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ABSTRACT: These notes aim to highlight the remarkable symbiosis that currently exists be-
tween the physics of the very small and the physics of the very large, using the unsolved
puzzle of the nature of Dark Energy as a vehicle for so doing. The notes first summarize what
we know observationally about the properties of Dark Energy (and the Dark sector more
broadly) and then discuss several approaches to explain them. Along the way this involves
determining the types of interactions that would on general grounds be expected to be present
in the low-energy limit of fundamental theories involving the many hierarchy of scales we see
around us. This includes (but is not limited to) a discussion of technical naturalness (and
‘t Hooft naturalness) as well as the arguments for their use as a criterion for distinguishing
amongst candidate theories. Some recent approaches I find promising are briefly summarized
at the end.
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1. The Facts in the Sky

These notes use a discussion of Dark Energy as a vehicle for illustrating the peculiarly effective
symbiosis that currently exists between our understandings of physics at the smallest and
largest scales. This symbiosis is peculiar because it seems to fly in the face of an important
fact of Nature: decoupling.

Decoupling states that details of small-distance physics tend not to be important for

understanding long-distance physics. This is indeed partially why science makes progress at



all —although Nature comes to us with many scales we are not required to understand them all
at once. This is why it was possible to figure out how atoms work before also understanding
the nature of the atomic nucleus. It turns out that atomic physics mostly depends only on a
few nuclear properties — its charge and mass and spin, for example — but not on the rest of
the nuclear nitty gritty. This is also why it is not that surprising that the Standard Model of
particle physics gets right all of the details of (say) condensed matter physics or of quantum
optics. Any theory of micro-physics that properly predicts Quantum Electrodynamics at low
energies automatically gets all condensed matter and optical phenomena right for free. This
is a good thing because it means our understanding of the properties of matter in bulk or of
light in matter is robust to changes to our understanding of currently unknown microphysics.

The situation is different in cosmology, where different micro-physical theories can differ
radically in their cosmological implications and the observational success or failure of these
implications are often used to constrain what might be possible at the shortest distances to
which we have access. Perhaps even more interesting: many popular models in cosmology
seem not to be obtainable from sensible micro-physics — if true this might be a useful clue

that allows us to choose amongst the very many models on the market.

1.1 Vanilla cosmology

Let’s start with a very brief recap of cosmology basics (a classic textbook for this is [1]).
The vast majority of cosmological models start with the premise that the geometry of the
Universe around us can be described by the classical solutions to Einstein equations of General
Relativity (GR):!

Ruv — 3 R g + 62Ty = 0. (1.1)

Here R, is the Ricci tensor built from the spacetime metric, g,,, while R = ¢g"'R,, is
its Ricci scalar and T}, = T}, is the stress energy tensor of all of the forms of matter that
are currently present (or were present in the past). The parameter x?> = 87(Gy denotes the
gravitational coupling, where Gy is Newton’s constant of universal graviation. In fundamental
units (for which h = ¢ = 1) its value defines the (reduced) Planck mass: M, = k1.

The combination G, = RW—% R g, satisfies a well-known Bianchi identity: V*G,,, = 0,
where V, is the covariant derivative built from the metric. Consistency requires that whatever

the matter is that is present, its total stress energy must be covariantly conserved: V#T},, = 0.

"We denote spacetime coordinates by z* = {2°,2'} = {2° = t,2' = x,2% = y,2® = 2} and choose the
metric signature (— + ++) together with Weinberg’s curvature conventions [2] (which differ from those of
Misner, Thorne and Wheeler [3] — more commonly used in the relativity community — only in the overall sign

of the Riemann tensor.



In cosmology it often happens that the matter of interest is a homogeneous and isotropic fluid
whose elements move through spacetime with 4-velocity u*(x). As is true for any 4-velocity,
u?(x) must satisfy g, utu” = —1 and so the fluid rest frame is defined as the frame where
the spatial components satisfy u’ = 0 (and so in this frame u = |goo|~'/?). Denoting the
fluid’s rest-framepressure and energy density by p and p respectively, the fluid’s stress-energy

to be used in (1.1) is
Tiw =P g + (P + p) wptiy (fluid) . (1.2)
In the special case where the universe is homogeneous and isotropic the spacetime metric
can always be written in the Friedmann, LeMaitre, Robertson, Walker (FLRW) form

A
1 — #r?/R2
= —dt* +a*(t) [d® + r?(£) d6* + r*(¢) sin® 0 d¢?] |

ds® = —dt® + a*(¢t) 2d6% + 1% sin” 0 d¢? (1.3)

where Ry is a constant and £ can take one of the following three values: 8 = 1,0,—1. The
coordinate £ is related to r by d¢ = dr/(1 — &r2/R3)"/?, and so

Ro Sin(f/Ro) if R=+1
r(l) = ( if R=0 (1.4)
RO Sinh(ﬁ/Ro) if R=-1.

The geometry at fixed ¢ is in this case a 3-sphere when & = 1, flat space (when & = 0) or
a hyperbolic space (R = —1). It is usually convenient to rescale ¢ — Rpl when & = =£1.
For & = 0 it is convenient instead to rescale ¢ to ensure that the scale factor is unity at
a particular time, a(tg) = 1 (with the particular time chosen to be now). These rescalings
amount to choosing convenient units of length

With these choices the fundamental evolution equation (1.1) boils down to two indepen-
dent differential equations relating a(t) to p(t) and p(t). These may be chosen to be the

Friedmann equation,

R 8rG
H+ = =— L5
ta =g (1.5)
as well as the equation describing the Conservation of Stress-Energy (V*T,, = 0),
p+3H(p+p) =0. (1.6)

In these expressions over-dots denote differentiation with respect to ¢ and the Hubble function

is defined by H(t) = a/a. Equation (1.6) has an intuitive interpretation if it is rewritten



d(pa®) + pd(a®) = 0, which relates the rate of change of the total energy, pa3, to the work
done by the pressure as the universe expands. For a thermodynamic fluid this is consistent
with the First Law of Thermodynamics when the evolution is at constant entropy.

Egs. (1.5) and (1.6) provide two differential equations for the three unknown functions
p(t), p(t) and a(t) and so can only be fully integrated after more information is provided.
Typically this information comes from identifying the types of matter making up the fluid.
Any specific type of fluid — a gas of photons, for example, or nonrelativistic electrons — has
an equation of state: a relation relating p to p. Once an equation of state is specified there
is enough information to integrate eqs. (1.5) and (1.6) to obtain the histories a(t), p(t) and
p(t).

For instance, if it happens that the equation of state has the commonly occuring form

p=wp, (1.7)
where w is a t-independent constant then eq. (1.6) integrates to give
ao\? .
p = po (—) with o =3(1+w). (1.8)
a
In the special case that & = 0 this allows eq. (1.5) to be integrated to give
AN 2 2
) =ap [ — ith a=-=-——~_. 1.9
alt) %<m) VT S T 31t w) (1.9)
1.1.1 ACDM

The core theory of Hot Big Bang cosmology postulates that all ordinary matter starts off in
the remote past as a hot dense fluid, and then asks what evidence for this exists in the later
universe. It turns out it does: as the universe expands it cools and bound states form as
the temperature falls below the relevant binding energy. The formation of nuclei leads to the
successful Big Bang nucleosynthesis prediction for the abundances of light elements; atom
formation leads to the universe becoming transparent and the associated Cosmic Microwave
Background (CMB) relic radiation, and so on.

All told, a minimal successful description of cosmological observation requires four main
types of components to the cosmic fluid, each of which (in the later universe at least) does
not exchange energy with the others — so their stress-energies are individually conserved and

satisfy (1.6) separately.

e Radiation: Photons (and neutrinos) are relativistic through (most of) the universe’s
history and so turn out to have a pressure-to-energy-density ratio of wy,q =~ % (we

collectively call such species ‘radiation’). Eq. (1.8) then implies praq(a)/prado = (ao/a)*.



e Ordinary Matter (baryons): Ordinary matter is nonrelativistic for much of the
epoch to which we have observational access (electrons and neutrinos are the exception
for earlier parts of the universal history). Since p/p involves the ratio of some measure
of particle kinetic energy (like temperature) over rest mass we have w, ~ 0 for non-
relativistic species and (1.8) implies py(a)/pw = (ao/a)®. Because of electromagnetic
interactions this fluid is only uncoupled from the radiation fluid in the relatively late

universe (after neutral atoms are able to form).

e Cold Dark Matter: There is considerable evidence for the existence of another fluid
that behaves gravitationally much like baryons do (i.e. it clumps together in galaxies
and clusters of galaxies due to gravitational attraction) but which does not otherwise
interact with ordinary matter. If this fluid describes the bulk behaviour of a new type
of matter then this matter must be moving slowly — i.e. be ‘cold’ — in order to clump
sufficiently efficiently, and so is also well-described as a fluid with a nonrelativistic
equation of state parameter w. ~ 0. As a result its density also falls in an expanding

universe like p.(a)/pe0 = (ag/a)?.

e Vacuum Energy: There is good evidence the vacuum is Lorentz invariant to high
accuracy and so its stress energy tensor must be proportional to the metric:?
Tloe = —pvac 9" - (1.10)
Conservation of stress energy (VMT\’;QVC = 0) then implies pyac must be a constant. Be-
cause it is a constant it contributes to Einstein’s equations (1.1) in the same way as
would Einstein’s cosmological constant term Ag,,,. Comparing (1.10) with the general
fluid stress-energy (1.2) then shows that pyac = —pvac and so the equation of state pa-
rameter is wyae = —1. In this case we have p(a) = pyac is independent of a. Because

either pyac Or pyac must negative (observations say pyac > 0 and so it is pyae that is

negative) this is distinct from Dark Matter, and so is given its own name: Dark Energy.

The above fluids are part of the definition of the ACDM model of cosmology, and taken
together they imply the relative abundance of the different fluid components changes as the

universe expands (see Fig. 1). In particular the total energy density and pressure have the

2The vacuum is usually meant as the lowest-energy state but there is no reason it has to have zero energy

density, particularly for (7)) evaluated in a quantum vacuum state. More about quantum effects below.



form

p(a) = pyac + pmo (@)3 + Prado (@)4

a a

p(a) = —pvac + %prado (%)4 . (1.11)
if the energy exchange between fluids is neglible. Here ppng := ppo+ pco sums the contributions
of the two types of nonrelativistic fluids (which is only appropriate after the baryons have
decoupled from the radiation). Using the above expression for p(a) in the Friedmann equation
(1.5) gives H = a/a as a function of a, which can be integrated to get a(t). Comparing to
(1.9) shows this implies in particular that a o t1/2 when radiation dominates the energy
density (‘radiation domination’) and a o t?/3 when nonrelativistic matter dominates (‘matter

domination’).

Energy Density vs Scale Factor
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Figure 1: logp(a) as given in (1.11) vs a with realistic choices for the present-day energy densities
(with present-day defined by a(tg) = 1).

For a given Hubble parameter, H, it is conventional to define the critical density by

perit(a) := 3H?/(87Gy). Given the current measurement Hy ~ 70 km/sec/Mpc, the critical

density’s numerical value today becomes peritg >~ 9 X 10730 g/cm3. Perit 1s defined this way
because the Friedmann equation becomes?
R 881Gy R P
H?>+ = = p or 1+ = =: Q(a), 1.12
3 @HE ~ pan Y (112)

31t is sometimes convenient to put the & term on the right-hand side of the Friedmann equation and define
Q. := —R/(aH)? so that the Friemann equation becomes Qp + Qm + Qraa + Qe = 1.



and so if there should be a time tg when p(tg) = perit(to) then & = 0 and so p = perig for all
times. Similarly if & = +1 then we must have p > pcit and if R = —1 then p < peit. The
last equality of (1.12) defines Q(a) := p(a)/perit(a): the total energy density in units of this
critical density.

Normalizing densities in terms of pcit proves to be useful because the best evidence
currently is consistent with 8 = 0 and so at present py =~ peito and therefore Q2 ~ 1.
When this is true the densities of the cosmic fluid components when normalized to perit
—i.e. had = Prad/Perits QA = pvac/Peric and Q= Q + Q¢ (with Qp = pp/perie and
Q¢ 1= pe/perit) — give their fraction of the total energy density and so should all sum to unity:
Qvac + Qm + Qpaqg = 1.

Although we do not pursue this further here, there is also good theoretical reasons why
Q) = 1 should be true to a very good approximation: it is what would be expected if the much
earlier universe were to have undergone a significant period of accelerated expansion, such as
proposed by inflationary models [4] for which it is hypothesized that the scale factor evolves
like a(t) = ag et (t=t0) for roughly 50 e-foldings or more. Such an expansion would quickly
drive R/(aH ) to be extremely small even if R were nonzero. Inflationary models are attractive
inasmuch as they provide a dynamical explanation for some of the initial conditions that are
required for successful description of our later universe, including providing a mechanism for
the origins and properties of the primordial density fluctuations that ultimately source the

distribution of matter we now find around us [5].

1.1.2 Observations

The above picture proves to be a spectacularly successful description of the universe we see
around us. This agreement is even better than the above discussion might suggest because
the assumption that the universe is exactly homogeneous and isotropic can be relaxed to
follow how perturbations around homogeneity and isotropy evolve in time. Although a full
description goes beyond the scope of this survey the result provides a beautifully accurate
picture of how the much clumpier distribution of galaxies we see around us now arises from
the gravitational attraction of initially very small deviations from homogeneity and isotropy
(for textbook discussions see e.g. [6]). Agreement with observations determines the various
parameters of the cosmology (such as Q., Q0 and Qy) to the percent level or better. In
particular fits to observations confirm that Q. ~ 0.28 and Q5 ~ 0.67 are nonzero and €2 is
consistent with zero (see e.g. Fig. 2).

Because (), is consistent with zero cosmologists define a 6-parameter model — called

ACDM - for which x = 0 is set by hand. The results for the six cosmological parameters is
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Figure 2: Left panel: Best-fit values for Qp := Qqac vs Qq, evaluated in the present day where the
diagonal line corresponds to & = 0 (a spatially flat universe). Right panel: Best fits for the present-day
values of Q, = —8/(aH)? vs Q. Different colours correspond to fits to different data sets. Both

figures taken from [7]

then obtained by fitting to observations and given these parameters many other observables
can be computed. The results of such a process are listed in Fig. 3, which shows the precision
of agreement is currently better than the percent level.

This successful description in particular tells us Q0 ~ 0.05 and Qg0 ~ 107% < 1, which
allows at most only about 5% of the current energy density to be matter we understand
in detail. The remarkable fact that we can describe the universe so accurately while being
almost completely ignorant about the fundamental nature of 95% of what is in it is one of
the central scientific puzzles of our times.* We have direct observational evidence that we are
missing something important but with not (yet) enough information to pin down decisively
what is going on. Indeed an unusual opportunity.

The rest of these notes explore this opportunity further, but before doing so it is worth
reassessing the validity of the big picture. On one hand it is claimed that we have a detailed
description of cosmology that is very accurate. On the other hand this detailed description
requires the universe to have many unknown ingredients. Perhaps this is really tellng us our
overall conceptual framework is flawed. Questions like these have stimulated much study of

the foundations on which cosmology is based (some of which is summarized below).

4One attitude is that the vacuum having an energy density is not unexpected and so the evidence for Dark
Energy is not really that mysterious. Even if so Dark Matter — 28% of what is out there — is still a puzzle. The

rest of these notes make the case that interpreting Dark Energy as a vacuum energy contains many puzzles.
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Figure 3: The current (mid 2025) state of the art for cosmological parameters obtained by fitting
observations to ACDM cosmology. The different columns fit to different datasets — see [7] for details.

Ultimately our confidence in the existence of things like Dark Matter relies on the redun-
dancy of the evidence in its favour. Redundancy is convincing in two ways. First it provides
protection from some of the observations simply being wrong (due to unknown mistakes). Re-
dundant evidence survives even when some individual experiments are thrown away. Second,
redundancy provides confidence in an overall picture. The situation is much like it was for
the discussion of atoms at the turn of the 20th century: they could not be directly detected
but the properties of bulk matter provided multiple independent lines of evidence for their
existence. After all, if atoms did not exist there is no reason why independent inferences of
their mass, size and abundance from the properties of bulk matter should all give the same
answer. But they did and it is the agreement of multiple independent lines of evidence that
is compelling. Although not explored in detail in these notes, the evidence for Dark Matter
is similarly redundant, coming from several different sources within cosmology, but also from

myriad observations of galaxies, galaxy clusters, and the large-scale distribution of matter.



1.2 Playing the field

The purpose of these notes is to explore what we know about Dark Energy in two separate
ways. We start here by summarizing the extent to which evidence is building that the Dark
Energy density might not be constant in time which, if true, would mean the Dark Energy
could not just be a vacuum energy. This evidence is one of a small set of ‘tensions’ within
ACDM cosmology. Tensions arise as degradation of the quality of the fit to observations if the
agreement between observations and predictions starts to deteriorate as either or both become
more accurate. We later explore the extent to which there are useful clues in demanding

consistency of viable cosmological proposals with more microscopic physics.

1.2.1 Anomalies?
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Figure 4: Left panel: Summary of the constraints on Hy and the sound horizon r4 coming from dif-
ferent kinds of observations, illustrating the Hubble tension. Right panel: Summary of the constraints
on Sg and the density of nonrelativistic matter €, coming from different kinds of observations, illus-

trating the Sy tension. Both figures taken from [7].

