently

dx

vx
=

dy

vy
=

dz

vz
. (9.3.46)

Solutions r(t) to (9.3.46) for given v(r, t) are called streamlines of the fluid flow. For time-

dependent v(r, t) the streamlines to which the condition (9.3.46) leads need not be the same

as the trajectories of individual fluid particles. From this point of view streamlines provide a

running snapshot of all particle trajectories at a given time, but any given particle need not

remain on its initial streamline if v(r, t) depends on t.

Bernoulli’s equation

It turns out that (9.3.45) in some circumstances implies a simple statement for how velocities

vary along streamlines. To find out what this is we take its dot product with the streamline

direction (the unit vector v̂ in the direction of v). When doing so it is useful to specialize

to body forces of the form FB = −ρ∇Φ as well as use the general vector identity (9.3.22).

Using these in (9.3.45) leads to

1
2∇(v2)− v × (∇× v) = −1

ρ
∇p−∇Φ+

η

ρ
∇2v +

(
ζ

ρ
+

η

3ρ

)
∇(∇ · v) . (9.3.47)

Next take the dot product of v̂ with (9.3.47), keeping in mind that v × (∇ × v) is

perpendicular to v̂. One then finds

v̂ · ∇
(
1
2v

2 +Φ
)
+

1

ρ
v̂ · ∇p = v̂ ·

[
η

ρ
∇2v +

(
ζ

ρ
+

η

3ρ

)
∇(∇ · v)

]
. (9.3.48)

This is an equation with which one could get emotionally involved if the left-hand side could be

written as the gradient of something, ∇W . In this case v̂ ·∇W is just the rate of change ofW

along a streamline. W would in particular be a constant along the streamline if the viscosities

on the right-hand side of (9.3.48) could be neglected. As mentioned earlier, neglect of the

viscosities in the Navier-Stokes equation is called the ideal fluid limit – c.f. the discussion

around eq. (9.3.18) – and it can be a good approximation in many real systems.

A simple case where the left-hand side of (9.3.48) is a gradient is when the flow is incom-

pressible (such as is water in many applications). In this case ρ is constant and the left-hand

side is

v̂ · ∇
(

1
2v

2 +
p

ρ
+Φ

)
(9.3.49)
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and so 1
2v

2+(p/ρ)+Φ is conserved along a streamline if the fluid also has negligible viscosities.

Another case where the left-hand side of (9.3.48) is a gradient is when the flow is adiabatic

so ∇p/ρ = ∇w where w is the Gibbs energy per unit mass – c.f. eq. (9.3.35). In this case the

left-hand side of (9.3.48) becomes

v̂ · ∇
(
1
2v

2 + w +Φ
)
, (9.3.50)

and so 1
2v

2 + w +Φ is conserved along streamlines if the viscosities can be neglected.

Conservation of the quantities appearing in (9.3.48) or (9.3.50) along a streamline is called

Bernoulli’s equation, and they each have the spirit of an energy conservation condition along

a streamline. From that perspective the fact that viscosity obstructs this kind of conservation

speaks to its interpretation as source of energy dissipation within the fluid.

Cyclones

As a variation on the current theme of steady flows we next consider the implications of

the Navier-Stokes equations for long-range flows within the atmosphere. There are several

peculiar things about the atmosphere when it is regarded as a fluid. First, the atmosphere

is not that thick compared to its physical extent along the Earth’s suface. This means that

short-scale phenomena of size less than a few km are described by fluid that is free to move

(under the influence of gravity) in all three spatial dimensions. The same is not true for

phenomena on much larger scales because for these the motion is effectively only in the two

dimensions parallel to the Earth.

It is also true that the surface of the Earth is not an inertial frame and so besides gravity

the quantity Φ governing the properties of the body forces also includes the effects of the

fictional centrifugal and coriolis forces. We explore one of the consequence of these fictitious

forces in this section: their role in the formation of cyclones in the atmosphere.

The starting point is eq. (3.3.4) that expresses the acceleration experienced by a fluid

particle as seen by a reference frame at the Earth’s centre that rotates with the Earth. The

upshot is to replace the local acceleration due to gravity, g, with

g −Ω×
(
Ω× r

)
− 2Ω× ∂r

∂t
. (9.3.51)

For applications to the Earth’s atmosphere we can take the magnitude |r| of all fluid positions

to be approximately the Earth’s radius R⊕, while the angular coordinates keep track of the

latitude and longitude of the fluid elements we consider. The velocity appearing in (9.3.51)

can similarly be replaced by the fluid velocity v in the rotating frame.

From this point of view the effect of the Earth’s rotation on fluid motion is to replace

the gravitational body force FB = ρg appearing in (9.3.17) with

FB = ρ
(
geff − 2Ω× v

)
, (9.3.52)
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where

geff(θ, ϕ) = g −Ω× (Ω× r) = (−g +Ω2R⊕ sin2 θ) er +Ω2R⊕ sin θ cos θ eθ , (9.3.53)

and Ω(θ, ϕ) = Ω ez, where Ω = 7.292 × 10−5/s. (See (3.3.5) for the various sizes of the

different terms.)

The equation governing steady atmospheric flow of an ideal fluid (no viscosity) in a

reference frame rotating with the Earth is found by using (9.3.52) in (9.3.45) to get

ρ (v · ∇)v = ρ
(
geff − 2Ω× v

)
−∇p , (9.3.54)

We seek a steady flow solution of these equations that describes a cyclone: a circular pattern

of flow around a region of low or high pressure whose radius is much smaller than the Earth’s

radius but possibly much wider than the height of the atmosphere.

To this end suppose we denote by x and y the east-west and north-south directions near

a particular latitude and longitude (θ, ϕ) on the Earth’s surface, with x = y = 0 being a

local maximum or minimum of pressure. Define polar coordinates on the surface of the Earth

around this point, with x = ϱ cosϑ and y = ϱ sinϑ, and define the unit vectors ex and ey

pointing along these two directions. Because these are both parallel to the Earth’s surface

they can be expressed in terms of the spherical polar coordinates, (r, θ, ϕ), used in §3.3, whose

origin is at the Earth’s centre and whose z axis points towards the North Pole. In particular

ex = eϕ points in the direction of increasing longitude while ey = −eθ points in the direction

of increasing (decreasing) latitude in the northern (southern) hemisphere.

In these coordinates we imagine there to be an atmospheric pressure gradient, p = p(ϱ),

that is just a function of the radial coordinate ϱ. The derivative p′ = dp/dρ is positive for a

low-pressure region and p′ is negative for a high-pressure region.

To find a solution with the fluid velocity moving in a circle around the centre of high or

low pressure we take

v = v(ϱ) eϑ = −v(ϱ) sinϑ ex + v(ϱ) cosϑ ey . (9.3.55)

This and the choice p = p(ϱ) implies in particular that ∇p ∝ eϱ is perpendicular to v ∝ eϑ

and so the winds move along lines of constant pressure. This is by contrast with the situa-

tion without the coriolis force, for which forces generated by the pressure gradient produce

motion in the direction of −∇p, and so is perpendicular to the lines of constant pressure.

Wind initially rushing radially in to a low-pressure region gets deflected to the side by the

coriolis force, with the cyclone configuration (9.3.55) corresponding to a steady flow where

the pressure gradient and coriolis forces are parallel, but acting in the opposite directions.

The choice (9.3.55) implies v > 0 gives flow towards increasing ϑ and so represents a

counter-clockwise cyclone (seen from above) while v < 0 similarly implies clockwise flow (seen

– 216 –



from above). Using the expression for the gradient in polar coordinates ∇ = eϱ ∂ϱ+(eϑ/ϱ) ∂ϑ

together with (9.3.55) implies

(v · ∇)v =
v

ϱ

(
∂v

∂ϑ

)
= −v

2

ϱ

(
cosϑ ex + sinϑ ey

)
= −v

2

ϱ
eϱ . (9.3.56)

Unsurprisingly, with the choices made above the acceleration Dtv = ∂tv+ (v · ∇)v gives the

centripetal acceleration required for circular motion.

We may neglect the component of geff that is tangent to the Earth’s surface31 and seek

the components of the pressure and coriolis forces tangent to the Earth’s surface,

∇p = dp

dϱ
eϱ = p′(ϱ) eϱ , (9.3.57)

and the horizontal component of the coriolis force becomes

−2(Ω× v)hor = −2vΩ(ez × eϑ)hor = 2vΩ
[
(ez × eϕ)hor sinϑ+ (ez × eθ)hor cosϑ

]
= 2vΩcos θ0(ex cosϑ+ ey sinϑ) = 2vΩcos θ eϱ , (9.3.58)

where the cross products in these expressions are evaluated using (3.3.15) together with the

identifications ex = eϕ and ey = −eθ.