Three types of tensions are normally discussed when asking about the ability of ACDM

model to fit cosmological data.

e Hubble tension: The value of Hj inferred from measurements of the Cosmic Mi-
crowave Background (CMB) seems to disagree with the value of Hy obtained by mea-
suring the luminosity of and distance to relatively nearby objects. Inferences based on
the CMB (such as those in Fig. 3) tend to prefer Hy ~ 67 km/sec/Mpc with an error
of just under 1 km/sec/Mpc. Observations using relatively nearby supernovae instead

give a value of Hy ~ 73 km/sec/Mpc with an error of around 1 km/sec/Mpc [8] (see

,10,



Fig. 4). It is not yet clear whether this disagreement is telling us about non-ACDM

physics or about the difficulty of performing the relevant measurements [9, 10].

e Sy tension: A similar tension has arisen for inferences of the size of clumping at
particular scales — parameterized by a quantity Sg — as measured in the distant and
closer-by universe. CMB-based inferences (such as those in Fig. 3) give Sg ~ 0.85 to
within a few percent but those using more recent observables instead find Sg ~ 0.77
with similar errors [11] (see Fig. 4). Again there is uncertainty as to how much of this

discrepancy is associated with systematic errors [10].

e Time-dependent Dark Energy: More recent than the previous two are tentative
indications that the energy density of Dark Energy is time-independent. This is illus-
trated in Fig. 5 which plots the equation of state parameter wy,. as a function of redshift
(which is a proxy for scale factor). This result, if it survives scrutiny, would directly

contradict the interpretation of Dark Energy as a constant vacuum energy.

—0.61 — wyw,CDM
-4+ Binned w(z2)

Bl DESI+CMB-+Panthcon+
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o DESI+CMB
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Figure 5: Left panel: constraints on the evolution of the Dark Energy equation of state parameter w

as a function of redshift (and so also of universal scale factor). The green swathe denotes the expected

shape given a phenomenological parameterization w(a) = wo + w, a. Right panel: best-fit values for

the parameters wg and w,. Both figures taken from [14].

Many cosmological models have been designed to explain these tensions in terms of new

fundamental physics (for the Hubble tension see [12, 13] for recent reviews), or as solutions

to other problems that happen also to have cosmological significance. The second direction

these notes explore is the extent to which one can differentiate amongst the many cosmological

models by asking whether they can plausibly emerge at low-energies given what we know about

— 11 —



the physics of higher energies elsewhere in physics. This turns out to be fairly restrictive and
it is argued that the criteria required to interface with higher-energy physics is an important
clue when figuring out what is going on. We use the third anomaly — evolution of Dark Energy

density with time — as a vehicle for having this discussion.

1.2.2 Simple Scalar Model

To get things going it is useful to have a straw man: a concrete example of a model that
could give a time-evolving Dark Energy density. This can be used to illustrate the kinds of
difficulties that can arise. A vanilla starting point of this type is to postulate the existence
of a scalar field ¢ that evolves homogeneously over cosmological time scales. This will look
approximately like Dark FEnergy if its kinetic energy, K, is much less than its kinetic energy,
V — becoming exactly like a vacuum energy in the limit K — 0.

Consider for instance supplementing the cosmological model with a scalar field whose

action has the form
s=- [d'ev=g [}9" 0000+ V(9] (1.13)

where V(¢) is a scalar potential to be specified below. Such a field satisfies the classical field

equations

[—D+v’(¢)} =0, (1.14)

where O = ¢"*V,V,, and contributes to Einstein’s equations (1.1) by adding a new term to
the stress energy. Applying the definition 3\/=g T = §5/8g,, to (1.13) one finds

T4 = 0.0 006 — g [% g OrG Dpp + V(qb)} : (1.15)

Working within an FLRW geometry (1.3) and assuming ¢ depends only on ¢ in the

rest-frame of the cosmological fluid then reduces (1.14) to an ordinary differential equation:
¢+3HG+V'(¢) =0, (1.16)

where H = a/a as usual and V” is the derivative of V(¢) with respect to ¢. In the special case
V = %m2¢2 (1.16) is a linear equation that describes damped oscillations with a frequency
set by m and a damping rate set by H. When m > H these oscillations are rapid on
cosmological timescales and the damping ensures the energy density in these oscillations
drops with universal expansion like ps o< 1/a3. (Exercise: prove this.) As a consequence

nontrivial scalar evolution within a potential is normally only important over long times in

- 12 —



cosmology® if the scalar mass is not large compared with H. For the present-day Hubble
constant this is an extremely small scale, Hy ~ 10732 eV, relative to microphysical scales.

Homogeneity and isotropy also imply T, ég’ ) = P TO(? ) — 0 and Tz(js) = pg¢ gij Where

po =30 —V(p) and  ps=31*+V(9), (1.17)

so the Einstein equations governing homogeneous evolution remain (1.5) and (1.6), but with
the pressure and energy density of (1.11) supplemented by adding (1.17), evaluated at the
solution to (1.16).
The ratio L
Wy = P _ w (1.18)
Ps 502+ V()

is in general time-dependent and so this kind of theory gives a cosmic fluid with a time-
dependent equation-of-state parameter. It in general does not conform to the special case
discussed in egs. (1.7) through (1.9) apart from in a few special limits. For instance when the
motion is rapid enough that %qﬁQ > V(¢) — the so-called kination regime — then pg ~ py and
so wg ~ +1. In this case (1.8) and (1.9) apply and give py o< a=% and (if the scalar energy
dominates) a(t) oc t1/3.

Another limit for which eqgs. (1.7) through (1.9) apply is the slow-roll regime, for which
%(;'52 < V(¢). In this case (1.17) implies py ~ —py and so wy ~ —1, mimicking a vacuum
energy along which pg ~ V' (¢) is approximately constant. This suggests that choosing V' (¢)
to be sufficiently shallow provides a candidate for Dark Energy where both pyr and wpy,
can vary with time. A possible difficulty with such a candidate is the observation that
reproducing Qx =~ 0.67 requires pg ~ V' > 0 during the slow roll. But for V' > 0 eq. (1.18)
implies —1 < wyg < +1 and so in particular one should never enter the regime wyr < —1 seen
in the left-hand panel of Fig. 5. We return to the question of how discouraging we should

find this in later sections.

2. Prior Knowledge

A great many models for Dark Energy can be (and have been) built in this way (see for
example the reviews [15]), and at first sight there seems to be little chance of being able
to distinguish amongst so many models using only the limited data available to us from

cosmology (wonderful though this data surely is). The next few sections step back and ask

5 An important exception to this is if the rapid oscillations themselves are the Dark Matter, whose energy
also falls like 1/a®.
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whether what we know about the rest of physics (outside of cosmology) can usefully constrain
the search for phenomenologically successful models.

It turns out that it can, and this might come as something of a surprise since experience
in other areas of physics tells us that the details of short-distance physics usually are not
important when computing long-distance properties — a phenomenon called ‘decoupling’ —
and cosmology deals with the longest distances of all. As we shall see, the theories that
describe cosmology well rely heavily on the few things that do depend on what happens at
higher energies. One of the things we learn along the way by asking this question is what
controls the corrections to the basic semiclassical limit that lies behind the logic of solving

equations like (1.1) and (1.14) classically in the first place.

2.1 Semiclassical methods in gravity (and why they work)

Since our goal is to ask what we can learn by thinking about cosmological models as the
low-energy limit of some more fundamental theory, the first step is to systematize what kinds
of things emerge in general for the low-energy limit of physical systems. The answer to this
question is best answered using the tools of Effective Field Theories (EFTs) [16] and so we
start with a brief digression to summarize these (leaning heavily on the reviews [17, 18, 19]).
Although quantum effects are often small in practical applications to gravity we nonetheless
explore low-energy EFTs for quantum systems. For applications to gravity this will bring the

later payoff of showing us what controls the semiclassical approximation in the first place.

2.1.1 EFT methods

Suppose we have a physical system with a characteristic scale M, such as a collection of
‘heavy’ degrees of freedom with masses of order M represented by fields collectively denoted
h(z). Suppose the theory also have very ‘light’ degrees of freedom whose masses are much
smaller than M, represented by fields collectively denoted ¢(z). Our interest is in observ-
ables, A(F, M), involving the light fields that involve energies much smaller than M, such
as scattering of ¢ particles with centre-of-mass energy F < M. These observables inevitably
simplify once Taylor expanded in powers of E/M. The hard way to find the simple E < M
limit is to compute A(F, M) in all of its glory and then Taylor expand. EFT methods seek
instead to do the Taylor expansion as early as possible in a calculation in order to exploit the
simplicity as effectively as possible.

A conceptually simple way to do so is to write out the path-integral expression for A and

then ‘integrate out’ the heavy degrees of freedom once and for all early in the calculation.
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For instance, suppose A has the path-integral representation

A= /th O(l) exp [i/d‘*:cz(e, h)] , (2.1)

where O is some operator built only from the light degrees of freedom. (This would be true
in particular for correlation functions from which a great many observables can be derived.)
There is a great deal of freedom in choosing precisely how to separate the path-integral into
integrals D¢ and Dh over light and heavy degrees of freedom — for instance on flat space one
might imagine dividing up all field modes in momentum space as heavy or light depending
on whether or not® p? +m? > A? or p? + m? < A2, where p is the corresponding particle
momentum and m is its mass. A here is an arbitrary cutoff chosen to be much smaller than
the heavy scale but much larger than the energies of interest in A: that is F < A < M.

Although the details of the heavy-light split can affect intermediate steps in the calcu-
lation, these choices must drop out of the final physical predictions because they are just an
artefact of how we organize the calculation. They do not appear at all in the original integral
(2.1) before trying to separate the fields into high and low energy parts. So one is free to use
calculational convenience as a guide when making this split.

Now comes the main point: the observables (by assumption) do not depend on the heavy
degrees of freedom and so the integration over h does not depend on the choice for O and can
be evaluated once and for all right at the very beginning, with the efficiency of performing an
expansion in powers of 1/M reaped very early on. When this is done the influence of heavy

fields on any dynamics at low energies is completely encoded in the following effective action:

A

The dependence of Seg on A is a shorthand for a dependence on all of the details of precisely
how one makes the low-energy /high-energy split.
Physical observables at low energies are now computed by performing the remaining path

integral over the light degrees of freedom only:

A= / "o O0) exp [iseﬁ(e, A)] 7 (2.3)

showing that the integration over light fields is weighted by Seg(¢) in precisely the same way
as the classical action S = [d*z L(¢,h) does for the original integral over both heavy and

light degrees of freedom. This derivation also makes clear that any dependence on A (i.e. on

51t is usually most convenient to do this in Euclidean signature.
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the details of the high/low-energy split) must cancel between the explicit A-dependence of
Sef(A) and the implicit dependence in the definition of the low-energy integration [ Ape.
Although Seg obtained in this way is in general a hot mess, it simplifies dramatically

7

once it is expanded to a finite order in 1/M, in which case it become local in spacetime,’ so

Sef = / d*z Leg(L,A), (2.4)

where Leg is (to any finite order in 1/M) a simple function — usually a polynomial — of ¢ and
its derivatives all evaluated at the same spacetime point. This happens in detail because the
low-energy expansion of massive particle propagators is local

e °] n

(-o+ M2>*1 _ # $ <]52) ’ (2.5)

n=0
when truncated to any finite order. Physically this has its roots in the uncertainty principle:
high-energy states can only get into low-energy predictions by violating energy conservation,
which the uncertainty principle allows® provided they are only done over times At < 1/M,
making them effectively local for low-energy observers who cannot resolve such small intervals.

The upshot of all of this is that all low-energy contributions of the heavy degrees of
freedom are encoded in an effective lagrangian (or Wilson action) that is a product of powers
of the light field ¢ and derivatives. Because the integral in (2.2) defining S.g involves only
high-energy states any dimensionful parameters in this lagrangian will involve the heavy scale
M (such as is true for each additional power of O in (2.5)). On dimensional grounds any
additional powers of derivatives and fields generically cost additional powers of 1/M and so
become negligible once one restricts to a finite order.

Only a very small number of terms can involve absolutely no suppression by powers of
1/M and the lagrangian obtained by keeping all such unsuppressed terms is called renormal-
izable. We expect renormalizable theories to describe the dominant physics at low energies,
and this is indeed what we find in successful theories like Quantum Electrodynamics, Quan-
tum Chromodynamics and the Weinberg-Salam model of electroweak unification. This is the
modern understanding of why the renormalizable theories like the Standard Model of particle
physics (which includes the other three mentioned) work so well: what we are looking at
in practice in Nature is consistent with being the low-energy tip of an iceberg: some more

fundamental theory describing physics at much higher energies.

"In nonrelativistic systems the low-energy expansion makes Seg local in time but locality in space depends
on whether or not short distance degrees of freedom can also be low-energy degrees of freedom.

8More precisely, energy conservation can be violated in old-fashion Rayleigh-Schrédinger perturbation the-
ory, but is regidly conserved in Schwinger-Feynman perturbation theory (in which case the same conclusions

follows from off-shell contributions as described in (2.5).
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2.1.2 GREFT

This is all very nice, but although cosmology involves the longest distances to which we have
access (and so the lowest energies of all) the theory most relevant to it is General Relativity,

which is mot renormalizable. Why is the above EFT discussion relevant?

In the EFT picture renormalizable interactions usually dominate nonrenormalizable (1/M-
suppressed) interactions when renormalizable interactions exist. But sometimes no renormal-
izable interactions are possible and in such cases nonrenormalizable interactions can dominate.
An example of this is when a renormalizable theory contains an ‘accidental’ symmetry (like
baryon number B or lepton-number L conservation in the Standard Model for instance).
Accidental symmetries are symmetries not built in as assumptions; they instead emerge as
accidental consequences of renormalizability for a given field content. If the Standard Model
emerges as the low-energy limit of a more fundamental theory in which baryon number is
not conserved (such as a Grand Unified Theory, or GUT) then the leading rates for B- or
L-violating processes at low energies would be described by nonrenormalizable interactions

because the renormalizable ones of the Standard Model preserve baryon number.

An even more informative example — for which both the low-energy and high-energy the-
ories are well understood — is the low-energy effective Fermi theory of the weak interactions
that are responsible for many radioactive decays. In this case the fundamental high-energy
theory is the Standard Model itself and the low-energy theory is obtained once the W boson
(with mass My, ~ 80 GeV) is integrated out (together with other, heavier, particles). In
this effective theory the renormalizable interactions preserve particle flavours (like charm,
strangeness, up-ness or down-ness etc) and so radioactive decays mediated by the weak inter-
actions that violate the conservation of these quantities (like 7™ — e™v or nuclear 3-decays)
are well described by the nonrenormalizable Fermi theory. In this theory the effective Fermi
coupling constant, G, has dimension M ~2 for a scale M much larger than the energies in the
decays — the characteristic suppression by inverse powers of a heavy scale typical of nonrenor-
malizable interactions. But because we also understand the more fundamental high-energy
theory we can in this case explicitly relate the size of G to the scale of the heavy physics
that was integrated out (in this case the W-boson mass, My, ), with G ~ ¢*>/M2 (where
g ~ 107! is a measure of the coupling strength of the W boson).

A similar story applies to gravity: it turns out there are no renormalizable couplings
possible for the graviton and so its interactions must be nonrenormalizable. There is even a
candidate for a more fundamental theory — string theory — that produces General Relativity in

its low-energy limit with Newton’s constant Gy ~ g2/M? calculable in terms of the couplings
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gs and masses M, of very high-energy states.” As we shall see, even without such a UV
completion the EFT framework also seems to be required if the theoretical error associated
with quantum effects in gravity are to be reliably estimated.

The main practical consequence of regarding GR as part of a low-energy EFT within a
more fundamental theory (much as we do for the Standard Model) is that the action can no
longer be limited to the vanilla Einstein-Hilbert action. The Einstein-Hilbert action should
instead just be regarded as the leading term in an expansion in powers of derivatives of the
metric divided by some heavy scale 1/M.

Recall for these purposes that the field relevant for GR is the metric, g, of spacetime
itself, and that its action is required to be invariant under general covariance and local Lorentz
invariance. Invariance under these symmetries dictate the metric can appear in the action

only through curvature invariants built from the Riemann tensor,
R¥ypy = O\l + TR TS — (A <> p) with TH, =1 g (Gugm + Oxgpy — 8,3.(:71//\) ., (26)

and its contractions — such as the Ricci curvature R, = R%,,, and Ricci scalar R = g""R,,,,
— and their covariant derivatives. What is important in what follows about these definitions
is that the curvature tensors involve precisely two derivatives of the metric.

The low-energy EFT for the metric (called GREFT) is defined as the local action involving
all possible powers of derivatives of the metric, which general covariance then requires must

be built from powers of the curvature tensors and their derivatives,

c R
_ % = A+ §M} R+ ca1 Ry B + cag R? + a3 Ry B + cas DR (2.7)
-9
6L g3 25 ROMR
ANV Ve T

The first two terms here are the only ones possible involving just the metric and two or
fewer derivatives and these agree with the Finstein-Hilbert action of General Relativity with
cosmological constant A\. The rest of the first line includes all possible terms involving precisely
four derivatives, and (for brevity) the third line includes only two representative examples of
the many possible terms involving six or more derivatives.

The constants cg, appearing in (2.7) are labelled using the convention that d counts the
number of derivatives of the corresponding effective operator and n =1, , Ng runs over the

number of such couplings. These couplings are dimensionless because the appropriate power

9 Although we do not yet know whether string theory correctly describes nature, much of the attention it
receives hinges on it being a rare example of a consistent fundamental UV completion for General Relativity,

including quantum effects.
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of a high-energy mass scale M has been extracted to ensure this is so (assuming 4 spacetime
dimensions). Although it is tempting to use M =~ M, everywhere for this high-energy mass
scale (given that this is what appears in front of the Einstein-Hilbert term) this would in

general be a mistake.

To see why, imagine generating a contribution to these effective couplings by integrating
out a heavy particle of mass M. All of the terms listed are generically generated when doing
so, with M appearing in each coefficient as required on dimensional grounds (leading to terms
like M?R and R? and R? /M 2 and so on). The complete coefficient of any one term in Lopppr
would then be obtained by summing over all of the possibly many particles appearing in the
fundamental theory, making the coefficient of R in this lagrangian a sum of the schematic
form Y, k, M?2 while the coefficient of R? would instead be something like >_ ke M2

Here comes the point: although it is the largest mass that dominates in any sum over
positive powers of M, it is the smallest mass that dominates a sum over negative powers of
M,,. Consequently we are not surprised at all to find a large coefficient like M, ~ 10'8 GeV
appearing in front of the Einstein-Hilbert term, but this does not provide evidence for the scale
M appearing in the curvature-cubed and higher terms in (2.7) also being this large. Instead
one should expect M in any given application to be of order the lightest of the heavy particles
whose integrating out generates Lorprr. For instance, for applications to the solar system M
might be the electron mass; for applications to post-nucleosynthesis Big-Bang cosmology M
might be of order the QCD scale, and so on.) Of course, contributions like M2R or R? /Mg
could also exist, but when M < M,, these are completely negligible compared to the terms
displayed in eq. (2.7).

The first, cosmological constant, term in eq. (2.7) is the only one with no derivatives and
the alert reader will notice that we did not write its coefficient as A = cmMg. This was not
done because (as discussed in §1.1.1) it contributes to observables in the same way as does
the vacuum energy and so plays the role of A in the ACDM model. As a consequence its value
has already been measured, with observations implying A =~ pyac ~ 0.67p. ~ (3 x 1073 eV)?
and so is roughly 122 orders of magnitude smaller than M;}. Since cp; ~ 107122 it is an
extremely good approximation for most applications to neglect it completely when asking for
the implications of GREFT in noncosmological settings. Much of the rest of this review will
be devoted to how puzzling we should find it that A should be so small, which is called the
cosmological constant problem [20, 22, 23]. (We return to this issue below when discussing

implications for cosmology.)
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Redundant interactions

The attentive reader might notice that not all of the interactions listed in (2.7) are equally
important, even when only comparing interactions having the same number of derivatives.
For instance, the freedom to drop total derivatives'® from the lagrangian allows us to ignore
the coupling c44, because /—gOR = 0,,(/—g O*R) is a total derivative. A similar argument

applies as well (in 4 dimensions) as ¢43 since the quantity

V=9 X =v=9 (R,WMR’“’AP — 4R, RM + RQ) : (2.8)

is locally also a total derivative (it integrates to give a topological invariant in 4 dimen-
sions). Dropping total derivatives allows us to replace, for example, R, \,R"" A with the
linear combination 4 R, RM" — R?, with no consequences for any observables (provided these
observables are insensitive to the overall topology of spacetime, as are the classical equations
or perturbative particle interactions).

It is also possible to ignore any effective interactions in (2.7) that involve the Ricci tensor
R, (and so also its trace R = g"”R,,), provided we work only perturbatively in powers
of 1/M. This is because the variation of the leading Einstein-Hilbert action under a field

redefinition dg,, () is (dropping total derivatives)

0Spn = /d4l' <5SEH) 59#1/ = %Mg /d4$ V4 (RMV - %Rglﬂ/) 59#1/ (2.9)

0w

This means that any term in the GREFT action that vanishes for a Ricci-flat geometry, like

Screrr 2 _/d4x\/ —g AMVRMIM (2'10)

can be removed at leading order by choosing
50y = 247 (AW —1gvA,, gW> . (2.11)

This argument is a special case of a more general statement that also applies when matter
is present: any effective interaction that vanishes when the lowest-order equations of motion
are used can be similarly removed by performing an appropriate field redefinition.

Any interaction that is a surface term or can be removed using a field redefinition in
this way is called a redundant interaction because most observables (except perhaps those

sensitive to boundary terms) cannot depend on their coefficients. It is useful to remove all

10These cannot be dropped if one cares about boundary information or topology, so we when making these

arguments we have in mind the vast majority of other local effects for which surface terms are irrelevant.
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such interactions from the effective theory because carrying them around is not wrong but is
needlessly time-consuming since they have no effects.

In practice this means that for pure gravity (no other fields, like matter) all of the
effective interactions beyond the Einstein-Hilbert term that are written explicitly in (2.7)
are redundant (in 4 spacetime dimensions) because they are either total derivatives or they
vanish when R,, = 0 (or both). The first nontrivial non-redundant effective interaction

involves cubic or higher powers of the Riemann tensor.

2.1.3 Power counting (gravity only)

We see there can be a large number of interactions in an EFT — potentially arbitrarily large if
one works to arbitrary fixed order in 1/M. How can a theory with so many effective couplings
ever be predictive? This is a central question whose general answer is given by power-counting
[16] (as we describe for gravity in this section).

In any EFT we imagine expanding all observables in powers of ¢/M where ¢ is a typical
energy scale of interest in the low-energy sector (perhaps a centre-of-mass scattering energy
or the Hubble expansion rate) and so a very important question asks which interactions are
relevant when computing observables at a specific order in powers of ¢/M (and q/M, in the
case of the lagrangian (2.7)). We here briefly recap the result without repeating the details
(see however [17]).

To see how various interactions contribute to physical processes consider using the la-
grangian (2.7) to calculate a correlation function or a scattering amplitude involving a path
integral like in (2.3). For simplicity we ignore here the cosmological constant term A, but
return to it when we consider cosmology in the next sections. The integral is evaluated semi-
classically by expanding around some classical background spacetime g,,, that we assume
to be a stationary point of the action built from (2.7). We then write the full metric as'!
G = Gy + hyw /M, and do a double expansion of the action Sgrgrr in powers of both hy,
and of derivatives, keeping in mind that the curvature involve all possible powers of h,,,, but
precisely two derivatives.

One finds in this way the expansion

ScreFT [? + h] = ScreFr [?] + SEH(2) [57 h] + Sint [gv h] ) (2-12)

where

Seula] = 403 [ dlav=g R, (2.13)

"Strictly speaking a factor of 2 would pre-multiply h,, if fluctuations were to be canonically normalized,

but our focus here is on how the scales M and M, appear.
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is the Einstein-Hilbert lagrangian — or equivalently the terms in (2.7) involving precisely two
derivatives — and Sy (2) contains those terms in the expansion of the Einstein-Hilbert action

arising at quadratic order!? in hyw. The ‘interaction’ term contains everything else:
Sint [ﬁ, h] = Spmint [ga h] + Seff int [g + h‘} ’ (214)

where Sppint contains two-derivative terms coming from the expansion of Sy, [g+ h| that are
cubic or higher in h,, and Segin; contains terms involving any number of powers of h,, but
with no fewer than 4 derivatives — i.e. the higher-derivative terms in (2.7).

The integrand of the path integral is then written perturbatively in Siy

. _ _ _ e 1 T
eiSanernpHil = Senblsenn®h Yo Ll 7 0] (2.15)

r=0

so that the path integration becomes gaussian and can be evaluated using the standard
Feynman procedure (including covariant gauge fixing and ghosts in the usual way, the details
of which do not change the arguments to be made below). Evaluating the gaussian integrals
can still be hard in practice because we so far make no assumptions about the nature of the
background metric g,,,, but it can be done explicitly for simple spacetimes like Minkowski
space or anti-de Sitter space, say.

Our goal here is less ambitious than full evaluation, however. We wish only to perform
a power-counting exercise to identify what must be small in order for this expansion to be a
good approximation. This involves identifying how an arbitrary Feynman graph depends on
the scales M), and M appearing in the lagrangian (2.7), which can be done in great generality
in some circumstances. In particular, it can be done in situations when there is only one scale
of interest in the low-energy theory'® — call it ¢ say — since in this case it boils down to a
dimensional argument.!

Consider an arbitrary graph that contributes at L loops to the amputated!® E-point hyw

correlation function, Ag(q), performed with all external background curvatures and mode

12 Any linear term in the expansion of Sgy simply contributes to cancellation of the ‘tadpole’ graphs (those
with one external leg) that determine how the background metric changes from the solution to Einstein’s
equations once higher-derivative terms are included.

13 A nontrivial example of this might be if we follow fluctuations about de Sitter space and focus only on
fluctuations whose physical momenta k/a are roughly the same size as the background curvature scale H. In
this case we could choose ¢ ~ H.

“Dimensional arguments become more complicated if UV divergences are regularized using a cutoff but go
through as expected naively if one instead uses dimesional regularization, for instance.

15 Amputation means that the graphs have no external lines, such as might be encountered when computing

the size of coefficients in a low-energy effective action itself.
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numbers characterized by a single low-energy scale ¢ < M < M,. Suppose the graph
contains Vjq vertices involving d derivatives and i factors of the fluctuation field h,,. The
dependence of Ag(q) on the scales M and M, can be read off from the Feynman rules that
determine the propagators and vertices of the graph in question and then all of the remaining
dimensions are taken to be captured by the appropriate power of the low-energy scale ¢q. This

leads [17] to the following prediction for the ¢, M and M,, dependence of Ag(q):

oo () (sl) T[] e

Notice that since d is even for all of the interactions, the condition d > 2 in the product

implies there are no negative powers of ¢ in this expression. The argument leading to (2.16)
is sketched out in a bit more detail in the next section.

Eq. (2.16) is this section’s main result, and it contains lots of information.

e First, the appearance of only positive powers of ¢ verifies that it is indeed self-consistent
to organize calculations using a derivative expansion when computing using (2.7). The
weakness of gravitational self-couplings comes purely from the low-energy approxima-

tions ¢ < My, and g < M.

e For a fixed process (i.e. for a fixed number, E, of external lines) each additional loop
costs a factor of ¢?/(4mM,)?. But it is the number of loops that also counts the factors of
hi that premultiply the action in non-fundamental units */", making the loop expansion

also the semiclassical expansion. Why is the classical approximation good in GR? We see

it is ultimately the hierarchy ¢ < 47 M, that justifies the use of semiclassical methods:

the semiclassical approximation is the low-energy approximation.

e Notice that there is no low-energy penalty for using as many 2-derivative interactions
as we like. This shows that there is nothing in the low-energy limit that allows us to

neglect the full nonlinearity of GR.

e Even though the ratio ¢/M could be much larger than g/M,, it only arises in Apg
together with a factor of ¢? /Mg, making it hard in practice to exploit the hierarchy
M < M, to obtain surprisingly large effects.

Eq. (2.16) can be used to identify the dominant contributions to any low-energy process
(graviton scattering amplitude or correlation function) that is characterized by a single scale

g < M < M,. Eq. (2.16) shows that the least suppressed contributions come from graphs
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with L = 0 and V3 = 0 for all d > 2. That is to say, using only tree graphs (L = 0) con-
structed purely from the Einstein-Hilbert (d = 2) action. As might have been expected, it is
classical General Relativity that dominantly governs the low-energy dynamics of gravitational
fluctuations.

For instance, the above estimate applies in particular to graviton-graviton scattering, in
which case we take F = 4. Specializing eq. (2.16) to this case (with L = 0 and V;4 = 0 for
all d > 2) then says that at low energies we have Ay ~ (¢/M,)?, which agrees well with the
result obtained by explicit calculation [25], which for 2-body graviton scattering on flat space

gives (at tree level)
53
~ 8miGy | — 2.17
Av=sric (7). (2.17)

where s, t and u are the Mandelstam invariants for 2-body scattering, defined in terms of

the initial 4-momenta p!' and final 4-momenta p/* by s = —(p1 + p2)?, t = —(p1 — p})?

and u = —(p1 — ph)?%.

8rGy = M, 2 and s, t and u when evaluated in the centre-of-mass frame are s = 4E2 |

t=—2E% (1—cos?) and u = —2E?2 (14 cosv), where E.,, is the center-of-mass energy and

What is important for comparing with the estimate (g/M,)?* is that

¥ is the angle between the incoming momentum p; and the outgoing momentum p in this
frame. These imply Ay o< (Een/Mp)? in agreement with (2.16) with E.,, playing the role of
the low-energy scale q.

But (2.16) also identifies which graphs give the next-to-leading contributions. These come

in one of the following two ways:
e [ =1 and V;y =0 for any d # 2 but Vs is arbitrary, or
o L =0, ,Vis =1, Vi is arbitrary, and all other Vjq vanish.

That is to say: the next to leading contribution comes from one-loop graphs constructed using
only the interactions of General Relativity, or by working to tree level and including precisely
one insertion of a curvature-squared interaction in addition to any number of interactions
from GR. Both of these are suppressed compared to the leading term by a factor of (q/M,)?.
The next-to-leading tree graphs provide precisely the counter-terms required to absorb the
UV divergences in the one-loop graphs. And so on to any desired order in the expansion.
Despite being nonrenormalizable the theory is predictive provided one works only to a fixed
order in ¢/M and q/M,.

2.2 Power-counting in cosmology

We are now ready for the main event: asking more systematically whether the observation
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that any successful theory of cosmology must emerge as the low-energy EFT for some more
fundamental theory carries any practical consequences.

To this end — and partly with scalar models of Dark Energy and/or Dark Matter in mind
— we repeat the power-counting estimates made above for GREFT but this time do so for
gravity coupled to a collection of N dimensionless scalar fields, #?. A generic EFT containing
these low-energy fields can be expanded in a derivative expansion, leading to a lagrangian

that extends (2.7) to include new scalar interactions:

- j% = v'U(0) + 5 g" | MW () R + [ Gi5(0) aueiauaj] (2.18)
FAW@)08)" + B(o) B2+ C(0) R (00 + 20 (opye L0

where all terms involving up to two derivatives are written explicitly in the first line, with
the rest written schematically on the second line.'6

The explicit mass scales M, and M are explicitly written, as before, so that the functions
W(0), Gij(09), A(8), B(0) etc, are dimensionless. The functions W (#) and G;;(#) are positive
definite and there can be positivity conditions on some of the other functions as well [24].
Here M is the lowest scale integrated out to obtain Leg (since this is what dominates in
the denominator). We allow the scalar kinetic term to be normalized differently, with some
new scale f appearing there instead of M), but our interest here is scalars that interact with
gravitational strength for which f = M,. We assume M < M, and we take f < M, in
situations where f # M),

A new scale, v, is also added so that the scalar potential V() is order v* when the
dimensionless function U (#) is order unity. With cosmological applications in mind we imagine
v to be a low-energy scale and take v < M < M,. Notice that if we were to use a more
canonical normalization where ¢ ~ f 6% then if U(6) = Ao+ A + ;0707 + - - - is order unity
for % order unity then this choice for the scalar potential implies

¢ ¢’ @'l o

V(g) = v [ Ao+ Ni— + A +>\ijk?

7 ij? +ee ] (2.19)

which shows that V changes by order v* as ¢’ ranges through values of order f. This
form captures qualitative features of many explicit cosmological models when f ~ M, and

Aijk-. ~ O(1), but for future purposes it is worth keeping in mind that these choices make V'

remarkably shallow compared to most scalar potentials considered in particle physics (more

16These higher derivative terms are schematic inasmuch as R® collectively represents all possible independent

curvature invariants involving six derivatives, and so on.
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about which in later sections). In this language a typical particle physics potential would
change by order v* when ¢ goes through scales much smaller than M, (which amounts to
taking f < M, in (2.19)).17

As usual, there is considerable freedom to simplify the action (2.18) by performing field
redefinitions, and we use this freedom to Weyl rescale the metric to set W(#) =1 (i.e. go to
Einstein frame). The function G;;(#) can often similarly be simplified through redefinitions
of the form ° — f%(f), but it cannot be made f-independent if the Riemann tensor R’y

built in the usual way from the ‘target-space metric’ G;; is flat.1®

2.2.1 Power counting

From here the argument proceeds much as in the earlier section discussing pure gravity
(for details see [26, 27, 28]). To this end, as above, we expand Seg = fd4ac Leg about a
classical solution using fields that have canonical dimension, §(x) = 0'(z) + ¢'(x)/f and
G (%) = guv(x) + hy(x)/M,. As above we keep track of the scales appearing in the action
(2.18) by reading them off from the Feynman rules for each vertex and propagator, and we
assign the dependence on any low energy scale purely on dimensional grounds.

The dependence of a Feynman graph on the scales M, M,,, f and v are found by expanding
the lagrangian (2.18) in powers of the fluctuation fields ¢¢ and huy, leading to a sum of

interactions of the form

Le(0. gu) = Lot (B, G) + M2M? En: 0, (qu ’;\;p) (2.20)
where the functions, O,,, are monomials involving N, = N7s¢) =+ Néh) > 2 powers'? of the
fields ¢’ and h,, and their derivatives. The parameter d,, counts the number of derivatives
appearing in O,, and the coefficients ¢, are dimensionless and calculable in terms of the
functions U (), G;;(#) and so on (and their derivatives) evaluated at the background fields.

The prefactor, MQM]?, ensures the kinetic terms (i.e. the terms with N,Sh) =d, = 2)

for h,, are independent of M and M), and so the same is also true for its propagator. The

'"For instance the Higgs potential in the Standard Model would correspond to choosing v ~ f ~ 100 GeV
while the QCD axion potential has v ~ Agcp ~ 0.2 GeV and f ~ 10'° GeV.
18G5 () transforms like a covariant tensor under redefinitions of the 6* fields, and since it also is positive

and symmetric it can be regarded as a metric on the ‘target space’ (i.e. the range of the function 6" (2)).

19Terms linear in the fluctuations only arise at subdominant order, where they cancel the ‘tadpole’ graphs
(those with exactly one external line), since this is the condition that defines the background fields. At leading
order this makes the background fields solve the classical equations of motion, with corrections order by order

in perturbation theory.
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same is true for the kinetic term for ¢° if f = M,,. For more general f the expansion of the
‘sigma-model” term f2 G;; 0¢'0¢’ term of (2.18) gives operators of the form (2.20) that are
proproportional to f2 /Mg, SO

od f §
T 11 ~
Cp = Cp <W> 5 (221)
P
where ¢, is order unity. This ensures that the ¢' propagators are also scale independent.
Similarly, the lagrangians of (2.20) and (2.18) only make equivalent predictions for the
M and M, dependence in Feynman graphs if the coefficients ¢,, for all of the higher-derivative
terms in (2.18) are proportional to MQ/MZ?, S0
M? ,
Cp = <J\42> In (if dy, > 2), (2.22)
P
where g,, is at most order unity. For terms with no derivatives — i.e. those coming from the

scalar potential, V' (f) — one instead finds that agreement requires

vt )
o — <M2Mg> A (ifdy = 0), (2.23)

where the dimensionless couplings A, are also independent of M, and M (up to logarithms).