Combining everything, each term in eq. (9.3.54) points in the eϱ direction, leading to the

single equation relating v to p′/ρ

v2

ϱ
=
p′

ρ
− 2vΩcos θ0 , (9.3.59)

This expression must hold for all ϱ ≥ 0 and this is what determines the radial wind profile

within the cyclone, given a known pressure profile. At the centre the pressure distribution

can only remain smooth if p′ → 0 as ϱ → 0, and so (9.3.59) implies that v also vanishes at

the centre. This is true no matter how large v is for large ϱ, and is the origin of the ‘eye’ of

a hurricane.

Far from the centre of the cyclone we can take ϱ large and so drop the left-hand side of

(9.3.59), implying
p′

ρ
≃ 2vΩcos θ0 (far from cyclone’s centre). (9.3.60)

It is clear that for this to work the sign of v must be correlated with the sign of p′, with the

correlation differing in the northern and southern hemispheres (since cos θ0 > 0 in the north

and cos θ0 < 0 in the south). In the northern hemisphere counter-clockwise motion (v > 0)

goes with a low-pressure region (p′ > 0) and clockwise motion (v < 0) similarly goes with a

high-pressure region (p′ < 0). The correlation is opposite in the southern hemisphere.

31The discussion in §3.3.1 shows that tangential component of the centrifugal force points south in the

northern hemisphere and north in the southern hemisphere and vanishes at the equator and at the north and

south pole, so its neglect is a good approximation at the near-equatorial latitudes relevant for most cyclones.
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For general ϱ solving (9.3.59) for v gives

v = −Ωcos θ0 ϱ±

√
Ω2 cos2 θ0ϱ2 +

ϱ p′

ρ
(9.3.61)

where the sign of the root is to be chosen to ensure v → 0 when p′ → 0 (and so depends on

the sign of Ω cos θ0). For low-pressure regions the square root is always real because p′ > 0

and so in principle the larger the pressure gradient the larger the wind speed. This is why

hurricanes form around low-pressure regions. For high-pressure regions by contrast we have

p′ < 0 and so increasing |p′| eventually leads to the square root becoming imaginary, in which

case no real solution exists for v. This is why hurricanes do not form around high-pressure

regions.

High and low pressure zones differ because circular flow requires the centripetal accel-

eration to be directed inward and the size of the required acceleration grows like the square

of v. For low-pressure regions the pressure gradient points inward while the coriolis force

points outward, so higher pressure gradients can drive the required centripetal acceleration.

For high-pressure regions the pressure gradient points outward and the coriolis force points

inward, but the coriolis force only grows linearly with v and so cannot provide sufficient force

when the wind speed is too large.

9.3.5 Boundary conditions and viscosity

The Navier-Stokes equations (supplemented by the continuity equation and any thermody-

namic relations) play the role of Newton’s 2nd law and so provide the evolution equations

required to evolve any particular fluid configuration forward in time. But a well posed pre-

diction also requires boundary conditions to be specified, such as on surfaces when a fluid

comes into contact with other objects (like the edge of a container or the interface between

water and the atmosphere).

The boundary conditions we use turn out to depend in an important way on whether

or not the viscosity terms can be neglected. To see why, recall that viscosity introduces

dissipation and friction into the fluid’s motion, in the sense that viscous terms obstruct

Bernoulli’s equation expressing energy conservation along a fluid streamline. In this sense

ideal fluids can be thought of as being ‘friction free’, and the boundary condition usually

imposed at a solid surface when using ideal fluids asks that the fluid velocity be tangent to

the surface: i.e.

vn = v · n = vcontainern on boundary (ideal fluid) , (9.3.62)

where n is a unit vector normal to the surface. This boundary condition forbids the fluid

from penetrating into the container that surrounds it, while slipping along it without friction.

For viscous fluids a different boundary condition is used: the fluid velocity is asked to

equal the velocity of the surrounding container, so that the relative velocity of fluid and
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container vanishes:

vn = v · n = vcontainern and vt = vcontainert on boundary (viscous fluid) , (9.3.63)

and so in particular both components should vanish if the container is not moving. Physically

this kind of boundary condition arises because of the attractive short-ranged inter-atomic

forces at play between the fluid molecules and those within the container. In particular this

constrains both the normal and tangential components of v at the container interface.

It might seem odd to have a different number of boundary conditions in these two cases,

but it nonetheless makes sense mathematically because v only appears with single spatial

derivatives in the ideal case, but is second-order in spatial derivatives in the viscous case (and

so needs more boundary conditions to fix all of the integration constants).

Historically there was considerable debate about which of these boundary conditions

should hold for real fluids, with the debate partly driven by the fact that measurements

showed that for some real fluids flow velocities actually did seem to satisfy (9.3.63), such as

at the walls for the flow of a fluid through a pipe. Yet sometimes the very same fluids seemed

to be well-described as ideal fluids that slide along their container walls, subject to (9.3.62).

What could be going on?

The answer turned out to be the existence of boundary layers. In real fluids (9.3.63)

applies but this can sometimes be masked because the fluid transitions from full flow to zero

flow only through a comparatively narrow boundary layer, with the fluid outside the boundary

layer behaving much like an ideal fluid. In such fluids viscosity only plays an important role

near the boundary. This section sketches how one tells when fluid viscosity can be neglected

and when it cannot.

We start with the Navier-Stokes equations for an incompressible flow, including viscos-

ity, since very viscous fluids are in practice often also incompressible. For these the mass

density is constant and so the continuity equation (9.3.11) becomes ∇ · v = 0. The Navier-

Stokes equations themselves become (in the absence of body forces) (9.3.20), repeated here

for convenience of reference:

∂tv + (v · ∇)v = −∇
(
p

ρ

)
+ ν∇2v , (9.3.64)

where ν := η/ρ is the kinematic viscosity.

The key observation is that the (v · ∇)v term scales differently than does the ∇2v term,

since the former is quadratic in v and linear in derivatives while the latter is linear in v

and quadratic in derivatives. These two terms involve only a single parameter ν, which has

dimensions of (length)2/(time).

In any particular application the solution v(r, t) acquires a dependence on the character-

istic scales of the problem through the boundary conditions. (Perhaps one computes the flow

pattern around an object of linear size L moving at a speed u relative to the fluid.) Keeping
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in mind that p/ρ has dimensions of velocity squared, every term in (9.3.68) has dimension

velocity/time, or equivalently (velocity)2/(length).

If one scales out the characteristic length scale L and speed u by defining dimensionless

variables v̂, r̂ and t̂ through the definitions

v = u v̂ , r = Lr̂ and t = Lt̂/u , (9.3.65)

then (9.3.68) becomes

u2

L

[
∂̂tv̂ + (v̂ · ∇̂)v̂ + ∇̂

(
p̂

ρ̂

)
− 1

R
∇̂2v̂

]
= 0 , (9.3.66)

and so any solution v̂(r̂, t̂) depends on ν only through the dimensionless combination called

the Reynold’s number,

R :=
uL

ν
. (9.3.67)

The importance of the viscosity term depends on the size of R for any particular appli-

cation. In particular, the viscosity term can be neglected relative to the convective (v · ∇)v

term in the limit of large Reynold’s number R≫ 1, leading to the perfect fluid limit:

∂tv + (v · ∇)v ≃ −∇
(
p

ρ

)
. (9.3.68)

In the opposite case of low Reynold’s number, R ≪ 1, it is the convective term that can be

dropped, leading to the approximate linear evolution equation

∂tv ≃ −∇
(
p

ρ

)
+ ν∇2v , (9.3.69)

The linearity of this system allows (9.3.69) to be explicitly solved in many interesting situa-

tions, despite viscosity playing an important role.

Inspection of (9.3.67) shows that small R occurs when speeds are small and distances

are short. But the boundary condition (9.3.63) makes this always true near a stationary

boundary since the boundary conditions set v → 0 there. This is why viscosity can dominate

the behaviour near boundaries even while being negligible further into the fluid’s bulk.

9.3.6 Time-dependent flows

This section closes with a discussion of time-dependent phenomena, most notably wave prop-

agation within fluids. Besides providing a simple illustration of time-dependent methods, a

discussion of waves helps underline the ubiquity of wave phenomena in continua and also to

highlight how transverse waves are harder to to support in fluids due to the absence of shear

stresses.
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Small-amplitude Waves

To study waves in a fluid consider an adiabatic ideal fluid, for which the equations of motion

are (9.3.11):

∂tρ+∇ · (ρ · v) = 0 (9.3.70)

and the Navier-Stokes equation in its form (9.3.18) in the absence of body forces:

ρ
[
∂tv + (v · ∇)v

]
= −∇p . (9.3.71)

We seek solutions to these equations by perturbing about a static solution. That is, we

write

ρ = ρ0 + ρ̂ , p = p0 + p̂ (9.3.72)

where ρ0 and p0 satisfy (9.3.70) and (9.3.71) with v = 0, which implies ρ0 and p0 are both

constants, related to one another by the fluid’s equation of state p = p(ρ). We wish to solve

for the quantities ρ̂(r, t) and p̂(r, t) and v(r, t) under the assumption that these are all very

small, so that (9.3.70) and (9.3.71) can be expanded in these variables, keeping only the linear

terms to first approximation.

In this case the linearized equations become

∂tρ̂+ ρ0∇ · v ≃ 0 (9.3.73)

and

ρ0 ∂tv ≃ −∇p̂ = −
(
dp

dρ

)
ad

∇ρ̂ = −c2s∇ρ̂ , (9.3.74)

where the last equality defines c2s = (dp/dρ)ad and the subscript ‘ad’ indicates that the

derivative dp/dρ is performed with the entropy density fixed. The velocity v can be eliminated

between these two equations by taking the time derivative of (9.3.73) and subtracting from

it the divergence of (9.3.74), leading to

∂2t ρ̂ = −ρ0∇ · ∂tv = c2s∇2ρ̂ . (9.3.75)

This shows that the pressure fluctuation ρ̂ satisfies the wave equation −∂2t ρ̂+ c2s∇2ρ̂ = 0

with wave propagation speed cs (compare with (5.3.16)). Eq. (9.3.73) then shows that the

compression mode ∇ · v of the velocity field also satisfies a similar equation with the same

propagation speed. Because ∇·v describes a local change in the volume of the fluid – c.f. the

discussion around (9.3.10) – the joint oscillations of ρ̂ and ∇ · v describe a compression wave

that passes through the fluid.

What about the transverse components of the fluid? The velocity field has three compo-

nents and ∇ ·v only tracks one combination of these. The other two can be chosen to satisfy

∇ · v = 0 and are called the transverse part of the fluid because if one seeks a wave solution

of the form v = v0 e
−iωt+ik·r then ∇ · v = 0 implies v0 · k = 0. This part of the velocity

– 221 –



field contributes to its curl, ∇ × v rather than its divergence, so its evolution can be found

by taking the curl of (9.3.74). This leads to

∂t(∇× v) = 0 , (9.3.76)

showing that the transverse components of the fluid velocity do not oscillate. They do not

do so because the absence of shear stress in a fluid means there is no restoring force for these

modes that can drive an oscillation.

10 Classical Fields

This section explores the situation where the dynamical variables of interest are fields ψa(r, t)

defined throughout space and time rather than a discrete collection of variables qA(t).

The most basic comparison between fields and dynamical variables in classical mechanics

suggests that for fields the role of the index ‘A’ is partially played by spatial position r, in

addition to the discrete index a that distinguishes multiple fields from one another. This

means that any instances where A is summed over must be replaced by a sum over a and an

integral over position.

10.1 Scalar fields

To see how this works in detail, consider a single scalar field ψ(r, t). The assumption that

ψ(r, t) is a scalar (as opposed to a vector or tensor) field just means that it returns a single

number for every position in space and time (much like a varying temperature field T (r, t)

might do). This is a simplifying assumption that is dropped once we look at other fields, like

electromagnetism, in later sections.

10.1.1 Lagrangian formulation

The Lagrangian L[ψ(r, t), ∂tψ(r, t)], for this field is defined so that its variation reproduces

the field equation satisfied by ψ(r, t). In practical examples this field equation is local in the

sense that it involves the field and its derivatives all evaluated at the same point, such as

∂2t ψ(r, t) = c2s∇2ψ(r, t)− V (ψ) , (10.1.1)

for example, where cs is a constant. The point is that ∂2t ψ and ∇2ψ are both evaluated at the

same positions and times and V (ψ) is an ordinary function of ψ(r, t) – such as V (ψ) = 1
2 m

2ψ2

or something more complicated – with its argument also evaluated at the same position and

time.

This kind of field equation arises if the Lagrangian comes as a local integral over space

of a function of the field and its derivatives all evaluated at the same spacetime point:

L[ψ, ψ̇] :=

∫
d3x L(ψ, ∂tψ,∇ψ, · · · ) , (10.1.2)

– 222 –



where d3x is just a shorthand for the spatial volume measure dx dy dz. Requiring L to be

a ‘sum’ over position in this way is similar to the way that the Lagrangian for independent

physical systems {qa} and {Qα} is obtained by adding the Lagrangian for the subsystems:32

L(q,Q, q̇, Q̇) = L(q, q̇) + L(Q, Q̇).

The integrand L is called the system’s Lagrangian density. For slowly varying fields it

suffices to restrict to functions L that depend only on undifferentiated and singly differentiated

fields while neglecting any dependence on multiple derivatives like ∂2t ψ or ∇4ψ.

The action obtained from such a Lagrangian is then given by the spacetime integral of

the Lagrangian density

S[ψ] =

∫
dt L =

∫
d4x L(ψ, ∂tψ,∇ψ) . (10.1.3)

This way of writing the action is particularly convenient in relativistic theories because in

this case the measure d4x = dt d3x = dt dx dy dz is Lorentz invariant and so the same must

also be true for L (unlike, say, L or H). This makes its form easier to guess than for the

Lagrangian or the Hamiltonian directly.

Given a Lagrangian density L we solve the variational problem as before: take the dif-

ference, δS[ψ] = S[ψ + δψ] − S[ψ] between two neighbouring configurations ψ and ψ + δψ

and demand that its linear term in δψ vanish for arbitrary δψ. For instance, varying (10.1.3)

gives

δS =

∫
d4x

[
∂L
∂ψ

δψ +
∂L

∂(∂tψ)
∂tδψ +

∂L
∂∇ψ

· ∇δψ
]

= δSs.t. +

∫
d4x

[
∂L
∂ψ

− ∂t

(
∂L

∂(∂tψ)

)
−∇ ·

(
∂L
∂∇ψ

)]
δψ (10.1.4)

where δSs.t. denotes the ‘surface terms’ obtained by integrating by parts in space and time:

δSs.t. =

∫
d4x

[
∂t

(
∂L

∂(∂tψ)
δψ

)
+∇ ·

(
∂L
∂∇ψ

δψ

)]
=

[∫
d3x

∂L
∂(∂tψ)

δψ

]tf
ti

+

∫
dt

∮
B
d2xn ·

(
∂L
∂∇ψ

δψ

)
. (10.1.5)

Here
∮
B
denotes a surface integration over the boundary of the spatial integration region for

which n is the outward-pointing normal vector, that arises when Gauss’ theorem is used to

evaluate the spatial integral over the total divergence.

If we vary over configurations that all agree at the initial and final times and on any

spatial boundaries then δψ vanishes everywhere in space at ti and tf and for all time on the

32Having the actions for independent systems add in this way, S = SA + SB, ensures that the correspond-

ing quantum amplitudes eiS = eiSAeiSB factorize, as will their squares (which in quantum mechanics gives

probabilities). This is what is expected for the probabilities of statistically independent processes.

– 223 –



spatial boundary B. Demanding δS = 0 for arbitrary δψ satisfying these conditions then

implies the integrand in the second term on the second line of (10.1.4) must vanish:

∂L
∂ψ

− ∂t

(
∂L

∂(∂tψ)

)
−∇ ·

(
∂L
∂∇ψ

)
= 0 . (10.1.6)

These are the classical field equations implied by the action (10.1.3).

If the action is also to be stationary for nonzero δψ on the boundary then we must

demand that the coefficients of δψ also vanish on the temporal and spatial boundaries in

δSs.t., in addition to demanding that (10.1.6) hold everywhere else.

For instance, starting with the following simple Lagrangian that is quadratic in ψ:

S =

∫
d4x

[
1
2 (∂tψ)

2 − 1
2c

2
s∇ψ · ∇ψ − 1

2m
2ψ2
]

(10.1.7)

with constant coefficients c2s and m2 leads in this way to the field equation

−∂2t ψ + c2s∇2ψ −m2ψ = 0 . (10.1.8)

This is called the Klein-Gordon equation and it has plane wave solutions

ψ(r, t) = C exp
[
−iωt+ ik · r

]
where ω2 = c2sk

2 +m2 . (10.1.9)

When m → 0 it reduces to the wave equation – c.f. eq. (5.3.16) – with cs being the wave

speed.

The Klein-Gordon equation is a relativistic equation when cs is chosen to be the speed

of light (cs → 1), since in that case (∂tψ)
2 − c2s(∇ψ)2 → −ηµν∂µψ ∂νψ and the combination

−∂2t + c2s∇2 → ηµν∂µ∂ν = □ , (10.1.10)

becomes the d’Alembertian operator. In this case the dispersion relation for ω(k) has the

same form as does the relativistic energy-momentum relation E2 = p2 + m2 for a particle

with rest energy m. It is often encountered once fields are quantized because then its quanta

are relativistic spinless particles (like pions or the Higgs boson).