Consider first the case where f = M, and ask how the various scales enter into an
amputated E-point correlator of h,, and @' fields at L loops. As before we keep track of
the coupling for each vertex to see how the scales M, M, and v appear in the graph. Using
dimensional analysis — with dimensional regularization to remove the need for a confounding
cutoff scale — then gives the dependence on the (assumed) single low-energy scale (call it H

this time since it is often the Hubble scale in cosmology):

1 H

E 2L
Ap(H) ~ M§H2 (%) <47r]\4p) Sd=0 Sd=2 d>2 (2.24)

where vertices coming from the d,, = 0 terms of the lagrangian (the scalar potential) contribute

the factor
4

Faeo = 1;[ [)\n <H§Mﬁ>] " (if f=M,), (2.25)

while the 2-derivative terms and higher-derivative terms contribute
Soo=[[e  Gff =0, (2.26)
n

and

oI (2 (Y] wrem e

n
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In all three of these expressions the product only runs over those values of n that correspond
to vertices that have the number of derivatives as indicated (so d,, = 0 for (2.25), d,, = 2 for
(2.26) and d,, > 2 for (2.27)).

Eqgs. (2.24) through (2.27) are key results because they quantify very explicitly the size

of corrections to semiclassical methods.

e The appearance of only positive powers of H (except for within §4—¢ — more about which
below) again verifies that the derivative expansion controls perturbative calculations
made using (2.18), with perturbation theory relying on there being a hierarchy H < M,
and H < M.

e For a fixed number of external lines E each loop costs a factor of H?/(47wM,)?, so this

is again what controls the corrections to the semiclassical expansion.

e Once again there are no low-energy penalties for using as many 2-derivative interactions
as we like, either from the Einstein-Hilbert lagrangian and from the sigma-model term
Mp2 Gi; 0¢'0¢7. At low energies the full nonlinearity of GR remains important and the

two-derivative interactions in the sigma-model term like to compete with GR.

e The scalar-potential terms appearing in §4—g are generically dangerous because in them
H appears in the denominator rather than the numerator. This acts to undermine the
validity of the semiclassical approximation because including zero-derivative interactions
in a graph can amplify its size and make it no longer subdominant to other graphs that
were naively bigger. This can make semiclassical methods suspect in surprising ways.
This issue does not pose a problem for cosmological models if the low-energy scale H
is the Hubble scale and if the potential is what generates the Hubble curvature, since
in this case the Friedmann equation implies H ~ v? /M, and so connects the size of H
to the scale v in the potential. When this is true the potentially dangerous factor §4—q

becomes
4

Vn
Sd=0 = H [)\n <H;}W>] = H )\Xn ) (2.28)
n dn,=0

As before, for any low-energy process that is characterized by a single scale H < M < M,
the dominant contributions to observables come from graphs with L = 0 and V;4 = 0 for all
d > 2; i.e. tree graphs constructed using just from the d < 2 terms in the action: the Einstein-
Hilbert term with the sigma model and scalar-potential terms. The leading corrections are
again generated by loops involving these interactions plus tree graphs that include precisely

one 4-derivative interaction, and so on.
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Notice that there is no particular low-energy penalty working with large fields ¢ & M,
provided the functions U(6), Gi;(0) and the like remain order unity when 6 is order unity.
That is, if large fields do not also imply large energy then they need not cause difficulties

with the low-energy limit.

2.2.2 More general f

Before continuing we pause here briefly to record how power-counting formulae like (2.24)
change if we relax the condition f ~ M), typically with scales f < M, in mind. Rather
than setting things up from scratch again it is easier to just flag the changes relative to the
estimate made above when f = M,,.

Inspection of (2.20) and (2.21) shows that there are two sources of change. One of these
is the explicit factor of f2 /Mg that now appears in the Feynman rule for any vertex coming
from expanding the sigma-model interaction G;; 9¢'9¢’ about the background. This has
the effect of multiplying the factor Fs—2 given in (2.26) by a factor [, (f%/ Mg)v(’" where
Vyn counts the number of vertices of type ‘n’ that come specifically from the sigma-model
interaction. For 2-derivative interactions coming from the Einstein-Hilbert term there is no
change and ¢, = ¢, (rather than their being related by (2.21)).

The other change comes because the scalar fields appear as ¢/f in (2.20) rather than
as ¢/M), as was used earlier when studying the limit f = M,. This is corrected by taking
every appearance of ¢ in any interaction and rescaling ¢ — (M,/f) ¢. This introduces a new
factor into the amplitude Az (H) of the form [], (f/ Mp)fﬁnv’l, where the product is over all
vertices (not just those coming from the sigma-model interaction) and s,, counts the number
of scalar lines that converge on vertex n (and b, similarly counts the number of h,,, lines that
converge on this vertex).

Combining both sources of f-dependence again leads to expression (2.24) — repeated

again here:
IN?/ g \%
Ap(H) ~ M;H? <Mp> <47T Mp> Fa=0 Sa=2 Sa>2 (2.29)
but with (2.25) through (2.27) replaced by
v Va f —snVn
Sa=0 = 1;[ [)\n (HQMZ?)] (J\Jp) (general f), (2.30)

while the 2-derivative terms and higher-derivative terms contribute

B v i 2Von—5nVn
Sd=2 = H i (general f), (2.31)
" P
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and

Fas2 =[] [gn (]\2>2 (Z)dn_j ; <J\Z>_snvn (general f). (2.32)

n

As before the products run over the vertices that have the number of derivatives given by d.
The power of f/M, can be rewritten using three very useful identities, which hold for
any graph consisting of I scalar internal lines and [}, tensor internal lines. The first of these

is simply the definition of the number of loops in a graph:?°

1=L—-T1+)» V, (definition of L) (2.33)

where I = I, + I}, is the total number of internal lines. The other two identities express
‘conservation of ends’ (which says the number of ends of external and internal lines must
equal the number of ends appearing in all vertices, separately for both scalar and tensor
lines):
Ei+2l, =) s,V and  Ep+2, =Y haVp. (2.34)
n n

Recall here that s, and b, respectively count the number of scalar and tensor lines that
converge at vertex ‘n’. These last two identities can be used to eliminate I and [ from any
expression, and after this is done (2.33) implies the number of vertices and external lines are
related to the number of loops by the following expression:

E+2(L—1) =3 [(sn+bn) — 2| Vi, (2.35)

n
where F = E; + E,.
This is useful because it allows the power of the product of the factors (f/M,)

—5n Vi

appearing in (2.30) through (2.32) to be written as
—anVn:2(1—L)—E+Z(bn—2>Vn. (2.36)

This in turn allows (2.29) to be cast in a way where the factors of f/M, mostly have positive

powers:

yo (1N [ H o
Ap(H) < f*H 7 Inf Sd=0 Td=2 Fd>2 5 (2.37)

where

Saco =T |2 TR AN | 2.38
wo=TI M ()| (37 (general ). (2.59)

29This definition gives the intuitive number of loops for any graph that is topologically a disc — i.e. can be

drawn on a page (draw some graphs and check) — but is the definition of L regardless of the graph’s topology.
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while the 2-derivative terms and higher-derivative terms contribute

s = [T (AJ;

=TI [n () ()] (2)™ mein ew

n

(bn_Q)VEHn+anJn
) (general f), (2.39)

and

Eq. (2.39) uses that 2-derivative interactions must either come from the sigma-model term or
the Einstein-Hilbert term — c.f. the lagrangian (2.18) — so for them V,, = V,, + Vigpn,.

As a check, consider evaluating a graph with L loops and F, external scalar lines and
B, external tensor lines, for which all of the vertices come from the sigma-model interaction
Gij 0¢' 0¢7). In this case the only vertices present have d,, = 2 derivatives so Fj—o = Fa»2 = 1.
Since every vertex comes from the sigma-model interaction we also have V,, = V,,, for all
nonzero V,’s. Under these assumptions the dependence on M, f, v, and M, comes from

using (2.31) in (2.29). Combining everything implies either (2.29) or (2.37) can be written

E 2L Vi

() (BN (D™ e
In the special case where h,,, does not appear in the graph we have b,, = 0 and this reproduces
the standard sigma-model power-counting expression [16] — which is basically (2.24) with
Sda=0 = Sa>2 = 1 and M, — f. More generally > h,V, > Ej since any external metric
line must end somewhere, so an amplitude with E external scalars and E} external metric

fluctuations always has a proportionality constant of at least (1/M,)"n(1/f)Fs.
A second useful special case is the result for graphs with no metric external or internal
lines: Ep = I, = 0 and so from (2.34) we also have h,, = 0. Because we work in Einstein
frame the only interactions coming from the Einstein-Hilbert term involve the metric and so

for a scalar-only graph we can take Vi, = 0. In this case eqs. (2.37) through (2.40) imply

Vi
INE /g \2L v Vn H\2 / g\ 4]
ansr(5) (7)o Gep)] I (7) Go) |
o f) \anf dﬂo H2 f? d}l r)\u
(2.42)
Recall that the scalar potential depends on the coefficients A, through (2.19).

2.3 Lessons for cosmology

Nothing requires UV physics to provide new light fields for us to discover, but the fact that

cosmology only makes sense if well-understood matter is supplemented by Dark Energy and
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Dark Matter seem to suggest that new light fields might well be present in Nature. It is
also true that the few theories we have for which gravitational interactions make sense at
the quantum level at high energies (such as string theory) usually predict the existence of a
host of new particles that couple very weakly — often only with gravitational strength — to
ordinary matter, of which the graviton is only one example. If any of these were to be light
they could also be around to be discovered in cosmology or tests of GR (and might indeed
play a role in Dark Matter or Dark Energy). For such new fields the previous section sets the
general stage for what should be expected for them at low energies.

It already tells us something interesting. First, it tells us is that what cosmologists like
the most about scalar field phenomenology — the scalar potential — is also the thing that is
the most dangerous at low-energies. The potential is important for several reasons. A key
property for any field relevant to cosmology or tests of GR is that it is very light compared
with other scales in particle physics, and for scalar fields this is encoded in the scalar potential.
Similarly, we saw in §1.2.2 that for simple scalar models of Dark Energy the equation of state
parameter tells us that the energy density is currently dominated by the scalar potential.

The scalar potential actually contains several types of dangers at low energies. One
of these is the appearance of inverse powers of the low-energy scale H in expressions like
(2.30), which work to undermine the low-energy expansion that underpins the entire strategy
of analyzing the model semiclassically. This becomes more of a problem the stronger the
zero-derivative scalar interactions are. But we’ve also seen how this need not be a problem
for potentials with the structure V = v*U(¢) for generic order-unity functions U(¢), when
the low-energy scale H is the Hubble scale dominated by V, since in this case the dangerous
factor in (2.25) cancels out because H ~ v?/M,, as in eq. (2.28).

In this section we start, in §2.3.1, by assuming the scalar potential is suppressed to the
point that it does not overwhelm the two-derivative terms at low energies, returning in §3 to
how difficult this regime is to achieve and to discuss more broadly the problems raised at low

energies by zero-derivative interactions.

2.3.1 Two-derivative interactions: more is different

If the potential is somehow suppressed at low energies then it is the sigma-model term
Gij 0¢' 0¢’ that provides the next most important interactions for scalars at low energies.
These scale at low-energies in precisely the same was as do the interactions in the Einstein-
Hilbert action of GR, which also involve precisely two derivatives. Two-derivative interactions
can compete with one another at all energies without undermining the underlying derivative

expansion, and with it the validity of semiclassical methods themselves.
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But (as mentioned above) these cannot have physical implications if they can be removed
by a field redefinition, and this can always be done if the target-space metric G;;(¢) is flat.
An important example where the target space is flat is the case of a single scalar field. For
a single field it is always possible to redefine ¢ = ¢ (1) such that G(¢) (0¢)% = (9¢)?, with
¢(v) found by integrating G(¢) d¢ = dip. Because of this, in the special case of a single scalar
field the leading nonminimal couplings are the higher-derivative interactions appearing in the
second line of (2.18).

A large effort has been made to characterize the kinds of higher derivative interactions
that can arise for a single scalar field, and how these can contribute to classical observables

2L There is an important conceptual problem with these analyses,

(see for example [29]).
however: to the extent that an interaction with 4 or more derivatives starts to compete with
GR the power-counting argument that culminated in eqs. (2.24) through (2.27) shows that it
is necessarily true that the derivative expansion itself must be breaking down. But (2.24) also
shows that when this is true there is no justification for analyzing these systems classically
while neglecting loop effects.

But this unfortunate conclusion is specific to the restriction to a single scalar field (or to
multiple fields with a flat target space metric since for these G;; = §;; can be arranged using
a field redefinition). There is a premium for exploring models with at least two low-energy
scalar fields because these are the only ones that allow the nontrivial sigma-model interactions
that scale at low energies in the same way as do the interactions of GR itself.

If we work within the class of effective theories with scalar potentials of the form V =
v U (0), where U() is a generic order-unity function, then there is also an argument why it
is not especially unlikely to have more than one field be very light. After all, the scalar mass

matrix implied by this form for the potential is

PV (v QU
2.
M= ag06 ~ ( f2> 67963 " (2.43)

so if all of the derivatives of U are order unity the mass eigenvalues are all of order m ~ v?/f.
In particular, for gravitationally coupled scalars f ~ M, and so these masses are all the same

order as H ~ v? /M,. As we shall see, the puzzle with potentials with this kind of structure

2Tt is sometimes argued that it is necessary to restrict to a subset of higher-derivative interactions in order
to avoid the Ostrogradski instability [30] that is generic to theories with higher derivative interactions. This
turns out not to be necessary when working with low-energy EFTs because of the perturbative nature of the
1/M expansion [31], although in practice it turns out that the distinction between these points of view only

arises at relatively high order in 1/M [32].
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is why v should be so small, but once it is any gravitationally coupled scalar appearing in it
is necessarily very light.

Minimal multi-scalar models of this type will be encountered again in §4 below.

2.3.2 Lots of potential

Returning to the scalar potential, we next ask how generic it is to have a potential of the
form V' = v*U () with small v. The problem is that this form seems not to be easy to obtain
at low energies from theories like the ones we believe describe nature on much shorter length
scales. The good news is that it is not completely impossible either, and trying to find how
they can arise seems to be an important clue when searching for descriptions of cosmology.

The basic problem can already be seen in the lagrangian (2.18), in which it was argued
that the various terms are generically generated by integrating out multiple heavy parti-
cles. This leads to the expectation that an interaction gO € L.g with operator, O, with
mass-dimension n arises with a coefficient g that has mass-dimension 4 — n (in 4 spacetime
dimensions) so that g© has dimension (mass)*, just like L.g. For instance, an operator like
O = R? has mass-dimension n = 6 and so its coupling has dimension (mass)~2, as indicated
in (2.18).

Intuitively, integrating out a particle of mass M should generate a contribution to each
effective operator proportional to the appropriate power of M dictated by dimensional anal-
ysis, so 0g oc M4~ If g is obtained by summing many such contributions then the dominant
mass M controlling the size for each ¢ depends on the sign of 4 — n: it is the smallest mass
that dominates in ¢ when n > 4 and it is the largest mass that dominates when n < 4.

This intuition can be made more precise using the power-counting arguments of the
previous sections by applying them to the graphs used to compute contributions to L.g when
a light particle of mass m is integrated out. To this end suppose we have a scalar potential
V = m*U(¢/m) and kinetic term (0¢4)2, as might reasonably be chosen to describe a scalar
with mass m. (The Higgs potential in the Standard Model, for example, has a potential
and kinetic term of this type with m ~ 100 GeV.) Integrating out this type of particle gives
a contribution to Leg and its size turns out to be the found by computing the generating

22 and so can be

functional for amputated 2-particle irreducible (2PI) correlation functions,
estimated by specializing the power-counting argument given above to the choices f ~ v ~ m.
A term in (2.18) involving E factors of fields ¢* depends on scales like M, M,, f = v in

same way as does Ay where the low-energy scale H can either be m or an external momentum

229P1 correlation functions are computed by evaluating amputated Feynman graphs that cannot be broken

into two disconnected graphs by cutting a single internal line.
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(or derivative) q. The power counting estimate for the size of the L-loop coefficient of ¢? in
the scalar potential is therefore dm? ~ Az(m) (since there are no derivatives). An estimate
of the size of the correction to the kinetic term G(9¢)? is order (q/m)?A2(m) because it must
be precisely quadratic in g, and so 6G ~ m~2As(m). The contribution to the coefficient of

Hp?(0¢)? is similarly order §H ~ m~2A4(m), and so on.

Using f ~v ~ H ~ m in (2.42) therefore gives (in order of magnitude)

om” ~m? (;) [T 10 [gn (]’Q)d”“‘]vn (2.44)

dn=0 dp>2
and
00~ () (L T | (57)" ] (2.45)
dn,=0 dn>2
and

SH ~ <1>2L NEaRs [g <m>d"‘4} " (2.46)
m? \4m dn=0 ' dn>2 T\M .
which show the expected dimensional dependence on the mass m of the particle that is
integrated out (plus corrections in powers of m/M). What we considered above as a light
field of mass m would also be regarded as a heavy field from the point of view of any other,
even lighter, field. From the point of view of this lighter field the particle of mass m is just
another heavy field and so m would be lumped among the M’s, which after all were masses
of particles that had previously been integrated out. Because m < M the contribution (say)
O0H ~ m~? is much bigger than §H ~ M2, showing in more detail why in practice we can
take M to be the mass of the lightest UV field that was integrated out.
What is important is that the mass appearing on the right-hand side of an expression like
(2.44) need not be the same as the mass being corrected on the left-hand side. For instance
if we had two scalars, a scalar o that is massless and a scalar ¢ with mass m that are coupled

to one another by a term in V like go2¢? then the potential would start off looking like

Gy ¢202> , (2.47)

V= %m2¢2 + 902¢2 =m? <2m2 + "

and the leading correction to the ¢ mass due to integrating out ¢ would still be given by
(2.44), with L = 1 and \, = g, implying dm2 ~ gm?/(4n)2.