10.1.2 Hamiltonian formulation

The Hamiltonian formulation of this field theory goes through straightforwardly, keeping in

mind that the sum over A in quantities like pAq̇
A goes over to an integral over all of space.

For the scalar field case under discussion the configuration space variables are qA(t) →
ψ(r, t) and so the canonical momenta pA = ∂L/∂q̇A become

Π(r, t) :=
∂L

∂(∂tψ(r, t))
. (10.1.11)
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We are to regard this as giving Π as a functions of ψ and ∂tψ. Eq. (10.1.11) is then regarded

as an expression to be solved to eliminate the time derivative ∂tψ in favour of the ψ and Π.

It is assumed here that solutions of this type to (10.1.11) exist, though we see below that this

need not be so for physically interesting examples.

The system’s Hamiltonian is then given by pAq̇
A − L, which (once the sums are turned

into integrals) becomes

H =

∫
d3x
[
Π ∂tψ − L(ψ, ∂tψ)

]
(10.1.12)

in which ∂tψ is traded for Π by solving (10.1.11). Once this is done the Hamiltonian is

regarded as a function of ψ and Π and their spatial derivatives (but not ∂tψ). Evidently the

Hamiltonian is the spatial integral over a Hamiltonian density, H,

H =

∫
d3x H with H = Π ∂tψ − L . (10.1.13)

To see this in detail consider applying these definitions to the Klein-Gordon example,

whose action is given by (10.1.7), repeated here:

S =

∫
d4x

[
1
2 (∂tψ)

2 − 1
2c

2
s∇ψ · ∇ψ − 1

2m
2c4sψ

2
]
. (10.1.14)

In this case (10.1.11) becomes

Π(r, t) =
∂L

∂(∂tψ)
= ∂tψ(r, t) , (10.1.15)

whose solution for the ‘velocity’, ∂tψ = Π, is in this case trivial.

The Hamiltonian (10.1.12) then becomes

H =

∫
d3x
[
Π2 − L(ψ, ∂tψ(ψ,Π))

]
=

∫
d3x
[
1
2 Π

2 + 1
2c

2
s(∇ψ)2 + 1

2m
2ψ2
]
. (10.1.16)

This is clearly bounded from below since H ≥ 0 and it is minimized if and only if H = 0.

Because H is the sum of squares each of them must vanish when the energy is minimized,

implying ∂tψ = ∇ψ = 0 and ψ = 0. This minimum energy configuration is often called the

vacuum configuration.

The Poisson brackets can be formulated in a similar way, keeping in mind that functions

on phase space in this case are functionals of ψ(r) and Π(r): F = F [ψ(r),Π(r)]. Directly

applying the Poisson bracket definition (7.2.6) – and as usual converting the sum on A to an

integral – gives {
F ,G

}
=

∫
d3x

[
δF

δψ(r)

δG

δΠ(r)
− δF

δΠ(r)

δG

δψ(r)

]
. (10.1.17)

In particular (7.2.13) becomes{
ψ(r, t) , ψ(r′, t)

}
=
{
Π(r, t) ,Π(r′, t)

}
= 0 (10.1.18)
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while{
ψ(r, t) , ψ(r′, t)

}
=
{
Π(r, t) ,Π(r′, t)

}
= 0 and

{
ψ(r, t) ,Π(r′, t)

}
= δ3(r−r′) . (10.1.19)

For some applications the Hamiltonian formulation can be less useful than the Lagrangian

formulation and for others it can be preferable. In the Klein-Gordon case, for instance, the

Lagrangian formulation makes Lorentz invariance manifest in the limit cs → 1 since L is a

Lorentz scalar while H is not. But the Hamiltonian formulation is often more useful when

quantizing fields because then the correspondence between Poisson brackets and commutators

makes the commutation relations easier to guess.

Given the Hamiltonian, quantization proceeds by demanding the operators ψ and Π

satisfy the canonical equal-time commutation relations suggested by the Poisson bracket

relations like (10.1.19): [
ψ(r, t) ,Π(r′, t)

]
= i δ3(r− r′) . (10.1.20)

For multiple scalar fields ψa(r, t), with a = 1, · · · , N , this becomes[
ψa(r, t) ,Πb(r

′, t)
]
= i δab δ

3(x− y) , (10.1.21)

where Πb = ∂L/∂(∂tϕb) are the canonical momenta.

10.2 Electromagnetism

The next relativistic system to examine in a Lagrangian light is electromagnetism itself. In

this case the Lagrangian density turns out to be simple:

LEM =
1

2

(
E2 −B2

)
= −1

4
FµνF

µν , (10.2.1)

where the first way of writing things expresses the result directly in terms of the electric and

magnetic fields while the second version shows that LEM is manifestly a Lorentz scalar, since

Fµν is an antisymmetric Lorentz tensor. In this relativistic version the indices are raised

and lowered as usual using the Minkowsky metric ηµν and its matrix inverse ηµν , so that

FµνF
µν = ηµληνρFµνFλρ = −2δijF0iF0j + FijF

ij = −2E2 + 2B2.

Although neither E nor B are differentiated in LEM , we have seen that these are not all

independent of one another in any case, and the basic variables in the problem are instead

the vector potential A and the electrostatic scalar potential Φ, related to E and B by E =

−∂tA−∇Φ and B = ∇×A, or Fµν = ∂µAν − ∂νAµ where the spatial parts of Aµ are given

by the components of A and A0 = −A0 = Φ.

It is A and Φ that are to be regarded as the dynamical variables. To check this we

compute δS by varying Φ and A to verify that this reproduces the Maxwell equations. For

SEM =
∫
d3xLEM we have

δSEM =

∫
d4x
[
−E · (∂tδA+∇δΦ)−B · (∇× δA)

]
= δSs.t. +

∫
d4x
[
(∂tE−∇×B) · δA+ (∇ ·E) δΦ

]
(10.2.2)
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where the surface term is

δSs.t. = −
[∫

d3xE · δA
]tf
ti

+

∫ tf

ti

dt

∮
B
d2x n · (−E δΦ+B× δA) . (10.2.3)

Requiring δS vanish for arbitrary δA and δΦ gives two of the (source-free) Maxwell equations

∇ ·E = 0 and ∂tE−∇×B = 0 . (10.2.4)

The other two Maxwell equations, ∇ ·B = 0 and ∂tB+∇× E = 0, are consequences of the

definitions B = ∇×A and E = −∂tA−∇Φ.

10.2.1 Constraints

Things get more interesting once we try to formulate electromagnetism using the Hamiltonian

formalism. To do so the first step is to find the canonical momenta. For A the momentum

(up to a sign) turns out to be the electric field itself, because

Π =
∂LEM

∂(∂tA)
= −E = ∂tA+∇Φ . (10.2.5)

A complication arises once we seek the momentum for Φ though because LEM does not

depend on ∂tΦ at all, and so its canonical momentum vanishes identically:

Πϕ =
∂LEM

∂(∂tΦ)
= 0 . (10.2.6)

This is a constraint, and it complicates the Hamiltonian treatment of the electromagnetic field.

Although (10.2.6) cannot be solved to determine ∂tΦ, this does not matter when calculating

the Hamiltonian itself since ∂tΦ only enters multiplied by Πϕ (which vanishes):

H =

∫
d3x
[
Π · ∂tA+Πϕ ∂tΦ− LEM

]
=

∫
d3x
[
1
2(E

2 +B2) +E · ∇Φ
]
. (10.2.7)

Constraints like (10.2.6) become a problem when quantizing the theory because they

complicate the formulation of the Poisson brackets, whose properties are used as a guide when

identifying the quantum commutation relations. It is difficult to reconcile how both Πϕ = 0

and a canonical relation – c.f. eq. (7.2.13) or (10.1.19) – like {Φ(x, t) ,Πϕ(y, t)} = δ3(x− y)

can be reconciled.

It is precisely for this problem that the techniques of §11 were developed, though a full

description of how it applies to electromagnetism goes beyond the scope of these notes.

11 Constrained Hamiltonian Systems

As the above chapters show, constraints arise frequently within classical mechanics, where

‘contraints’ here mean relations, ϕ(q, p) = 0, that are imposed on the dynamical variables

outside of their equations of motion.
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In the simplest situations, such as those encountered in §1.5, the constraints express

how two objects in contact move past one another (e.g. ‘rolling without slipping’ or ‘sliding

without friction’), and so are merely simple summaries of what are really solutions to more

complicated equations of motion that express what short-range inter-atomic interactions do

when two bodies come into contact. For these types of constraints §2.5 describes two ways to

proceed: solve the constraints explicitly when you can and if not use the method of Lagrange

multipliers.

The role of constraints takes a new turn once Hamiltonian methods are used because for

these the Poisson brackets play such an important role. Constraints complicate the Poisson

bracket story because it is very often true that the quantity ϕ(q, p) set to zero by a constraint

does not have vanishing Poisson brackets with other variables, and when this happens it

cannot be consistent simply to set ϕ(q, p) = 0 (since the zero function has vanishing Poisson

brackets with all other quantities). This issue becomes particularly pertinent for quantum

systems, for which the Poisson bracket’s role in specifying commutation relations (see §7.5)

plays such a central role. Once promoted to operators should constrained variables ϕ(q, p)

be represented by the zero operator? If so they cannot have nonzero commutation relations

with other operators.

This turns out not to be just an academic exercise because all theories with gauge sym-

metries, such as electromagnetism but also including every theory that is generally coordinate

invariant, are constrained systems of this type. Quantizing these theories requires knowing

how to handle constrained Hamiltonian problems in a systematic way, and describing the

techniques for doing so is the purpose of this chapter. The systematic formalism for handling

such situations turns out to have been developed only relatively recently (during 1950s) by

Dirac – yes, that Dirac – and that is the formalism presented here.

11.1 Constraints and Poisson Brackets

Consider, then, a system with Lagrangian L(q, q̇), for which the equation defining momenta,

pA = ∂L/∂q̇A, cannot be solved to obtain q̇A as a function of the q’s and p’s. An obstruction

for being able to do so arises whenever the Jacobian ∂pA/∂q̇
B is not invertible, which occurs

whenever

det

(
∂2L

∂q̇B ∂q̇A

)
= 0 . (11.1.1)

Primary Constraints

The condition that one or more eigenvalues of ∂2L/(∂q̇B ∂q̇A) vanish imposes a relation

amongst the coordinates in the problem and is the sign that there exist relationships amongst

the p’s and q’s of the form

ϕm(q, p) ≈ 0 (11.1.2)
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where the index m = 1, · · · ,M counts the independent number of constraints of this type.

Constraints like these that follow directly from (11.1.1) are called primary constraints. The

symbol ‘≈ 0’ is read as ‘is weakly zero’, where the word ‘weakly’ is meant to convey that

although our interest is in q’s and p’s for which ϕm vanishes, the Poisson brackets of ϕm with

other dynamical variables need not also be zero.

Although the standard construction of the Hamiltonian from the Lagrangian fails (be-

cause we cannot solve for q̇A as a function of the q’s and p’s), for time-translation invariant

systems we do expect there to exist a conserved energy, Hc(q, p), that could be regarded as the

Hamiltonian even though its simplest construction from the Lagrangian does not go through

on the surface satisfying (11.1.2) as straightforwardly as usual. Part of the problem defining

the Hamiltonian on the surface satisfying (11.1.2) is that the requirement that the Hamilto-

nian agree with the energy does not define it uniquely if this agreement is only required to

hold when ϕm(q, p) = 0, since we can always instead define it to be

H̃(q, p) := Hc(q, p) + λmϕm(q, p) , (11.1.3)

(with, as usual, an implied sum over m), for some coefficients λm. Any such a quantity agrees

with Hc on the constrained surface because ϕm(q, p) ≈ 0 implies

H̃(q, p) ≈ Hc(q, p) (11.1.4)

for all λm.

The equations of motion obtained from these different choices for Hamiltonian are not

all the same, however, because (7.2.7) becomes (assuming ∂F/∂t = 0)

Ḟ (q, p) =
{
F , H̃

}
=
{
F , H̃c

}
+ λm

{
F , ϕm

}
. (11.1.5)

In particular the equations of motion for the phase-space coordinates themselves are

q̇A =
{
qA , H̃

}
=
∂Hc

∂pA
+ λm

∂ϕm
∂pA

(11.1.6a)

ṗB =
{
pB , H̃

}
= −∂Hc

∂qB
− λm

∂ϕm
∂qB

. (11.1.6b)

These are the most general evolution equations that are consistent with the equations gener-

ated by Hc for motion along the constrained surface ϕm(q, p) ≈ 0.

Secondary constraints

In order for a system of constraints to be consistent we must demand that the constraints

remain true as time evolves. This means that we require

ϕ̇n(q, p) =
{
ϕn , H̃

}
=
{
ϕn , Hc

}
+ λm

{
ϕn , ϕm

}
≈ 0 . (11.1.7)

– 229 –



If this is not already true for original collection of primary constraints then one of two

things must happen. It could happen that (11.1.7) does not impose new conditions on the q’s

and p’s and instead just implies q- and p-dependent relations amongst the λm’s. Alternatively,

the right-hand side of (11.1.7) could involve new independent functions of the q’s and p’s and

if so then these are new constraints – called secondary constraints – that must also weakly

vanish if the constraints are to be consistent with time evolution.

In the latter case these new constraints must be added to the primary constraints and

(11.1.7) computed again, possibly introducing further secondary constraints, with the process

repeated until no new constraints are generated by time evolution. Once this is done the

complete list of constraints is longer

ϕa(q, p) = 0 with a = 1, · · · , T (11.1.8)

where M is the number of primary constraints appearing in (11.1.2) and T = M + L where

L is the number of new secondary constraints generated by time evolution.

As mentioned above, consistency with the equations of motion also imposes relations

amongst the λa’s, and these imply that the coefficients λa can be solved to give λa = λa(q, p).

This is what allows the Hamiltonian to be expressed as H̃ = H̃(q, p).

11.1.1 Classes of Constraints

Given a self-consistent set of constraints like (11.1.8), then functions on phase space can be

usefully divided into First Class and Second Class according to whether or not their Poisson

bracket with the constraints are all weakly zero. That is, by definition R(q, p) is a first-class

function on phase space if{
R ,ϕa

}
≈ 0 ∀a = 1, · · · , T (first-class function) , (11.1.9)

A second-class function on phase space is one that is not first class: it has a nonzero Poisson

bracket with at least one of the constraints in (11.1.8). Clearly the definition of second-

class functions is ambiguous because one can always add to it a first-class function without

changing is Poisson brackets with the constraints.

The collection of constraints themselves can in particular be separated into first-class

and second-class categories because the ϕn’s are themselves examples of functions on phase

space. Once this is done it is also true that the square of a second-class constraint is itself a

first-class constraint because the definition of the Poisson bracket implies{
ϕ2n , ϕa

}
= 2ϕn

{
ϕn , ϕa

}
≈ 0 , (11.1.10)

where the final weak equality follows because all of the constraints satisfy ϕa ≈ 0.

Once sorted into first-class and second-class constraints, the constraints are denoted

{ϕa} = {ψi , φα} where ψi (for i = 1, · · · , I) are the first-class constraints and φα (for α =
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1, · · · , N) are the second-class constraints. Here I +N = T , where recall that T counts the

number of primary and secondary constraints: a = 1, · · · , T . Notice that the original primary

constraints can be either first class or second class, and the same is also true for the secondary

constraints.

The distinction between first-class and second-class constraints is the crucial one. As

we see below, second-class constraints are just ordinary constraints in the way that was

encountered in the more elementary treatments of §1.5 or §2.5. The way they will be handled

parallels what was done for these constraints in earlier sections. The first-class constraints are

different though. As mentioned above, the freedom to add one of these to any second-class

constraint introduces a fundamental ambiguity into the definition of second-class constraints.

In this sense their presence is closely related to the existence of gauge symmetries, which

are ambiguiities in the definitions of variables, the most famous of which is the ambiguity

A → A + ∇χ and Φ → Φ − ∂tχ that leaves physical quantities – i.e. the electric field

E = −∂tA − ∇Φ and B = ∇ × A – completely unchanged. The strategy for dealing with

first-class constraints is similar to what one does with gauge symmetries: introduce new

constraints (‘choose a gauge’) that convert the first-class constraints into second-class ones.

Then use the same formalism that is used for any other type of second-class constraints.

11.1.2 Dirac Brackets

An important property of the second-class constraints is that the matrix Cαβ, defined by

Cαβ :=
{
φα , φβ

}
(11.1.11)

is invertible. If it were not invertible it would have a zero eigenvector, but this eigenvector is

then a first-class constraint because the linear combination of the φα’s to which it corresponds

by construction has a vanishing Poisson bracket with all of the other constraints. So once all

first-class constraints are identified the remaining second class constraints produce a matrix

Cαβ that can be inverted. But its definition also implies Cαβ = −Cβα is antisymmetric, and

any odd-dimensional antisymmetric matrix has a zero eigenvector. So there must always be

an even number of second-class constraints.