,35,



From this point of view, when a sequence of heavy particles is integrated out it seems
reasonable to find an enormous coefficient like?? Mg in front of the FEinstein-Hilbert term
given that for it the mass-dimension is n = 2 and so loops of the heaviest fields should
dominate. But all other things being equal it is not gemeric to find small contributions to
interactions with mass-dimension n < 4. This is true in particular for the vacuum energy (a
field-independent piece in V' for which n = 0) and for scalar masses (V = m?20? for which
n = 2). Cosmological applications require both of these to be small, whereas they naively
should appear with prefactors M;l and Mg respectively.

How can this be reasonable? As the rest of these notes argue: the key part of the
above italicized phrase is ‘all other things being equal’. All other things need not be equal

and understanding how cosmology can emerge from the low-energy limit of something more

fundamental provides a crucial clue for unravelling what is really going on.

3. Naturalness: Tomorrow’s Hope or Yesterday’s News?

One attitude to take about the corrections to Leg estimated above is that they do not matter.
This section discusses this attitude and argues why — despite being a self-consistent point of

view — it has not put the discussion to rest.

3.1 The issue

Why should we care if the coefficient of the Einstein-Hilbert term arises as a sum over the
masses of heavy particles when it is in any case only their sum Mg that we directly measure?
This question becomes even more pointed when it is recalled that the Feynman graphs

performed when generating this sum actually diverge in the UV.?* Such divergences represent

230ne might ask why the above argument ever stops — i.e. why should the Planck scale emerge as the
‘heaviest’ scale rather than something even bigger? Heaviest here means heaviest until one of the assumptions
going into this EFT power-counting fails. This can happen if one reaches an energy scale above which a tower
of states emerges, such as Kaluza-Klein (KK) modes if the high-energy theory is higher-dimensional. EFT
methods never capture the power-counting appropriate to infinite towers of states because there is no longer
a hierarchy of scales to exploit. If the tower encountered is a KK tower the effective description transitions to
a higher-dimensional field theory, in which similar estimates would apply up to a scale where this description
also breaks down (such as the onset of a tower of string states). This is why calculations in string theory
usually have the form given above but with the string scale playing the role of the largest mass scale (which
becomes powers of M, once factors of the extra-dimensional size and the string coupling are included).

24Recall that we ignored these divergences when making dimensional estimates because we chose to regularize
them using dimensional regularization (rather than some sort of a UV cutoff). We imagine renormalizing using
a dimensionless scheme like minimal subtraction, and all masses in this section are renormalized in this way

(so our expressions are not UV divergent).
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the contributions of the shortest wavelengths of the theory and we normally do not angst too
much about their size since they are in the end of the day absorbed into a renormalization
of otherwise unknown parameters in Leg (such as Mg) It is only the final renormalized
combination that is measurable. If divergences can be ignored like this, why should finite-
but-large contributions proportional to heavy masses be any more worrisome?

Another way to phrase this attitude is to observe that renormalized parameters in any
lagrangian run as a function of scale, and are typically only measured at a particular scale.
All that matters is the value of a parameter (like the mass of a light field) at the scale where
it is measured to be small. Why do we care if it is not small at some other scale?

To answer this it helps to have a concrete example in mind. Suppose we have a fundamen-
tal theory with two types of massive particles involving a hierarchy of mass scales m < M.
We imagine there being a fundamental theory describing physics at energies £ > M for which

the scalar potential contains terms like
Vou = Vo + 3 (207 + M202) + g 6202 + Ago* + A + -+ (3.1)

The physical masses of these particles (as measured by experiments say) are related to the

parameters in the lagrangian (including the leading loop correction) by formulae like

Cig —~ Ca)
2 _ =2 _ =2 19 772 24¢ ~2
Mppys = M~ + (Y-loop) + (¢-loop) + - - = m” + (in)? M=+ (47r)2m +- (3.2)
and
~ ~y O3y —~ Cig
2 _ 372 _ 72 Y 372 49 ~2
M3hys = M + (3-loop) + (¢-loop) + - -+ = M~ + (4m)? M* + (47r)2m +, (3.3)

in which C; are order-unity dimensionless constants.
For applications to low energies we can integrate out ¢ and work with the EFT involving

only ¢, whose scalar potential includes
Ve = Vo + sm?¢% + Xpo® + -+ - (3.4)

Explicitly performing the integral over ¢ allows the new parameters to be computed in terms

of the old ones, leading to

ad Cs 4 2 ~ 92 Ciyg 2
Vo ~ WVt M. ~ M.
0 0 + (47’()2 2 m m- + (471')2 2

for another dimensionless constant Cs. The calculation of the loop-corrected physical mass

(3.5)

in the low-energy theory then is

02)\¢

i)’ m? 4. (3.6)

2 2
mphys =m- +
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which agrees with (3.2) (to the order we work) because of (3.5).

Now comes the main point. Weak coupling and the absence of very heavy particles in the
low-energy theory imply mphys and m are approximately equal. But mpyys is an observable
and so must have the same value for both the full theory or the low-energy EFT. But if M
is sufficiently large then 7 cannot be similar in size to mppys. Instead it must be large and
approximately opposite in sign to the loop correction Cy gM? /(47)? so that these terms mostly

2. The required cancellation can be extremely accurate.

cancel to leave a small value for m
For instance if g/(47)2 ~ 1073, M ~ 10" GeV and mppys ~ 10? GeV the cancellation must

occur to more than 23 decimal places.

3.2 Technical naturalness

The kind of cancellation described above is remarkable for several reasons. First, while it is
true that parameters in the lagrangian run and it is true that parameters that are small at
some scales need not be small at other scales what is odd about the above is not that the

2

parameter m? is much larger than m? in the high-energy theory. The odd thing is the extreme

precision with which the value of m? must be chosen. The basin of attraction for the flow

2 is extraordinarily narrow. Couplings for

of m? that leads to acceptably small values for m
which the high-energy couplings must take extraordinarily accurate values to reach acceptably
small sizes at low energies are called ‘fine-tuned’.

A second, more telling, remarkable feature of the fine-tuning described above is the fact
that it is unusual. That is, there are many hierarchies of scale known in nature and none
of the ones we understand actually work this way. Normally we never are required to deal
with all of the degrees of freedom in the universe all at once (thank God) so our description
is cast in terms of some sort of EFT. But there is not a unique choice of effective lagrangian
since different EFTs apply at different scales. Normally whenever a system has a hierarchy of
scales — like m < M in the above example — the hierarchy can be understood in any of these
EFTs, and not just in the EFT describing the scales where the smaller scale is measured.

A famous example of a hierarchy is the large size of atoms relative to nuclei: az ~ 10°7y.
We can describe this in the EFT below 100 MeV in which the basic particles are protons
and electrons and in this EFT ry ~ my' is a given parameter (the structure of the proton
has been integrated out) that is of order the inverse of the proton mass, while atomic radii
are of order ap ~ (am.)~! where a ~ 0.01 is the electromagnetic fine-structure constant and
me is the electron mass. Atoms are larger than nuclei because « is small (electromagnetic

interactions are weak) and the electron is much lighter than the proton.
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But the same question can be asked in the effective theory (for instance the Standard
Model) applicable at energies much larger than 100 MeV. In this theory protons are described
as bound states of quarks and gluons and the size and mass of the nucleus are set by the
size of the QCD scale Agcp while atomic radii are again given by (am.)~!. In this theory
one can in principle compute 7y in terms of Agcp and can also compute how the values
of parameters like @ and m, in the lagrangian change once the physics above 100 MeV is
integrated out. In practice ry ~ AgéD and the change in « is order o and the change in
the electron mass is proportional to the electron mass, dm, x m, and so these changes are
not large. No fine-tuning is needed to ensure that nuclei are small compared to atoms; it is
a question that has a direct answer within any EFT we choose to ask the question.

The atom/nucleus example is the rule not the exception: with the exception of the ones
arising in cosmology (such as why the vacuum energy is small — more about which below) all

the well-understood examples of scale hierarchy satsify two properties:

e There is an understanding within the fundamental theory at high scales (such as within
the Standard Model) why the hierarchy holds in the first place (such as because some

ratio of parameters like m/M is small).

e There is an understanding of why the parameter choices necessary for the hierarchy
stay small as successive layers of physics are integrated out to reach the lower energies
where the parameters are measured. The hierarchy has an understanding in all the

EFTs describing scales in between.

A hierarchy that satisfies both of these criteria is called technically natural.?® Our under-
standing of the relative size of nuclei and atoms is technically natural in this sense, while
the understanding of why m < M in the two-scalar model discussed above is not technically
natural. The question of how to understand the small size of the vacuum energy density in a
technically natural way is widely known as the cosmological constant problem.?®

It is conservative to ask that our understandings of other more poorly understood hierar-
chies should also be technically natural, since this just extrapolates what we know to be true

in all other instances we do understand. But it is not compulsory. It might be that Nature

25The qualifier ‘technically’ is needed here to distinguish from many other things that are often called

‘natural’, some of which are only aesthetic.

26This problem pre-dated the discovery of evidence for Dark Energy because it was equally puzzling why
the vacuum energy could be consistent with zero, given the much larger scales arising in particle physics. The
question of why the Dark Energy density takes precisely the value it is observed to have rather than being for

some reason exactly zero is sometimes called the ‘new’ cosmological constant problem.
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does not care and theories like the two-scalar model are self-consistent even if fine-tuned.
Technical naturalness is a very useful clue however because the ingredients needed to make a
theory technically natural cannot just involve particles at inaccessibly high energies, like the
Planck scale. If this were true we could integrate them out at low energies and the problem
with technical naturalness problem is back. The mechanism that keeps the small parameter
small in a natural way usually has other consequences at low energies and this tends to make
these theories easier to test than the alternatives.

The next few sections describe approaches that have been tried to make the scalar field
theories of interest to cosmology technically natural. This is a restrictive criterion because it
is not generic that the things that are appealing for cosmological models (like very small scalar
masses, m?, and small vacuum energies, Vp, in a scalar potential) are technically natural. One
hopes in this way to identify a well-motivated subset of the very many cosmological models
on the market. Although observations alone cannot yet distinguish amongst the many models
the hope is that observations together with technical naturalness can be a much more efficient
filter. As we shall see, it is much easier to understand why scalar masses can be small in a

technically natural way than it is to do the same for the vacuum energy density.

3.3 The Usual Suspects (symmetries)

Experience with other (noncosmological) hierarchies teaches that there is an important gen-
eral mechanism for making small parameters technically natural: symmetries. Symmetries
are usually preserved by quantum corrections (anomalies are the exceptions) so symmetry
breaking term in a lagrangian are not generated by loops if the initial theory doesn’t have
them (and so respects the symmetry).

This also means that if a symmetry is only approximate — i.e. is broken by interactions

with small coupling parameters, ¢; < 1 — then loop corrections to these parameters satisfy:
(SEZ‘ ~ Cijej‘ y (3.7)

for some matrix of coefficients C;/ since the corrections must vanish if the parameters them-
selves vanish (because then the symmetry is then unbroken). Having de be proportional to
¢ forbids getting large contributions to otherwise small parameters (like 6m? o M? where
M > m) and so help understand why small parameters can be technically natural.

For example suppose we have two scalar fields, ¢ and v, and the action for them is

invariant under a symmetry of the form
5 ¢ _ [ cosw sinw [0} (3.8)
P —sinw cosw/ \¢
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for arbitrary constant w. The mass term allowed by this symmetry is $m?(¢? + ¢?) and
so the symmetry requires both particles to have equal masses. Imagine now the theory is
supplemented by a symmetry-breaking term of the form 0V = %/ﬂ(qﬁz — 9?) that splits
these masses, with 2 < m? and all other interactions are invariant under (3.8). Then &u?
must be proportional to u? — as opposed to, say m? — and the parameter p? is technically
natural. Importantly this is true even though corrections to scalar masses are otherwise
generically expected to be dominated by the largest mass scales. The largest mass still wins,
but the symmetry argument only allows contributions from the largest mass that breaks the
symimetry.

This is what actually happens for the electron mass in the Standard Model (the electron
mass me =~ 0.5 MeV is much smaller than are generic SM masses, which are more like 100
GeV). If the electron mass is set to zero then the Standard Model acquires a new ‘accidental’
symmetry, under which its left- and right-handed parts rotate differently — i.e. invariant under
a chiral rotation §y = iv5x of the electron field. This is why integrating out heavy degrees
of freedom with mass M > m, only corrects the electron mass by dm. o m. (as opposed to
dme o< M).

If a lagrangian has the property that it has more symmetry when a parameter is set
to zero then corrections to that parameter tend to preserve its small size automatically. A
parameter of this type is called ‘¢ Hooft natural [33]. If a small parameter is ‘t Hooft natural
in this way it is also technically natural because the symmetry protects its corrections.?”

Since symmetries can help understand why small scalar masses can be technically natural,
we next list the symmetries that can do so. The first observation is that finding such a
symmetry is harder for scalars than it is for fermions (like the electron example above). It is
possible to have any nonzero value for a fermion be ‘t Hooft natural because fermion kinetic
terms have a larger symmetry group than do fermion mass terms. That is, whereas the
electron mass term m,xy is invariant under a U(1) transformation 0y = iwy for arbitrary w
the electron kinetic term X@x is invariant under a U(1) x U(1) symmetry dx = iwx + iwy5X
where both w and @ are arbitrary. It is this extra @ symmetry that protects a small electron
mass. For N real scalars, ¢, however, the kinetic term %8M¢T8“¢ is invariant under arbitrary
orthogonal O(N) rotations amongst the scalars. But this is also the symmetry of a mass term

%m2¢T¢ for any nonzero m?. The kinetic term’s O(NN) symmetry can force different scalars

27 Although ‘t Hooft naturalness is sufficient for technical naturalness there are examples in supersymmetric
theories that show that it is not strictly necessary. Supersymmetric theories (more about which below) have
nonrenormalization theorems that can forbid quantum corrections in some circumstances even if the theory

does not have a symmetry that makes it ‘t Hooft natural.
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to have the same mass, but does not force their masses to be zero.

3.3.1 Shift symmetries

An example of a symmetry that can require a scalar mass to vanish is a ‘shift’ symmetry:
o= d+w (3.9)

where w is an arbitrary constant. Although this transformation is a symmetry of the kinetic
term 3(9¢)? the only scalar potential that is invariant under (3.9) is a constant V = Vj
(independent of ¢). Scalars with a symmetry of this type are Goldstone bosons and their
presence flags the existence of a spontaneously broken symmetry?® (i.e. a symmetry of the
action but not the ground state).

Evidently any scalar with this symmetry must be massless and cannot have any zero-
derivative interactions at all (a special case of Goldstone’s theorem). This does not mean
such scalars do not interact at all, however. For instance they can couple to other fields ¢
through derivative interactions like 0,¢ J*(v).

If there are multiple dimensionless scalars, 6, then they can also interact amongst them-

selves (even at the two derivative level) if (3.9) is generalized to
60" = wE (0), (3.10)

and there is no value 6} for which all of the §0*’s vanish, then although it is still true that the
only invariant scalar potential must be a constant, the two-derivative o-model interactions of

the form G;;(0) 90° 967 can be invariant if for each « the following equation is satisfied
Digaj + Djfai =0 where gai = Gij 5& (311)

and D;&; = 0;&5 — I‘f’jfk is the covariant derivative built using the Christoffel symbol F’fj for
the target-space metric G;;. Any solution &, to (3.11) is called a Killing vector field for the
metric Gj; and corresponds to a symmetry direction of the metric G;;. Although not all
metrics have such symmetries there is a broad class of nonflat metrics that do: the metrics
on coset spaces of the quotient of two Lie groups: G/H (such as spheres). These describe the
interactions of Goldstone bosons for systems where the action has a symmetry group G but
the ground state is only invariant under a subgroup H. Because these metrics are not flat

they contain nontrivial two-derivative interactions, consistent with the symmetry (3.10).

28Invariance under shifts is the smoking gun for spontaneous symmetry breaking because it is impossible for

any particular classical background, ¢ = ¢o, to be invariant under (3.9).
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These shift symmetries are overkill if our goal is only to have a technically natural scalar
mass that is small but not exactly zero. The way to protect small nonzero masses is to
have the symmetry (3.9) or (3.10) only be an approzimate symmetry of the action. Scalars
transforming as (3.10) under an approximate symmetry are called pseudo-Goldstone bosons.
They can be systematically light when the symmetry breaking in the action is small because
they must become honest-to-God massless Goldstone bosons in the limit that the symmetry
breaking terms go away.

The low-energy lagrangian for pseudo-Goldstone bosons has the form
Lyon = —v/=g{Vo + VA(0) + 2| Giy(0) + eH(0)| 00" 0,07 + - }, (3.12)

where € represents a small symmetry-breaking parameter, Vj is a constant (the only potential
invariant under the symmetry) and G;; is an invariant target-space metric, but Vi and Hj;
are not restricted to be invariant (and so are why the symmetry is only approximate). The
symmetry-breaking terms involving V7 and H;; are ‘t Hooft natural because any corrections
to them must be proportional to the small symmetry breaking parameter e.

Notice in particular that if V;(0) = m*U(f) for some dimensionless function U(6) then
all of the field-dependence in the scalar potential has the form V(0) = v*U () assumed earlier
when power-counting, with v* = em* < m?*. Small symmetry breaking e for a group of
pseudo-Goldstone boson can provide a technically natural explanation for why v* can be
systematically small compared with the other larger mass scales in the problem.

Notice also that the field-independent term V) is always allowed by the symmetry and so

is not similarly suppressed by €. So although shift symmetries provide a good way to make

small scalar masses technically natural, it does not do the same for the vacuum energy V.