Denoting the inverse matrix for Cαβ by C−1
αβ , we know

CαβC
−1
βγ = C−1

αβCβγ = δαγ , (11.1.12)

because these are the component versions of the matrix equations CC−1 = C−1C = 1. What

is useful about C−1 is that it allows us to take any phase-space quantity F (q, p) and build

from it a new quantity F̂ (q, p) that is equal to F (q, p) when the constraints are satisfied but

whose Poisson bracket with all of the second-class constraints is weakly zero.

To this end define

F̂ (q, p) := F (q, p)−
{
F ,φα

}
Cαβ φβ . (11.1.13)
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Clearly this satisfies{
F̂ , φγ

}
≈
{
F ,φγ

}
−
{
F ,φα

}
Cαβ

{
φβ , φγ

}
=
{
F ,φγ

}
−
{
F ,φα

}
Cαβ Cβγ =

{
F ,φγ

}
−
{
F ,φγ

}
= 0 , (11.1.14)

as claimed, where the first line follows because only the Poisson bracket between φβ and φγ

must be computed in the second term because all other contributions are explicitly propor-

tional to φβ and so are weakly zero. Notice that there is no guarantee that {F̂ , ψi} is weakly

zero for first-class constraints.

Because the Poisson bracket of F̂ (q, p) with second-hand constraints is weakly zero, it

follows that there is no inconsistency between its Poisson brackets and choosing φα ≈ 0.

For instance if the rule for quantizing is to replace F̂ with an operator Fop (as opposed to

replacing F itself with Fop), with the Poisson bracket going over to the commutator, then

there is nothing inconsistent about the constraints φα ≃ 0 being represented by the zero

operator (with which all other operators must commute), because {F̂ , φα} ≃ 0 for all φα and

all F .

We see from this that all second-class constraints can be made consistent with the Poisson

bracket structure simply by replacing every phase-space observable F (q, p) by F̂ (q, p), defined

by (11.1.13). Notice also that although F̂ ≈ F – so F and F̂ agree with one another once the

constraints are satisfied – it is not true that {F̂ , Ĝ} ≈ {F ,G}.
It is possible to define a new bracket {F ,G}D that has the property that {F̂ , Ĝ} ≈

{F ,G}D, however. The required bracket is called the Dirac bracket and is defined by{
F ,G

}
D

:=
{
F ,G

}
−
{
F ,φα

}
C−1
αβ

{
φβ , G

}
. (11.1.15)

Straightforward application of the definitions implies the Dirac bracket satisfies{
F ,G

}
D

≈
{
F̂ , Ĝ

}
≈
{
F̂ , G

}
≈
{
F , Ĝ

}
, (11.1.16)

as well as the Jacobi identity{
A ,
{
B ,C

}
D

}
D

+
{
B ,
{
C ,A

}
D

}
D

+
{
C ,
{
A ,B

}
D

}
D

≈ 0 . (11.1.17)

As applied to the Hamiltonian Hc the above procedure leads to

Ĥ := Hc −
{
Hc , φα

}
C−1
αβ φβ , (11.1.18)

and so comparing this to (11.1.3) shows that

H̃ = Ĥ with λβ = −
{
Hc , φα

}
C−1
αβ . (11.1.19)

11.2 Applications*
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11.2.1 Relativistic Point Particle (again)
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11.2.2 Electromagnetism (again)
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A Refreshers on useful tools

This appendix gathers together some topics that are normally seen in a physics program but

which might need refreshing for this course.

A.1 Calculus of Variations

The calculus of variations is that branch of mathematics that works out how to do calculus –

i.e. differentiate and integrate – for functionals rather than functions. Recall that a function

can be regarded as a map between two sets f : A → B having the property that for each of

its arguments, a ∈ A, the function returns a unique b = f(a) ∈ B. The set A is called the

function’s domain and the set B is called its range. For a real function the range B = R is

the set of real numbers. For ‘ordinary’ functions, x(t), of everyday experience the domain is

also the real numbers (or a subset thereof).

From this perspective a functional is just a function whose argument is itself a function

(or a set of real functions) or a ‘path’, x(t), that maps R → R. A real functional is a rule that

returns a real number for each path in its domain. For the functionals encountered in physics

the rule defining the functional often arises as an integral over the specified path, such as the

length, s[x(t)], of a path in n-dimensional flat Euclidean space, En.

For instance, suppose we consider the set of paths x(t) where the parameter t along the

path runs from t0 ≤ t ≤ t1. Then the tangent vector to the path x(t) is given by ẋ = dx/dt

and the length of the path is the functional

s[x(t)] =

∫ t1

t0

dt |ẋ(t)| =
∫ 1

0
dt

√
ẋ · ẋ =

∫ 1

0
dt
√
ẋ21(t) + ẋ22(t) + · · ·+ ẋ2n(t) . (A.1.1)

Notice that the integral is invariant under changes in how the curve x(t) is parameterized

because changing to u where t = t(u) is a monotonic function because the Jacobian |dt/du|
cancels between the integration measure dt = du |dt/du| and the change to the integrand√

(dx/dt)2 = |du/dt|
√
(dx/du)2. As a result we are free to parameterize the curve any way

we like when computing s[x(t)] and we use this freedom to arrange that the initial and final

points on the curve are labelled by t0 = 0 and t1 = 1 respectively.

The calculus of variations enters when we ask optimization questions like: which path

between to fixed points has the minimum length? To answer these types of questions it is

useful to have a notion of differentiation for functionals, in order to use the criterion that the

first derivative of a functional must vanish when evaluated at a minimum (or maximum or

saddle point).

The rule for defining derivatives of functionals is designed to follow what one does for

derivatives of ordinary functions. For functions the derivative is defined as a limiting process,

where one computes the slope of the straight line that connects x(t) and x(t + ∆t) in the
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limit that ∆t is taken to zero:

ẋ(t) =
dx

dt
= lim

∆t→0

x(t+∆t)− x(t)

∆t
. (A.1.2)

By analogy the same thing is done for a functional like s[x(t)]: one first compares the value,

s[x(t) + δx(t)] for a path x(t) + δx(t) that differs slightly from the initial path, x(t), and

computes the difference: δs := s[x(t) + δx(t)] − s[x(t)]. By contruction, this must vanish

when δx(t) = 0 and so for small enough δx(t) it should be sufficient to Taylor expand in

powers of δx(t) and stop at linear order. One then defines the coefficient of δx(t) to be the

derivative, denoted δs/δx(t):

δs := s[x(t) + δx(t)]− s[x(t)] =

∫ 1

0
dt

(
δs

δx(t)

)
δx(t) +O[(δx)2] . (A.1.3)

When varying the path there is a choice whether or not one is free to vary the enpoints of

the path x(0) or x(1) as well as the points in between. The simplest case chooses not to vary

the endpoints, in which case we consider only variations δx(t) that vanish at the endpoints:

δx(0) = δx(1) = 0. The results found in this case also apply when the endpoints are allowed

to be varied because having the freedom to vary the endpoints includes the case where one

chooses not to vary the endpoints. Varying the endpoints introduces new conditions at the

endpoints (as described later in this section).

To see how this works consider the example where s[x(t)] = s[x1(t), . . . , xn(t)] is the

length of a path in n-dimensional Euclidean space, as defined in (A.1.1). In this case applying

the definition (A.1.3) gives

δs =

∫ 1

0
dt

{√
(ẋ1 + δẋ1)2 + · · ·+ (ẋn + δẋn)2 −

√
ẋ21 + · · ·+ ẋ2n

}
=

∫ 1

0
dt

{
ẋ1 δẋ1 + · · ·+ ẋn δẋn√

ẋ21 + · · ·+ ẋ2n
+O

(
δx2i

)}
, (A.1.4)

where we use that the integrand is an ordinary function and we already know how to dif-

ferentiate and Taylor expand those. Eq. (A.1.4) does not quite have the form sought on the

right-hand side of (A.1.3) because in (A.1.4) the deviation δxi(t) appears differentiated. To

fix this we integrate by parts to remove the derivative from δxi, leading to

δs =

[
ẋ1 δx1 + · · ·+ ẋn δxn√

ẋ21 + · · ·+ ẋ2n

]t=1

t=0

(A.1.5)

−
∫ 1

0
dt

{
d

dt

[
ẋ1√

ẋ21 + · · ·+ ẋ2n

]
δx1 + · · ·+ d

dt

[
ẋn√

ẋ21 + · · ·+ ẋ2n

]
δxn +O

(
δx2i

)}
.

If we restrict to variations that do not change the endpoints then we know δxi(0) for all i

and so the surface term on the first line of (A.1.5) vanishes. What remains on the right-hand
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side has the same form as (A.1.3) and so we can read off the functional derivatives:

δs

δxi(t)
= − d

dt

[
ẋi√

ẋ21 + · · ·+ ẋ2n

]
(for all 0 < t < 1 and each i = 1, · · · , n) . (A.1.6)

Notice that the resulting functional derivatives are themselves functions of t. We have an

independent derivative for each independent label for xi(t); that is, a separate derivative for

each i and t.

We can now use this to see which curves minimize the path length between two fixed

points, by asking which curves make δs/δxi(t) vanish for all i and for all 0 < t < 1. Although

the n equations found by setting (A.1.6) to zero look complicated they have a very simple

solution: ẋi is a constant for all i. The paths with shortest lengths therefore are linear

functions:

xi(t) = Ai +Bit (A.1.7)

where Ai and Bi are integration constants. These integration constants are found by requiring

the solution to pass through the two specified endpoints, xi(0) = ai and xi(1) = bi, and so

Ai = ai and Bi = bi − ai . (A.1.8)

Because the tangents to the curves defined by (A.1.7) are constant vectors these curves can be

recognized as the equations for straight lines. Famously, in Euclidean geometry the shortest

distance between to points is a straight line.

A.1.1 Varying the endpoints

We can also see now what happens if we allow ourselves the freedom to vary the endpoints

in addition to varying the paths in between the endpoints. Demanding δs vanish for all

variations δxi(t) includes as a special case the situation where we do not vary the endpoints.

As a consequence we still can concluded that δs/δxi as given in (A.1.6) must vanish for each

i = 1, · · · , n:

d

dt

[
ẋi√

ẋ21 + · · ·+ ẋ2n

]
(for 0 < t < 1 and each i = 1, · · · , n) . (A.1.9)

This in turn ensures that the second line of (A.1.5) vanishes.

But the first line must also vanish if we are to successfully have extremized s and because

δxi need not vanish at the endpoints this requires we must also demand separately that the

surface term on the first line of (A.1.5) should vanish. Because the variations at each end are

independent this means that

ẋ1 δx1 + · · ·+ ẋn δxn√
ẋ21 + · · ·+ ẋ2n

= 0 , (A.1.10)
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separately, for both t = 0 and t = 1. Because δxi need not vanish there anymore, eq. (A.1.10)

requires our solutions to (A.1.9) must also satisfy the boundary conditions

ẋi(0) = ẋi(1) = 0 (for all i) . (A.1.11)

Not surprisingly, if we ask for the curve with the shortest distance and if we are also allowed

to move the endpoints to help achieve this then the shortest curve has xi(t) independent of

t and so the two endpoints of the curve lie at the same point: the shortest curve in this case

has zero length.

A.2 Method of Lagrange multipliers

Suppose one wishes to minimize or maximize a function h(x, y) of two independent variables,

x and y. This is relatively easy to do, by finding those x = xm and y = ym that make the

partial derivatives of h vanish:(
∂h

∂x

)
xm,ym

=

(
∂h

∂y

)
xm,ym

= 0 . (A.2.1)

For instance suppose x and y locally describe local coordinates for the surface of the earth

and h(x, y) describes the local height of the terrain for some part of the earth’s surface. Then

xm and ym might pick out the highest and lowest points of the terrain in the local area.

A more complicated problem is to minimize h subject to a constraint that relates x

and y. For instance, suppose a road crosses the terrain with a route described by the curve

c(x, y) = 0 for some function c(x, y). Then a constrained problem might ask for the highest

or lowest point of the terrain that is encountered by someone who moves only along this road.

This is not necessarily found by (A.2.1) unless xm and ym happen by chance also to satisfy

c(xm, ym) = 0.

In principle this constrained problem can be handled by solving the constraint c(x, y) = 0

to find the function y = y(x) that satisfies c(x, y(x)) ≡ 0 as an identity for all x. For instance

if c(x, y) = x2 + y2 − 1 then the constraint c(x, y) = 0 implies x2 + y2 = 1, a condition solved

by y = y(x) = ±
√
1− x2. Once this constraint is solved then evaluating h(x, y) along this

curve gives a function of the single independent variable x: h(x) := h(x, y(x)) that expresses

the values for h(x, y) seen along the curve. The minima of h(x) are then found (as usual) by

setting to zero the derivative of h restricted to lie along this curve:(
dh(x)

dx

)
xc

=

(
∂h

∂x

)
xc,y(xc)

+

(
dy

dx

)
xc

(
∂h

∂y

)
xc,y(xc)

= 0 . (A.2.2)

A variation on this approach chooses a more general parameterization of the constraint,

by finding functions x(θ) and y(θ) that satisfy c(x(θ), y(θ)) = 0 for all θ. For instance, the

choices x(θ) = cos θ and y(θ) = sin θ have this property for the example c(x, y) = x2+ y2− 1.

In this case the extrema are found by differentiating h(x(θ), y(θ)) with respect to θ and setting
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the first derivative to zero. These types of alternative parameterizations can be useful because

they can sometimes avoid the singular behaviour seen above in h(x) near x = ±1 (which are

points where the parameterization of the curve in terms of x break down.

The method of lagrange multipliers is just a simpler way to obtain xc without having to

explicitly solve for the curve y = y(x). The idea is instead to minimize the quantity

f(x, y, λ) := h(x, y) + λ c(x, y) (A.2.3)

with respect to all three independent variables x, y and λ. This leads to the following three

equations:

∂f

∂x
=
∂h

∂x
+ λ

∂c

∂x
= 0 ,

∂f

∂y
=
∂h

∂y
+ λ

∂c

∂y
= 0 and

∂f

∂λ
= c = 0 , (A.2.4)

whose solutions can be denoted xl, yl and λl. Lagrange’s claim is that (xl, yl) coincide with

(xc, yc) and so the solutions to (A.2.4) agree with those of (A.2.2).

To see why this is so first notice that the third equation in (A.2.4) states that c(xl, yl) = 0

and so yl = y(xl) lies on the constraint curve. Next, notice that the derivative of y(x) is related

to those of c(x, y), using the fact that c(x, y(x)) ≡ 0 is an identity for all x, and so remains

true once differentiated. Differentiating this with respect to x using the chain rule leads to

the conclusion (also true for all x)

∂c

∂x
+
∂c

∂y

dy

dx
= 0 and so

(
dy

dx

)
xl

= −
(
∂c/∂x

∂c/∂y

)
xl,yl

. (A.2.5)

Finally taking the following linear combination of the first two equations of (A.2.4) and using

(A.2.5) leads to the inference

0 =

(
∂f

∂x

)
xl,yl,λl

+

(
dy

dx

)
xl

(
∂f

∂y

)
xl,yl,λl

=

(
∂f

∂x

)
xl,yl,λl

−
(
∂c/∂x

∂c/∂y

)
xl,yl,λl

(
∂f

∂y

)
xl,yl,λl

=

(
∂h

∂x
+ λ

∂c

∂x

)
xl,yl,λl

−
(
∂c/∂x

∂c/∂y

)
xl,yl,λl

(
∂h

∂y
+ λ

∂c

∂y

)
xl,yl,λl

=

(
∂h

∂x
+

dy

dx

∂h

∂y

)
xl,yl,λl

, (A.2.6)

which shows that (xl, yl) automatically satisfy (A.2.2) and so (xl, yl) = (xc, yc), as claimed.

A.3 Vector identities and Kronecker and Levi-Civita tensors

This appendix derives several of the vector identities that arise frequently in the main text.

These identities ultimately trace their roots to the properties of 3× 3 rotation matrices, R.
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That is, we saw in the main text that under a rotation of basis vectors the components

of a given vector V get transformed by matrix multiplication, V → RV, or in components,

Vi →
∑

j RijVj (see eq. (1.6.10)). Here the rotation matrices R are 3-dimensional orthogonal

matrices – i.e. those satisfying RTR = I. In component form the orthogonality condition

becomes ∑
j

RjiRjk = δik , (A.3.1)

where the Kronecker delta δij = 0 if i ̸= j and δij = 1 if i = j are the components of the unit

matrix.

A.3.1 Invariant tensors

The set of orthogonal N × N matrices forms a group, denoted O(N), and so rotations in 3

dimensions involve the group O(3). Notice that taking the determinant of the orthogonality

condition implies

det(RTR) = (detR)2 = 1 , (A.3.2)

which uses the properties det(AB) = (detA)(detB) and detI = 1. It follows that detR = ±1.

The subgroup of O(3) with unit determinant is called SO(3) (for special orthogonal group).

The matrix −I is an example of an element of O(3) that is not in SO(3).

The components of a matrix M similarly transform under rotations by undergoing a

similarity transformation: M → RMRT , or in components

Mij →
∑
kl

RikMklRjl . (A.3.3)

These rules ensure that a matrix product likeMV transforms the same way as doesV because

MV → (RMRT )(RV) = R(MV).