3.3.2 Supersymmetry

Supersymmetry is a symmetry that relates bosons to fermions, which (when not spontaneously
broken) to be present requires a theory to have equal numbers of bosonic and fermionic degrees
of freedom [36]. For example, in 4 dimensions a left-handed Weyl fermion x; (which describes
the two fermionic spin states of a spin-half particle) can transform into a complex scalar @
(which describes the two states of two spinless bosons) with a transformation of the schematic
form

0P =Exy and Ixr = vYMe 0, P (3.13)

where & — the symmetry parameter — is a fermionic spinor (rather than a bosonic scalar) that

has dimension (length)'/2.
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When not spontaneously broken the bosons and fermions related in this way have pre-
cisely equal masses and couplings. For example, a lagrangian describing the supersymmetric

interactions of ® and y on flat space has the form

2

; FPW oW
ﬁsusy = _%Y@X - (8uq)) (8/‘@) - % [W (X'Y[)() + C-C-:| — % s (314)

where W (®) is an arbitrary holomorphic function of ® (and not ®*) and v, = (1 + 75)
projects onto left-handed states. This choice W = %mqﬂ + %g ®3 gives renormalizable in-
teractions and gives a theory where both bosons and fermions have mass m and both the
scalar-spinor Yukawa interactions and the cubic and quartic interaction terms in the scalar
potential are controlled by the single coupling parameter g.

The reason this matters for a discussion of naturalness is this: fermions and bosons
contribute to corrections to the lagrangian with opposite signs. For instance, if the vacuum
energy obtained by integrating out x is dpyacy = Cm?* for some function C(g) then the
vacuum energy obtained by integrating out the complex scalar ® is 6pyaco = —Cm? if ® and
X have the equal masses and couplings dictated by (3.14). This makes their contributions to
pvac completely cancel. Integrating out a heavy pair (or supermultiplet) of supersymmetric
particles similarly cancels out in the contributions to the mass terms of scalar fields in other

light supermultiplets.

The supersymmetric dark

This is all very nice, but we know that if the world is supersymmetric it must be spontaneously
broken because none of the known elementary particles (like the electron) has a scalar partner
with precisely equal mass and coupling. Spontaneous breaking of supersymmetry can occur
and when it does the bosons and fermions within a supermultiplet acquire different masses.
But once the masses in a supermultiplet differ the cancellation in pyac or in low-energy scalar
masses no longer cancels.

This needn’t stop supersymmetry from being part of the explanation of why the elec-
troweak hierarchy: why can the scale of the Higgs mass, my ~ 100 GeV (and so also the
mass of all Standard Model particles) be so small compared with M, ~ 10'® GeV? Super-
symmetry can help provided the mass differences within supermultiplets are not too much
larger than my, but it is less useful if the mass splittings are much larger than this. This
makes it an attractive proposal because the assertion that supersymmetry helps understand
the electroweak hierarchy comes with testable predictions: the super-partners required to

enforce the cancellations cannot be too far out of reach of current accelerators. (Sadly these

— 44 —



predictions have not described well what was actually seen in experiments to date, where
there is no evidence for super-partners for ordinary particles.)

At face value it seems less useful as a proposal for understanding the small size, veg ~ 1072
eV of the cosmological constant, since this is much smaller than the mass splittings that
can exist between ordinary particles and their hypothetical super-partners. As we shall see,
although this is true at face value it need not imply that supersymmetry has no role to play in
the final story. In particular, although we do know that the particles we produce at colliders
are not supersymmetric little is known about whether or not the gravitationally coupled dark
sector is supersymmetric.

Indeed there are good reasons to believe that any low-energy gravitationally coupled dark
sector arising in a fundamental theory with supersymmetry at very high energies (such as
string theory) could well be much more supersymmetric than are the particles of everyday
experience (see for instance [37]). This is because in supersymmetric theories the splitting of

masses within any particular supermultiplet is given by an expression of the form
Am* ~ g F, (3.15)

where F is the expectation of the field that breaks supersymmetry spontaneously and g
is the coupling of that field to the supermultiplet whose mass splitting is of interest. A
supermultiplet whose couplings are all gravitational in strength is usually among the most
weakly coupled supermultiplets in the theory, so it is not uncommon for their masses to be
split by much less than other more strongly interacting sectors (like those containing the
ordinary particles we see around us).

Suppose, for example, the supersymmetry breaking mass scale M is set by F = M2 and
that Standard Model particles couple to this with a strength gs, ~ « ~ 0.01 not unusual for
ordinary particles but the Dark sector couples only with gravitational strength: g, ~ Mg /M,.
Then observations require that ordinary particles must be split from their superpartners by at
least 10 TeV or so. The relation Am%M ~ gomF ~ onS2 then implies My = 100 TeV. But for
M ~ 100 TeV masses within a gravitationally coupled dark sector would be split by Am? ~
M? /M, ~ 0.1 eV, not so different than the scale of Dark Energy density. In such a world the
Dark sector could just include the graviton and gravitino, but it might equally well include a
variety of other supermultiplets coupled to one another in an approximately supersymmetric
way, and this need not contradict experience with colliders. Supersymmetric Large Extra
Dimensional (SLED) scenarios [38, 39] provide concrete extra-dimensional realizations of this

wherein ordinary particles are localized on a non-supersymmetric brane embedded in an
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otherwise supersymmetric bulk. (See [22] for discussions of this scenario in a previous iteration
of this school.)

3.3.3 Classical scaling

There is a closely related type of transformation that can also (in some circumstances) sup-
press Vp as well as scalar masses (for early attempts to exploit this see [34]). A simple
example of a transformations that can do so is obtained when the transformation (3.9) is also

accompanied by a rescaling of the metric:
oc—=o+4w and v — €“Guv 5 (3.16)

for constant parameter w. There is no loss of generality in choosing e rather than e?* (or
another power) because we can always rescale ¢ to make (3.16) true. Under this type of
transformation we have \/—g — e?* /=g and Rty N, — RNy and so R = g Ry, — e “R
and so in particular the Einstein-Hilbert action scales as Spy — ¥ Sgy.

Since the Einstein-Hilbert action is not invariant this type of transformation is not a
bona fide symmetry in the usual sense. But if S[o + w,e“gu| — €°“Slo, gu] for some
constant ¢ and arbitrary constant w then this transformation takes a stationary point of S
to another stationary point of S and so is a symmetry of the equations of motion. This can
be good enough inasmuch as the transformation becomes an approximate symmetry, at least
within the semiclassical expansion. This makes the field o a pseudo-Goldstone boson for an
approximate scaling symmetry, which is why it is called the dilaton.

The kinetic energy \/—g g"” 0,0 0,0 scales in precisely the same way as does the Einstein-
Hilbert action, and the same is true for the sigma-model interaction /=g g"*G;;(0) 9,6" 0,6
provided the scalars appearing in G;; do not also transform, i.e. 0" — 6, as o and Juv are
scaled.?? The potential energy also scales the same way provided that the potential depends

on ¢ in a specific way:

Vie,0) =e°U(0). (3.17)
We are led to an effective action of the following form, expanded to the 2-derivative level:
Log = —/—g [U46_UU(9) + MR+ 32(0)(00)* + 3 f°Gij(0) 00°067 + - - |, (3.18)

by the requirement Leg[o +w, 0%, e g,] = €“S[o, 0", gu]. Notice in particular that the scalar

potential is always minimized at V' = 0 provided only that U is non-negative. Minimization

29Tf any of the @ fields also shift under the symmetry we can always redefine 6 := 0 — po with p chosen to

ensure 6 does not shift. So there is no loss of generality in assuming o is the only scalar field that transforms.
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can happen in one of two ways. If U(#) is minimized at some values §° for which U = U() is
nonzero then the minimum occurs for o — oo. If U = U(#) is instead zero then the minimum
is really a flat direction along which ¢ can take any value and for which the potential vanishes.

For nonzero U the potential can be made arbitrarily small just by making o large enough,

with the effective scale for the potential being
Ve = ve /4. (3.19)

In particular there is always a value of o that is large enough that V' is the right size to be the
Dark Energy density. But because V' has no minimum for finite o this field in general rolls
down the potential. For kinetic term Z ~ Mg the evolution of o occurs over cosmological time
scales since vZ; /M, = v2e7/? /M, is of order the Hubble scale. Whether this is acceptable
depends on whether this evolution can be consistent with what we know about cosmology
(more about which below). The required value for o to do so would be very large for any
particle-physics value choices for v.

Large o can also be a good thing from another point of view. Quantum corrections will
not preserve the form of the lagrangian (3.18) and so the size of these corrections is important
to estimate. Their dependence on o can be determined quite generally because it is always
possible to rescale the metric from Einstein frame to a Jordan frame g,, = ¢ g, defined
s0 gy does not transform under the transformation (3.16). Once this is done the only place
where o appears undifferentiated in (3.18) is as an overall factor Leg (o, 9] = €7 Leg[00, G|,

as is indeed required to ensure Leg — €“Leg in these variables. But this means that e™¢

iS/h

appears in the path integral integrand e in the same way as does h, and so repeating the

power-counting arguments of previous sections shows each loop comes with a factor of e=7.

The upshot is that loop corrections to the action come as a series of the form
Leg = eaﬁtree(guu) + El—loop(g;w) + e_UEQ—loop(guu) +eey (320)

where Lyee is given by all terms in (3.18) plus any others with higher derivatives that scale
like Liree — €“Lirec.- Each of the L’s here is a function only of d,0, 6, g and other
scale-invariant combinations of fields, so the L-loop contribution transforms as Lr_joop —
e=Lwp L—loop Under (3.16). Although the one-loop term seems to re-introduce a o-independent
potential — seemingly again allowing constant contributions to the potential, like V; — this is
an illusion because (3.20) is written in terms of the Jordan-frame metric g,,, (which does not
satisfy the usual Einstein equations). In terms of the Einstein-frame metric (which does) any

potential appearing in the one-loop term becomes

-V —g Ul—loop(e) = Vg 6720(]1—100p(0)7 (321)
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as required for the one-loop term to be invariant under (3.16).

The widely read reader might notice that having a field play the role of a loop-counting
parameter, as in (3.20), is reminiscent of the role played by the 10-dimensional dilaton field
in string theory. This is not an accident. A strong motivation for exploring classical scaling
symmetries like (3.16) is precisely that they are generic to all known string vacuua [35]. They
arise ubiquitously there because in string theory there are no parameters, only fields. So any
expansion — be it weak coupling or low energy — is always an expansion in powers of fields like
in (3.20). Each term in such an expansion (and in particular the first term) by construction
scales in a specific way under appropriate rescalings of the fields.

We return below to whether these quantum corrections can be acceptably small, but it
is encouraging that they are smallest in the regime of most interest: large o (which makes

the scalar potential small)

3.4 Dual is different

yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yvada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yvada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada yada
yada yada yada yada yada yada yada yada yada yada yada

3.5 Desperate measures

The program for finding a technically natural understanding for why the cosmological constant
is so small has so far not borne convincing fruit. It seems very hard to reconcile the known
particle content in the Standard Model with having a technically natural vacuum energy as
small as the observed Dark Energy density. This has caused some to doubt the utility of the
criterion of technical naturalness altogether. This section describes the three options on offer

by those who do so, leaning heavily (for two of them) on the review [22].

Head in the Sand

The most common attitude about the cosmological constant problem is pragmatic despair.
Since there are no good theories on offer, one works on other areas of physics forlornly hoping
that whatever solves the cosmological constant problem is not going to be important to this

other physics.
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This is an easier point of view to adopt the further one’s field is from cosmology, since
in cosmology a commitment must be made as to whether the dark energy clusters or evolves

with time.

Anthropic arguments

A more sophisticated point of view interprets the absence of a compelling solution to the
cosmological constant problem as evidence that quantum corrections to the vacuum energy
need not be small after all [20, 80]. That is, one denies that both of the questions given
in §3.2 must be answered for the cosmological constant, and simply accepts that there is a
very precise cancellation that occurs between the renormalized cosmological constant and the
quantum contributions to pyac. As emphasized earlier, this is a logically consistent point of
view, though it is radical in the sense that would be the first example at easily accessible
energies where this occurs for a parameter in the Wilson action.?’

There is a better face that can be put on this cancellation if the microscopic theory has
three features. First, the microscopic theory could have an enormous number of candidate
vacua, with the effective cosmological constant differing from vacuum to vacuum. (This is
actually likely to be true of a UV complete theory of quantum gravity if string theory is
any guide.) Second, the microscopic theory might have a reason to have sampled many of
these vacua somewhere in space at some time over the history of the universe. (This is also
not far-fetched in theories that allow long periods of cosmic inflation within a complicated
potential energy landscape, such as seems likely for string theory.) Third, it might be true
that observers can only exist in those parts of the universe for which the vacuum energy has
a very small range, not much different from the observed dark energy density.

With these conditions in place one might expect the universe to be populated with an
enormous number of independent regions, in each of which a particular vacuum (and cosmo-
logical constant) is selected. The vast majority of these vacua do not have observers within
them whose story needs telling, but those that do can only have a small cosmological constant
since this is required for the observers to exist in the first place. Since we live in such a world
we should not be surprised to find evidence for dark energy in the range observed.

Although this may well be how things work, most (though not all) of its proponents
would prefer to have a technically natural solution to the problem (satisfying the two criteria

of §3.2) if only this were to exist. There are two dangers to adopting this kind of anthropic

39There are examples of coincidences of scale that do not require a fundamental explanation, such as the
apparent sizes of the Sun and the Moon as seen from the Earth. However I do not know of any examples of

this type that involve the smallness of parameters in a Wilson action.
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approach. One is that it becomes a dogma that stops people searching for a more traditional
solution to the problem. Another is that it is difficult to know how to falsify it, and what
the precise rules are that one should use when making predictions. (Of course this is partly
the point: it is not clear how one makes predictions more generally in theories having an
enormous landscape of possible vacua, and it is important that this gets thought through to
see if a sensible formulation can be found.)

My own view on this is to accept that there is an important issue to be resolved to do
with making predictions in theories (like string theory) that have a complicated landscape.
But (to my understanding) so far no unambiguous framework for making predictions and
deciding which parameters must be understood anthropically has been found, so it is hard to
assess how useful the new anthropic framework really is.

In practice the problem right now is not that we know of too many acceptable vacua of
UV complete theories. The real issue is it is hard to find any good vacua at all given the large
number that must be sorted through. Once we have two examples that include the Standard
Model and everything else we find around us (and nothing else) we can start worrying about
their statistics. One thing that might help in this search is to have ‘modules’ that build in
features we know to be true of the world around us. These modules include the Standard
Model particle content and symmetries, some candidate for dark matter, and hopefully could

include a technically natural description of dark energy if this could be found.

Swampy vs Solid ground

The Swampland program [81] provides a much more recent form of naturalness denial. In
essence this program asserts that there exist otherwise reasonable effective field theories for
which no UV completion including gravity exists.?! Effective theories for which UV comple-
tions cannot be found within the landscape of possible vacua are said instead to lie in the
swampland. If this picture were correct there would be a great premium on knowing which
EFTs are not in the swampland because only those would be embeddable into a sensible
theory of all scales.

There is even some evidence that a swampland like this might exist, if we assume (as
people do in practice) that the UV completion is a string theory. For instance there are good
arguments that perturbative string theories cannot contain any global symmetries [82, 83]

and if so then any EFT with an exact global symmetry must be in the swampland.

31Since nobody knows what the real UV completion is for gravity in practice this assertion is taken to mean

that the EFT cannot be obtained as the low-energy limit of some sort of string vacuum.

,50,



But this example also exposes a real difficulty in actually using this observation: when
using EFTs one only ever works to some finite order in 1/M and it is easy to arrange a
global approximate symmetry that only appears to be exact at some fixed order in 1/M. The
Standard Model is the poster child for this: if the low-energy world consists only of Standard
Model fields then the most general possible interactions allowed at zeroeth order in 1/M is the
Standard Model itself. But the Standard Model famously has several accidental symmetries —
like baryon number and lepton number — that are automatic conseqgences of renormalizability
and so are broken once nonrenormalizable interactions at nonzero order in 1/M are included.

At low energies it is in practice incredibly difficult to tell the difference between an
exact global symmetry and a ‘fake’ accidental approximate global symmetry [83]. A similar
observation seems also to apply to the other lines of reasoning that support the existence of
the swampland: the more sure we are that a low energy property is really required by a UV
completion the easier it seems to be to fake at a fixed order in 1/M and so the less useful it
is in constraining our options when describing the low-energy world. The difficulty in finding
a criterion for the swampland that is both reliable and useful has been called the Principle
of Swamplementarity.

Another difficulty is that nobody really knows everything that is possible within string
theory. This drives people instead to propose conjectures about what is possible and what
is not, and then to see if these conjectures are informative. One such a conjecture is that de
Sitter solutions should only be possible in EFTs that lie in the swampland [84]. This in turn
has led to a preference for quintessence like models and (more recently) to a resurgence of
interest in large extra dimensions [85] when trying to describe the Dark Energy density.

In my opinion a key challenge for these models is their awkward relationship to decoupling
and the general utility of EFT methods at low energies. To the extent that EFTs not in the
swampland obey the usual rules, it should be possible to understand the naturalness issues
that come with any EFT description of UV physics. But a key part of the swampland program
is that there is low-energy information that is not captured by standard EFT methods, and a
full assessment of its value will require understanding when EFT rules can be dropped. With
the present state of the art there seems to be no new insights on the cosmological constant
problem, apart from a belief that consistency with some of the conjectured behaviour of UV

physics must eventually save the day in a way that cannot yet be explicitly articulated.

4. Ways forward (naturally)

This last section closes on a more optimistic note, focussing on the main directions that I
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think are the most promising ways to achieve a technically natural Dark Energy. Although
this is a difficult thing to achieve I do not think that enough avenues have yet been sufficiently
thoroughly explored to justify despair. This section aims to explain why, and to describe the
predictions these directions make that (some of which seem to be starting to bear fruit).
There are two main directions that I believe deserve further exploration, each of which is
briefly described here. They differ on whether the focus is on electroweak and higher energy
scales or the much lower energies relevant to cosmology. In truth the two directions are likely

two sides of the same coin.

4.1 Above eV scales: Supersymmetric Extra Dimensions

Let us start with the higher energies: the electroweak scales of everyday particle physics. In
this energy range extra-dimensions provide a uniquely promising approach to dynamically
evading the cosmological constant problem. This section reviews why this is so and what the
challenges are (leaning heavily on lectures given at earlier versions of this school [22]).

To motivate the relevance of extra dimensions for the cosmological constant problem,
recall what the essence of the problem is: we believe quantum fluctuations generate a large
vacuum energy density, and the vacuum’s Lorentz invariance automatically gives this the
w = —1 equation of state of a cosmological constant: T},, = —pyacgur- But when cosmologists
measure the acceleration of the universe’s expansion they are essentially detecting a very small
curvature for 4D spacetime. The conundrum is that these are directly equated in Einstein’s
equations — eqgs. (1.1) — with the measured curvature much smaller than what would be
expected for typical vacuum energies.

We wish to break this direct link between the vacuum energy and the curvatures measured
in cosmology. Moreover, we must do so only for very slow processes (like the vacuum) and
not also for fast ones (like atoms) [52]. Fast quantum fluctuations should gravitate in an
unsuppressed way because we know that such fluctuations do contribute to atomic energy
levels in atoms, as inferred from precision tests of the equivalence principle. The equivalence
principle is tested to a part in 10'° or so [53, 54] and we know quantum fluctuations contribute
to atomic energies by more than this (and so their absence would be missed if they did not

contribute).

The extra-dimensional loophole

The good news is there is a loophole within which it is possible to break the link between
vacuum energy and curvature, without doing violence to everything else we know at accessible

energies. This loophole is based on the observation that Lorentz invariance plays an important
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role in formulating the problem, because it so severely restricts the form of the vacuum stress

energy.

The situation would be different in an extra-dimensional world because then we would
only know that the vacuum must be Lorentz invariant in the four dimensions that we can see.
We also would only really know that the curvatures must be small in these same dimensions
since these are the ones we access in cosmology. Although the vacuum stress energy must

curve something, in extra-dimensional models it need not curve the dimensions we see.

The gravitational field of a cosmic string in four dimensions illustrates this loophole
more concretely. Consider a string whose world-sheet sweeps out the z — ¢ plane, transverse
to the = and y directions. The stress energy of a relativistic string is Lorentz invariant
in the z — ¢ directions, Th, = —7 gap 62(x), where T is the string’s mass per unit length,
and a,b denotes the z — t directions parallel to the string world-sheet. The gravitational
field sourced by this stress energy is known [55] and the spacetime away from the string’s
position is flat. More precisely, the two dimensions transverse to the string have the geometry
of a cone whose apex is located at the string’s position. The tension on the string gives
rise to a curvature singularity, with the transverse 2D geometry having a curvature scalar
R oc k2T 6%(x) that is singular at the string’s position. What is important for the present
purposes is that the geometry along the two Lorentz-invariant on-string directions remains
perfectly flat,3? regardless of the precise value of 7. The consistency of a large 7 with a
small spacetime curvature in the z — ¢ directions might appear to be a ‘cosmological constant

problem’ to a 2D cosmologist unable to see off the surface of the string.

This suggests trying similar examples having two more dimensions (six dimensions in
total) with the 2-dimensional string world-sheet being replaced by the world-volume of a
4-dimensional Lorentz-invariant brane, situated at specific points within two compact extra
dimensions. In the simplest examples the two extra dimensions have the geometry of a sphere
and there is a brane located at both the sphere’s north and south poles. The transverse
curvature at these poles also has conical singularities, like for a cosmic string, and this gives
the overall geometry more of a rugby ball (or American football) shape. All of the elementary
particles we know are imagined to be confined to one of these branes, whose tension (i.e.
vacuum energy per unit volume) is not particularly small relative to known particle-physics
scales — of order (10 TeV)*. The hope is that the geometry seen by an observer on the brane

(us) can remain flat regardless of the size of the brane vacuum energy density.

32More precisely, it is flat if the string sits within an asymptotically flat geometry. It would not be flat if

the string were sitting in a curved space like de Sitter space.
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The simplest models try to do so by simply assuming away the extra-dimensional cosmo-
logical constant [56], though this simply moves the underlying cosmological constant problem
into the higher-dimensional theory. There is a better chance if the extra-dimensional physics is
supersymmetric [38], however, because in six (and higher) dimensions supersymmetry forbids
a cosmological constant (much as would more than one supersymmetry in four dimensions).
Interestingly, they do so because extra-dimensional supergravities all have scaling symmetries
like (3.16) [57, 58] described above. The generic appearance of scaling symmetries in extra
dimensions also turns out to have a plausible explanation in their generic presence in string
theory [35].

Notice that we do not also require the physics on the brane to be supersymmetric, and one
might simply choose only the Standard Model to live on the brane. Such a brane can nonethe-
less be coupled consistently to supergravity using the ‘Stiickelberg trick’; that is, promoting
the non-supersymmetric brane to something supersymmetric, but with supersymmetry non-
linearly realized by coupling a Goldstone fermion — the Goldstino — in the appropriate way
[36, 62]. It remains consistent to regard extra-dimensional fields to be supersymmetric despite
them coupling to nonsupersymmetric matter on the brane because brane-bulk couplings are
weak; they are gravitational in strength. From an extra-dimensional point of view the brane
provides a non-supersymmetric boundary condition for bulk modes that splits bosons from
fermions by the KK scale, Am ~ 1/L (where L is the linear size of the extra dimensions).
Because the 4D and 6D Planck scales are related by33 M, ~ M62L this shows that bulk mass
splittings are Planck-suppressed: Am ~ Mg /M,,.

It turns out that extra dimensions can be large enough to allow 1/L ~ eV without running
into conflict with observations [59, 60] and so can allow bulk supersymmetry to play a role
suppressing the vacuum energy right down the the Dark Energy scale [38, 39, 61]. Remarkably
extra dimensions can only be this large if there are at most two of them, providing another
reason for liking six dimensions.?* In any such a framework the 6D Planck scale is not too far
above the electroweak scale, so from the 6D point of view the tension on any brane involving
standard model particles would not be particularly small relative to the Planck scale.

This picture leads to a novel kind of supersymmetric phenomenology [63, 64]: a very
supersymmetric gravity (or extra-dimensional, bulk) sector whose supersymmetry breaking
scale is of order 1/L ~ 1072 eV coupled to a particle (brane) sector that is not supersymmetric

at all. In particular, the nonlinear realization of supersymmetry on the brane implies that

33The 6D gravitational coupling is k§ = 87Gs = 1/M§ where G is the 6D Newton constant.
346D models with radii this large can also be ruled out if KK modes dominantly decay into observable

particles like photons, but whether such decays dominate is a model-dependent issue.
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a supersymmetry transformation of a brane particle like the electron gives the electron plus
a Goldstino (or, equivalently, a gravitino) rather than a selectron. One does not expect to
find a spectrum of superpartners for the Standard Model, despite the very supersymmetric
gravity sector.?®

Within this kind of picture the cosmological constant problem is a special case of the
general problem of back-reaction: how does the spacetime geometry react to microscopic
changes, such as to the vacuum energy. In a higher-dimensional context this requires also
understanding what stabilizes the size of the extra dimensions, since this is also part of
the general issue of gravitational back-reaction. To pin these issues down precisely it is
useful to work within a concrete example, solving explicitly the equations of a specific higher-
dimensional supergravity [38].

There are a variety of 6D supergravities from which to choose when formulating such an
example, but a particularly convenient choice uses the Nishino-Sezgin chiral gauged super-
gravity [65], for which a simple stabilization mechanism for the extra dimensions has long
been known [66]. This involves the following 6D bosonic fields: the metric, gy, a scalar
dilaton, ¢, and a specific U(1) gauge potential, A,, and a Kalb-Ramond 2-form gauge field
By n (with 3-form field strength Hnp).

To lowest orders in the derivative expansions, the action is the sum of bulk and brane

contributions, S = Sp + >, Sy, with the supersymmetric bulk contribution being

1 2¢2
Sp = — dﬁﬂfv -9 |53 g™ (Run + O On ) 746 e?

2K Kg

1 1
+ﬁ 6—2¢HMNPHMNP + Z e—(bFMNFMN] , (4.1)

while the contribution of each brane is
Sb = — /W d4$\/—7’)’ (7?) + %Ab é_w/)\pfuu)\p + - ) . (42)
b

Here W, denotes the brane’s world-volume and ¢, 5, is the volume form built from its induced
metric v,,. Funpg = %GMNPQRS e ?F7S is the 6D dual of the Maxwell field, where €MNPORS
is the volume form built from the 6D metric. eg is the gauge coupling for the field Fy,x
and the parameter 7, denotes the brane tension. The quantity A; measures the amount of
Maxwell flux that is localized on the brane [67] in a way that is made more precise below.
The simplest situation is when the two branes are identical, in which case there is a rugby

ball solution to these field equations [66, 38] for which Hyyp = 0, ¢ = ¢p and

ds® = G dat da” + 7? <d92 + B%sin? 6 de) e~ % and Foe = QB sing, (4.3)

35This particular prediction was made [63] before the LHC results showed it to be a huge success.
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where g, is a maximally symmetric 4D geometry with curvature scalar R and o0, @, B and

¢ are constants. With this ansatz the field equations boil down to

KQ_HGQ _<f€6> , 1-p8= . and R=0. (4.4)

Inspection of (4.3) shows that the physical radius of the extra dimensions is L = ¢ e %0/2

and so eqs. (4.4) imply

2
ﬂw:ﬁ:<“>, (4.5)

2e6
is fixed in terms of parameters in the lagrangian. Several features of this solution are note-
worthy:
Flat direction and scaling

The value of ¢ is not determined by any of the field equations. This ‘flat direction’ is a
consequence of a classical scale invariance of extra-dimensional supergravity, along the lines

described in §3.3.3. The scaling symmetry in this case applies to the 6D lagrangian, with
gun — Cguny and e ? — (e_¢ with H,yp and Iy, 5 held fixed. (4.6)

(This is why ¢ is called the 6D dilaton.) Under this Sz — (2S5 and S} scales the same way,
but only if both 7, and A are assumed to be ¢-independent.

Localized flux and flux quantization

As mentioned above, the A, term changes the Maxwell equation to become
O [e*¢(¢gzpm" =S Ay e - xb))} ~0, (4.7)
b

where €, is the volume form for the extra-dimensional 2D geometry. This introduces local-
ized flux into the solution at the position of each brane, and changes the flux quantization

condition into

€ n
Fom+ Y Ay 22 = — 4.8
[ Emt A= (4.8

where n is an integer. Notice that this condition does not break scale invariance (because
Fyn doesn’t scale) provided that Ay is independent of ¢.
For the solution given in (4.3) and (4.4) the integer must be n = £1 and the flux localized

on the branes is

1-p

Diop = Y Ay =+ . (4.9)
b

€6
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Notice also that this equation would not have any solutions at all if the A,’s were all assumed
to be zero, as was often done in early studies of this system [69].

In the scale-invariant case — when A, and 7, are independent of ¢ — eq. (4.9) imposes
a condition that relates the A, and T;, (7 enters through 5 using (4.4)) in order for rugby
ball solutions to exist. If A, were to depend on ¢ then scale invariance breaks and the flux

quantization condition can be used to determine the value of ¢g given arbitrary choices for
the 7, or Ap.

4D flatness and extra-dimensional relaxation

~

Most remarkably, the brane action is flat (R = 0) for any choice of brane lagrangian and in
particular regardless of the value of 7,. For later purposes it is useful to see in more detail
how the extra-dimensional solutions relax to achieve flat 4D geometries: R=0.

The simplest way to see what happens is first to ask why the curvature is flat in the
solution in the absence of branes (i.e. with 7 = 0 and so 8 = 1) [66]. The 4D scalar potential
for the fields ¢y and L is obtained by evaluating the action using the 2D scalar curvature
R = —2/L? and the Maxwell field subject to the flux quantization condition, which implies
f egF' = n for some integer n, and so Fj,, F™" x n? / L*. Combining the Einstein and Maxwell
actions with the scalar potential®® then gives the scalar potential for the fields ¢ and ¢. In

the case of unit flux, n = +£1, this turns out to be a perfect square:

1 1 2eZ
V(L7 ¢0) = /de\/ -9 <2 R+ - 6_¢0anan + % €¢0>
2K 4 Kg
®o 2 2
e K}6

which is minimized at a fixed value of L%e? = ¢? for which there is a flat direction along
which V' = 0 and e?/L? = ¢2%0 /2 is not determined.

Adding branes to this solution changes the above in two ways. First the action now
includes the brane tensions coming from S;. Second, the brane’s gravitational field introduces
a conical singularity to the 2D curvature, /g2 Rsing = —2K ., Tp 0%(z — x3) localized at
the brane positions, where 7, is the brane tension. Using the curvature singularity in the
Einstein action (and using the delta function to perform the extra-dimensional integral d?z)
then gives a contribution to the action of the form (1/2x3) [ d?z\/gz2 R = — 3, Ty, which
precisely cancels the direct contribution of the brane tensions themselves. The lesson from
this story is that back-reaction is crucial: this cancellation can never be seen working purely

within a ‘probe’ approximation where the brane does not perturb its environment.

36 After first transforming to the 4D Einstein frame: g, — (1/L*)guw.
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More general classical solutions

The existence of extra-dimensional solutions that allow flat 4D geometries to coexist with
large 4D-lorentz-invariant energy densities does not in itself solve the cosmological constant
problem. One must re-ask the cosmological constant question in the 6D context: first identify
which features of the branes are required for flat brane geometries, and then ask whether these
choices are stable against integrating out high-energy degrees of freedom.

At the classical level many more general explicit solutions to these field equations are
known [57, 68], such as when the tensions on the two branes are not equal, and although the
extra-dimensional geometry for these new solutions generically becomes warped the 4D brane
geometries remain exactly flat. Nonflat solutions can also be constructed, for some of which
the 4D geometry is de Sitter®” rather than flat [70]. The nonflat solutions are obtained by
allowing T, and/or A, to depend nontrivially on ¢.

There is a very general argument why 4D curvature requires nontrivial dependence of 7T
and Ay on ¢, since it can be proven on very general grounds that any solution to the field
equations for which the near-brane limit of r0,¢ vanishes for all branes as r — 0 (where
r is the proper distance from the brane) must have a flat 4D geometry. This is proven by
exploiting the scale invariance shared by essentially all higher-dimensional supergravities [58].
But the near-brane limit of r9,¢ is on very general grounds proportional to 5,/d¢, where
Sy is the brane action [73]. They are related for much the same reason as the charge of a
point source in electromagnetism can either be determined by differentiating the action of
the point source with respect to the electrostatic potential, or by evaluating (in 2D) 79, of
the Coulomb potential itself near the source.

The upshot is this: for a general solution to the field equations for the action (4.1) and
(4.2) with maximally symmetric geometries in 4D a sufficient condition for the 4D geometry to
be flat is to have none of the branes couple to the 6D dilaton. In order for quantum corrections

to generate a 4D curvature they must also generate dilaton couplings to the branes.

Flux quantization vs tuning

It is sometimes argued that in the case of scale invariant (dilaton-independent) branes the
flux quantization condition (4.8) itself represents a fine-tuning that is ruined by quantum
corrections. This is most often argued in simpler 5D models [74], where similar issues arise

and for which back-reaction can also be computed explicitly. In this case closer inspection

37de Sitter solutions to these equations are interesting in their own right as a counter-example [71] to no-go

theorems for the existence of de Sitter solutions in supergravity [72].
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[75] showed that flat solution arise due to a cancelation with branes whose presence was not
explicit but required to interpret singularities that were necessary on topological grounds.

A similar argument in 6D expresses the extra-dimensional Euler number as the sum of
brane tensions plus an integral over extra dimensional curvature. For the rugby-ball geome-
tries of interest here (with the topology of a sphere) this is equivalent to the relation between
defect angle and tension given in (4.4). The situation in 5D is more similar to toroidal com-
pactifications in 6D, for which the Euler number vanishes and so a topological condition states
that the sum of brane tensions must vanish.

Nonetheless, topological conditions are not in themselves ever an obstruction to technical
naturalness (even for tori). If a tension is changed in a toroidal compactification, the extra
dimensions simply curve to satisfy the topological constraint [39]. Continuous changes cannot
violate the topological condition once this is initially satisfied. For technical naturalness the
real issue is to check whether the choices required for flat 4D geometries are stable against

integrating out short-wavelength modes.

Robustness to quantum corrections

Considerable effort has been invested into integrating out high-energy modes in these geome-
tries, both from loops of high-energy bulk fields [77] and from high-energy brane degrees of
freedom [76].

The good news is that if a brane is initially chosen to have no dilaton coupling (in the
6D Einstein frame) then no loop purely involving only brane degrees of freedom can generate
a dilaton coupling. This in particular means that if Standard Model particles are localized
on such a brane then the curvature of the 4D geometry is completely stable against graphs
involving only Standard Model fields (which is usually the hard part in the cosmological
constant problem).

The dangerous loops are those involving the bulk fields — the extra-dimensional graviton
and its friends — because these must both couple to the dilaton (because of supersymmetry)
and couple to the brane. But for these loops supersymmetry is important in suppressing the
size of quantum effects, leading to their general suppression [77]. The interested reader is

referred to the review [22].

4.2 Below eV scales: Scaling the Supersymmetric Dark

We here instead ask these questions in the low-energy 4D theory that is directly relevant to

cosmology that is valid at energies much lower than the KK scale. Rather than explicitly

,59,



integrating out the higher-dimensional fields we instead work with a general 4D theory that
includes the light fields and incorporates the underlying approximate symmetries.

One of the most important of the approximate symmetries is the scale invariance cor-
responding to shifts of the 6D dilaton, which descends into the effective 4D theory as an
approximate scale invariance of the type outlined in §3.3.3 above. This symmetry dictates
how the low-energy 4D dilaton field, 0 — corresponding to the modulus ¢g of the 6D solution
— appears undifferentiated in the low-energy action. More precisely, given the 6D convention
o

that weak coupling corresponds to small e® and the 4D convention of §3.3.3 that chooses e~

to be small we abusively define 0 = —¢¢. With this convention the transformation law
e? = (e’ (4.11)

is inherited from the 6D transformation rule (4.6).