From this point of view the unit matrix is special: it is the only 3 × 3 matrix that is

completely unchanged by rotations because orthogonality ensures RIRT = RRT = I. In

that sense the Kronecker delta can be regarded as being an invariant tensor. Substituting

Mij = δij into the right-hand side of (A.3.3) returns δij , same as on the left-hand side, by

virtue of (A.3.1).

The δij is the only invariant tensor for O(3) but there is a second tensor that is almost

an invariant tensor. This is the Levi-Civita tensor ϵijk, which is defined to be completely

antisymmetric under the interchange of any pair of indices, so ϵijk must vanish if any two

indices take the same value (e.g. ϵ112 = 0). The value when all indices are different is uniquely

fixed by choosing the convention that ϵ123 = +1 and all others are found by permutation (so

e.g. ϵ321 = −ϵ123 = −1 and so on).

Notice in particular that any 3-index tensor, Aijk, that is completely antisymmetric

under the exchange of any pair of indices must be proportional to ϵijk. In particular, consider
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evaluating the following quantity for any matrix Mij :

Aijk :=
∑
lmn

ϵlmnMilMjmMkn . (A.3.4)

Because this is completely antisymmetric under the interchange of any two indices it must

be proportional to ϵijk. Explicit evaluation for a particular matrix M shows that the propor-

tionality constant is the determinant: detM , so∑
lmn

ϵlmnMilMjmMkn = (detM)ϵijk . (A.3.5)

Now comes the main point: specializing (A.3.5) to M = R where R is an orthogonal

matrix shows that ∑
lmn

ϵlmnRilRjmRkn = ±ϵijk , (A.3.6)

where the sign is the determinant of R (which must be a sign because of (A.3.2)). This shows

that the Levi-Civita tensor is an invariant tensor of the group SO(3) but is only an invariant

pseudotensor under O(3) because it changes sign when detR = −1.

But if ϵijk at most changes sign under an arbitrary O(3) transformation then it must

be that any quantity that is quadratic in the Levi-Civita tensor must be an invariant tensor

of O(3) and so must be constructable in terms of the Kronecker delta. This can be verified

explicitly, leading to the identity

ϵijk ϵabc = δia δjb δkc ± (5 other permutations) (A.3.7)

where δij is the usual Kronecker delta that is unity if i = j and zero otherwise. This last

identity can be proven by verifying that both sides agree on the symmetry of their indices and

checking specific values for a, b, c, i, j, k. A second pair of identities comes from contracting

the above with Kronecker deltas:

ϵijk ϵabc δ
ia = δjb δkc − δjc δkb and ϵijk ϵabc δ

ia δjb = 2 δkc (A.3.8)

and so ϵijkϵ
ijk = 6.

A.3.2 Vector identities

Why do we care? Invariant tensors are useful because they appear when we multiply vectors,

using the dot or cross product. In components the dot product of two vectors can be written

using the Kronecker tensor

c = a · b =
∑
ij

aibjδij = a1b1 + a2b2 + a3b3 . (A.3.9)
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In components the cross product of two vectors d = a × b can be written in terms of the

Levi-Civita tensor as

di =
∑
jk

ϵijkajbk , (A.3.10)

and so

d1 = a2b3 − a3b2 , d2 = a3b1 − a1b3 , d3 = a1b2 − a2b1 . (A.3.11)

Vector identities arise when products involving these quantities are simplified using the

properties of ϵijk or identities like (A.3.7) or its children (A.3.8). For example antisymmetry

of ϵijk together with a · (b× c) = ϵijkaibjck implies

a · (b× c) = b · (c× a) = c · (a× b) . (A.3.12)

Similarly, the result of two cross products: d = a× (b× c) has components

di =
∑
jklm

ϵijkaj(ϵklmblcm) =
∑
jlm

(δilδjm − δimδjl)ajblcm =
∑
j

(ajbicj − ajbjci) (A.3.13)

where the second equality uses the first of eqs. (A.3.8). Consequently for any three vectors

we have the identity

a× (b× c) = (a · c)b− (a · b)c . (A.3.14)

Another useful identity of this type gives the dot product of two cross products:

(a× b) · (c× d) =
∑
ijkmn

(ϵijkajbk)(ϵimncmdn) =
∑
jkmn

(δjmδkn − δjnδkm)ajbkcmdn

=
∑
jk

(ajbkcjdk − ajbkckdj) = (a · c)(b · d)− (a · d)(b · c) . (A.3.15)

A.4 Vector calculus

This appendix contains a (very short) review of the basic facts of multivariate vector calculus

(in three spatial dimensions) used in the main text.

The gradient of a scalar field is perhaps the simplest vector derivative to define. Consider a

scalar field ϕ(x) that returns a real number for each position throughout space. (Temperature

as a function of position is an example of such a scalar field.) A vector field can be built from

its derivatives:

∇ϕ :=
∂ϕ

∂x
ex +

∂ϕ

∂y
ey +

∂ϕ

∂z
ez = ∂iϕ ei , (A.4.1)

where there is an implied sum over i in the last form, {x, y, z} are the three Cartesian

coordinates and ei point along the three Cartesian axes so that x = x ex + y ey + z ez.

This transforms under rotation the way the notation suggests: it is a 3-dimensional vector.

Geometrically, the vector ∇ϕ(x) points in the direction along which ϕ increases the most

quickly starting at the given point x.
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A vector field,

A(x) = Ax(x) ex +Ay(x) ey +Az(x) ez = Ai ei , (A.4.2)

is a vector that is specified independently at each position throughout space. For physical

applications its component functions are usually imagined to be smooth enough that it can

be differentiated as many times as needed.

There is more than one way to combine derivatives with vector fields in a way that

transforms sensibly (i.e. as a tensor) under rotations. In particular given a vector field A(x)

one can always define a scalar field by taking the ‘divergence’:

divA := ∇ ·A :=
∂Ax
∂x

+
∂Ay
∂y

+
∂Az
∂z

= ∂iAi (A.4.3)

This is a scalar in the sense that if {x′, y′, z′} are rotations of {x, y, z} then the formula for

∇ · A is precisely the same as above, but using the primed coordinates: ∇ · A = ∂x′Ax′ +

∂y′Ay′ + ∂z′Az′ .

A second combination of derivatives – the ‘curl’ – of a vector field transforms as a vector,

and is defined by

curlA := ∇×A =

(
∂Ay
∂z

− ∂Az
∂y

)
ex +

(
∂Az
∂x

− ∂Ax
∂z

)
ey +

(
∂Ay
∂x

− ∂Ax
∂y

)
ez

= ei ϵijk∂jAk , (A.4.4)

where ϵijk is the completely antisymmetric Levi-Civita symbol discussed in the previous

Appendix.

A straightforward application of the definitions shows that the following two identities

are true for any multiply differentiable scalar and vector field. The symmetry of a second

derivative — e.g. ∂2ϕ/∂x∂y = ∂2ϕ/∂y∂x — implies the curl of a gradient vanishes:

∇× (∇ϕ) = 0 , (A.4.5)

for any ϕ(x). The inverse of this is also locally true: if a vector A satisfies ∇×A = 0 in some

region around a point x then it is also true that there exists a scalar ϕ such that A = ∇ϕ, at
least in a sufficiently small region around x.

A similar statement for the second derivative of a vector field states that the divergence

of a curl vanishes:

∇ · (∇×A) = 0 , (A.4.6)

for any A(x). Besides being sufficient this is also (locally) necessary: if a vector field satisfies

∇ ·A = 0 in some region about a point x then there exists another vector field C such that

A = ∇×C, at least in some sufficiently small region around x.

– 242 –



Applying a divergence to a gradient similarly gives the Laplace operator:

∇ · (∇ϕ) = ∇2ϕ :=
∂2ϕ

∂x2
+
∂2ϕ

∂y2
+
∂2ϕ

∂z2
, (A.4.7)

while a simple calculation (again simply using the definitions) shows that applying a curl to

a curl gives

∇× (∇×A) = ∇(∇ ·A)−∇2A . (A.4.8)

Vector identities, such as (A.4.5) through (A.4.8), are often easier to prove using notation

where a vector’s components are listed with indices. That is, since the components of ∇× v

are ϵijk∂jvk, then the components of ∇×(∇×v) has components ϵijkϵklm∂j∂lvm. This can be

simplified using the identities (A.3.7), from which expressions like (A.4.8) are easily derived

(compare with the derivation of (A.3.14)).

B Other reading

Here are a few useful upper-level textbooks on classical mechanics.

1. Goldstein, Classical Mechanics, Addison-Wesley, 1950.

2. Arnold, Mathematical Methods of Classical Mechanics, Springer Graduate Texts in

Mathematics, 1989.

3. Landau & Lifshitz, Mechanics, Pergamon Press, 1969.

4. Tong, Classical Dynamics, Cambridge University Press, 2025 (see also https://www.damtp.cam.ac.uk/user/tong/dynamics/clas.pdf)
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