Demanding the 4D Einstein-Hilbert term Lz, = —%Mg\/—g g"' R, scale as Lpy —
C?Lpy (i.e. the same way as does the 6D action does under (4.6)) implies the 4D Einstein-
38

frame metric scales as

G = v - (4.12)

The kinetic energy of any other bulk fields — such as for o itself or KK modes and any of

their superpartners — has the same scaling and so appear in the low-energy EFT without any
prefactors of € in 4D Einstein frame.

These expressions show that the 4D and 6D Einstein-frame metrics are related by g, =

e’ Guv, where the scaling relation gan — ¢ garn for the 6D metric g, is as in (4.6). Comparing

this to the direct dimensional reduction from 6D to 4D shows how
e ~ (MgL)? (4.13)

is related to the extra-dimensional size, showing that large ¢ incorporates the physics of large
extra dimensions. If L taken as large as it can possibly be (say 1/L ~ 0.1 eV) and taking
Mg ~ 100 TeV) gives MgL ~ 10'% and so one can see how values as large e ~ (MgL)? ~ 103"
can arise.

The o-dependence of brane-localized interactions can be obtained in a similar way. In 6D
the brane tension and the localized flux terms given in (4.2) both scale in the same way as does
the Einstein-Hilbert term, and so once written in 4D Einstein frame these must contribute
to the 4D EFT in the form

Lpot = —/—ge 22 U(0), (4.14)

38Since the focus now shifts to the 4D EFT from here on we denote the 4D Einstein-frame metric by g,.

and relabel the 6D Einstein-frame metric — including its 4D components — as g
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where 6 denotes any other dimensionless scalar fields. Notice the similarity with the first few
terms of the lagrangian (3.18).

In what follows it is useful to write {0} = {9“, 1)}, to keep separate track of scalars 1)®
that live on the brane and those 9" (including o) that live in the bulk. This is useful because
the kinetic energies for each type depend differently on o. The kinetic energy of a bulk scalar
is independent of ¢ in 4D Einstein frame for the same reason no ¢’s appear in the Einstein-
Hilbert action in this frame. But dimensionless brane-localized scalar fields 1® have kinetic
energies of the form Lyyin o< v/—g4 " 0,0 0,9 and so Lykin — ¢ Lpkin scales differently than
other terms like the brane tension or the bulk action. In 4D Einstein frame the corresponding

term in the low-energy 4D EFT must therefore have the form Lyyin o< /=g e™7g""0,40,1.

These arguments lead to a lagrangian of the form (3.18),

Lo = —/—g|Mye 27U (9, )+ 1 MZR+5 M2 Z, (9) 00" 00" +3 M2 e~ Gop(9,1)) 09 0P+ - |
(4.15)

and its corrections. It is the Planck scale that naturally sets the dimensions in all of these

terms, with other low-energy scales arising as a consequence of our currently living in the

large-o regime.

Electroweak and neutrino hierarchies

It is worth asking whether a choice of o exists that is consistent with the hierarchies we
see in nature (e.g. explains why the electroweak scale is much smaller than M,). If one
of the v fields is the Standard Model Higgs then the mass predicted for it by a 1? term
within U(¢,) in (4.15) defines the electroweak scale and is of order Mpy ~ M, e /2. By
contrast, the mass predicted for a bulk scalar by a 92 term within U (4),)) is instead of order
mp ~ Mye™® ~ M2, /M,. These broadly reproduce the predictions of large extra-dimension
models when e7/2 ~ (MgL) ~ 10", with My, ~ 10 TeV and mz ~ 0.1 eV being of order the
KK scale.

Having a o-dependence to the mass term for the Standard Model Higgs boson also implies
the same o-dependence for the Higgs expectation value, and this in turn implies the same
sigma-dependence appears in the masses of all other Standard Model particles since these are
all linear in the Higgs vev (so their mass ratios remain o-independent). Whether this is a
problem again requires appealing to whether a successful cosmology can be built with these
choices (though having mass ratios be field independent helps evade constraints from tests of

the equivalence principle).
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Interestingly enough, the only ordinary particles not to have masses proportional to
Mgy are neutrinos, which famously [41] can acquire mass through a dimension-5 effective
interaction that is quadratic in the Higgs vev. If neutrinos acquire masses in this way (or
by mixing with a KK fermion in the bulk® [78]) they would be expected to have masses of
size m, ~ Mye 27 ~ M2, /M, ~ mp ~ 0.1 eV (up to dimensionless couplings). In this
framework the same value for o can account for both the electroweak and neutrino mass
scales in a unified way. This is not entirely a surprise given that the same consistency also
happens in the underlying SLED models [63].

Finally, the overall size of the scalar potential is vgﬁU where veg ~ Mpe_a/2 ~ Mgw,
and so the scalar potential is technically natural but not particularly small. Although the
lagrangian (4.15) captures the correct scaling of the brane tension it does not yet contain
the extra-dimensional physics that allows the 4D solutions remain flat in the presence of a
weak-scale brane tension. What remains missing in (4.15) is the extra-dimensional relaxation
wherein the geometry of the extra dimensions adjust and back-react to the properties of the

branes.

4.3 Natural relaxation

How does extra-dimensional relaxation get communicated to the low-energy effective 4D EFT?
Can this scaling picture help make headway on how a small Dark Energy density can be
technically natural?

It is here that supersymmetry (of the dark sector only, as described above) might play
a role. Supersymmetry is important because it provides reasons why the potential Uiee can
be a perfect square, as it is for example in the lagrangian (3.14) where V = |0W/9®|?, or
at least approximately so. If Uyee is a perfect square then it is non-negative definite and so
any places where it vanishes is necessarily a minimum. When this is true other fields in the
problem will tend to seek out Utee = 0 as they minimize their energy, perhaps explaining by
doing so why the Dark Energy density is so low.

This kind of approach was explored in [42], where the implications for the scaling sym-
metry (3.16) was explored within a framework wherein the dark sector is supersymmetric and
the particle-physics sector is not. As discussed in §3.3.2, this is a fairly generic situation in
supersymmetric theories given that a gravitationally coupled sector couples to everything —

and so in particular to supersymmetry breaking — more weakly than other sectors [37], and

39Extra-dimensional neutrino mixing models rely on there being very light fermions in the bulk but rarely
tell you why these should be present. Supersymmetric extra dimensions provide a robust answer: they are

part of a generic Dark Sector. They are present and light because they are superpartners for the graviton [79].
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is realized in extra-dimensional scenarios when a supersymmetry breaking brane is localized
within an otherwise supersymmetric bulk (as in SLED models [38]). Assuming all superpart-
ners of Standard Model particles are heavy enough to be integrated out at presently accessible
energies (below 10 TeV or so) the effective theory needed to analyze this kind of situation
requires coupling supergravity to non-supersymmetric matter, which is (happily) a solved
problem [43].

In this framework o is in the gravity sector which is approximately supersymmetric, and so
it is partnered with another scalar field that we call an axion, a, because it has an independent
shift symmetry of the form (3.9). These combine into a complex scalar 7' = 7 + ia (called the
axio-dilaton) that transforms in the standard way for a chiral multiplet under supersymmetry,
where we define 7 := e7/2.

For afficionados the model is as usual specified by a Kéhler function K (7, 7%, X, X*, ¥, U*)
and a superpotential W (T, X, ¥) where X is a nilpotent field describing the Goldstone fermion
for supersymmetry breaking and ¥ generically denotes all other (i.e. Standard Model) fields.
Approximate invariance under (3.16) is implemented consistent with supersymmetry by de-

manding
B(X, X", ¥, v*
( ) ) Y )_’_..'7
T+T*

KB =T 4T + AX, X*, 0, 0*) + (4.16)

where A and B are arbitrary functions and the ellipses denote higher powers of 1/(T + T%).
The kinetic energy for this pair of scalars implied by the 7'+ T™* term in (4.16) is

0,T*0,T  3M;
(T+T*?% 472

Lin = —3M2V g ¢ = [(07)? + (90)’] (4.17)

up to corrections that are suppressed by additional powers of 1/7. If we read off the axion
decay constant as the coefficient of its kinetic term — Ly, = —3F%,/—g (9a)? — (as is often
done in the particle literature) it would be very small: F ~ M,/7 ~ M,e=?/? ~ 0.1 eV.
The error in doing so is the assumption that ¢ does not also appear in any coupling terms,
like /=g 0,aJ*. However both the coupling and the kinetic term share the same metric
factor \/—gg"” and so scale the same way under metric rescalings. The o-dependence of

the physical decay constant is the relative power of e

appearing between the kinetic and
interaction terms, which ultimately depends on how J, scales under (3.16) and in which term
in (??) this coupling appears. If, for example, J,, scales in the same way as does d,a then

F ~ M, would be o-independent (and large).°

49This is what actually happens in extra-dimensional UV completions in which a is a KK mode of the

higher-dimensional metric supermultiplet and so couples with gravitational strength [47].
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The scalar potential for this class of models indeed has the form expected from (?7),

which in the Einstein frame becomes

U Uyp U
= MA 4.1
Vet P |2 + 3 + 4 + ) (4.18)
with the additional information that
Up = |wx|? and Uijg o< wy (4.19)

where wy is a function of the other scalars in the problem, related to 9W /90X . The coefficients
Ui/, and Uy are calculable in terms of W, A and B can be fairly arbitrary for the present
purposes. The coefficient Uy is a perfect square because it is basically an auxiliary field for
supersymmetry (which is also the reason the potential in (3.14) is a perfect square).

Now comes the main thought: because Uy = |wy|? is a perfect square it wants to be
minimized at zero, though the other terms Uj/p, Uy and so on can obstruct the potential
vanishing perfectly. Imagine then that the fields collectively denoted W above contain one
non-Standard Model field, ¢, whose role is to seek out this minimum.*! All we need assume
is that ¢ appears in all of the U;’s and all of their derivatives are order unity. In this case if
only the first term of (4.18) were present then minimizing Veg would lead to ¢ = ¢y where
Uo(¢o) = 0.

But the other terms are present, but subdominant in our regime of interest, where 7 > 1.
This means instead we find the real minimum occurs when ¢ = ¢ where ¢ — ¢ = O(1/7)
and so wy(¢) ~ O(1/7). Evaluated at this minimum, (4.19) implies the first three terms of
(4.18) are all order 1/7* and so the Dark Energy density is predicted to be order

_ oM

Vinin = ‘/;sz(gb) = 7_4p = M;Ue_% . (420)

This is actually a very interesting size when written in terms of the electroweak scale, which
the size of o was chosen to explain relative the Planck mass: mpw ~ M, e~ /%, In terms of
this the above potential minimum is

M2, \*
VminN< EW) y (421)

M,

which is in the right ballpark to describe Dark Energy given that M2 /M, ~ 0.1 eV.
Suggestive as this is, there are a great many things that must go right for this to be a

full solution and this remains a work in progress. Here are some of the things we know so far:

41 This relaxation field ¢ very naturally also can play another role as the inflaton in the very early universe
[44, 45], but this is another story.
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e It is one thing to want a large value for a field like 7 but if we can compute its potential
we should also be able to compute its size. If the potential for ¢ is exactly as given by
(4.20) then there is no minimum for any finite value of o, so the present-day value of o
is a function of the initial conditions in cosmology (whose explanation requires a theory
of the earlier epochs of cosmology such as from inflation). But it is also possible that
(4.20) is only approximate and the corrections introduce a minimum for o. In this case

its late-time value can be computed by minimizing the potential.

A simple situation that would generate one [42, 44] builds on the fact that in eq. (4.20)
the function U can acquire a weak dependence on o ~ In7. This can happen because
loop effects generically introduce logarithms of particle mass ratios everywhere and in
these models particle masses in turn depend on 7. So if the two particles whose masses
appear in the ratio depend differently on ¢ then a dependence on In(m;/ms2) turns into

a dependence like a polynomial dependence on In 7.

For instance if U were to be a quadratic function, a 4+ bln7 + ¢In? 7, then the potential
Vinin can easily have a local minimum. Even better, to have this minimum give o ~ 60
— and so also 714 ~ 10, as required for the electroweak hierarchy — requires only that

the coefficients a, b and ¢ in the quadratic function are themselves of order 50 or so.

e [t is a bit of a cheat to compare the vacuum energy to the electroweak scale — as done in
(4.21) — since the size of wy is actually dictated by the scale of supersymmetry breaking
in the Standard Model sector, which cannot be smaller than F > (10 TeV)?. Consistency
requires this to be larger than electroweak scales, since these particular superpartners
were regarded as being already integrated out. Ref. [42] explores this constraint in more
detail and shows that the lower bound on the size of the supersymmetry breaking scale
(in the ordinary particle sector) puts a lower bound on Vi, that is of order

ESF*F

— )

T

Vinin & (4.22)

where € ~ 1/In7 and 7 ~ 10?8 is the vacuum value of 7 chosen above to achieve the
electroweak hierarchy. For 7 ~ 10 (as required to reproduce the proper electroweak
hierarchy) we have (7In®7)~™! ~ 10737 and so if \/|F|] = 10 TeV this gives Vipin =
10_93M;}. Although not as small as the value 10_120]\/[1;1 required for Dark Energy, this
is better than any of the alternatives on the market (and is the result ‘out-of-the-box’
inasmuch as the various inputs have not yet been seriously optimized to try to achieve

the smallest possible result).
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e There is a good reason these parameters have not yet been optimized. Once the potential
minimum falls below around Vi, = Uffﬂf ~ 1()_80MI;l the mass of the o field around any
minimum becomes less than of order m, ~ v /M, ~ 107%M, ~ 107!3 eV and so
the o Compton wavelength is longer than m ' ~ 10° m. In this regime o mediates
long-range forces that can show up as deviations from GR in precision tests of gravity.
This is a generic problem for any successful proposal that gives a technically natural
Dark Energy, and is a serious one. There are ways to evade such bounds, such as if
macroscopic collections of atoms (like planets or stars) should couple to o much more
weakly than would be guessed by summing the coupling strength atom-by-atom. This
can happen for nonlinear couplings (and is generically called ‘screening’ — see e.g. [46])

but the jury is out so far on whether it can be done successfully in this case (see [47, 48]).

e If the potential depends on other fields (such as the Higgs field, h, or an axion field,
a) in addition to the relaxation of the field ¢, then relaxation will happen locally for
each value of the other fields h and a, so ¢ = @(h,a). But this also suppresses their
contribution to the energy, giving the overall potential a trough-like shape whose bottom
is parameterized by V[h, a, ¢(h, a)]: what minimizes a constant vacuum energy also tries
to flatten the entire scalar potential for these other fields. One might (correctly) worry
that this should in particular make their masses much smaller than naively expected,
which at face value is a problem (at least for the higgs) its mass is actually measured

(and the predictions for this were right before relaxation).

The reason this need not actually be a problem is the relaxation is dynamical and so
responds differently depending on the speed of the probe. Rapid processes like higgs
particle collisions or decays occur effectively instantaneously and so ¢ has no time to
respond. So these processes are in the ‘sudden’ approximation and so tend just to see
the curvature of the ‘bare’ potential in the direction of the probe. This gives the mass
without relaxation (as is usually assumed when computing e.g. collider signals). But for
slow processes like cosmology the evolution of ¢ is instead adiabatic and so has time to
adapt as other fields change, leading the evolution to preferentially explore the bottom

of the trough (where masses really are much smaller than their naive values).

Long-story short: this framework is promising but there are a lot of working parts that must
be pinned down in order to claim real progress on the cosmological constant problem. What
is interesting is that there are often superficial objections (like the ones listed above) that
superficially seem to be problems but which disappear on their own when examined more

carefully. So far the preliminary indications continue to look good and work is underway to
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see whether this can persist, leading to a detailed working model. Initial indications are that
cosmology can be very interesting [42, 49] and there is a tantalizing prospect of it pointing
to a unified picture of the origins of both Dark Energy and Dark Matter [50], though there
are also many dangerous constraints [51].

In my own mind the main worry is whether the phenomenology of having ordinary particle
masses depend on the values of very light scalars can be ruled out based on what we know,
but this is itself progress inasmuch as we trade the cosmological constant problem (which
is very hard) for possibly much easier phenomenological issues to do with tests of gravity.
Perhaps this is really an opportunity; if this class of models is how Nature works, it provides

many observable consequences that perhaps are about to be discovered.

4.4 Summary

It is a remarkable opportunity that the long-distance physics we see in the sky seems to depend
on how things work at much smaller distances; an opportunity that it behooves us to exploit.
When this clue is ignored we have so many theoretical options that cosmological observations
alone are unlikely to narrow our choices down sufficiently. Once this clue is included — for
the cosmological constant problem specifically — then so far no compelling options have yet
emerged at all. This shows that reconciling cosmology with high-energy physics is difficult.
Should it be accomplished successfully we are likely to find an important part of how nature
actually works.

These lectures have tried to make the following points.

1. Technical naturalness matters and is a natural consequence of the modern understanding
of how classical gravitational physics fits into a broader quantum picture. Effective field
theory is the key concept, designed to capture the important physics relevant at low

energies when there is a large hierarchy of energy scales.

Technical naturalness emerges as a criterion because there can be a different effective
theory for every new range of scales, it should be possible to ask why a parameter is
small at any scale we choose. This has two parts: why is the parameter small in the
ultraviolet-complete theory at very high energies, and why does it stay small as one
integrates out the lower-energy modes. Although we may not understand the answer
of the first question until we get access to very high energies, the second part has
implications even at low energies (and this is what makes the criterion of technical

naturalness useful).
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2. Although a technically natural understanding of the small size of the Dark Energy
density has proven elusive, it is argued that it is too early to despair about solving the
cosmological constant problem and the rewards for doing so are very high: any such a

solution is likely to have a great many low-energy tests.

3. Personally, my own money is on low-energy approximate scale invariance being respon-
sible for the electroweak hierarchy within which a relaxation mechanism (perhaps along
the lines of [42]) accounts for the small size of pyac. This is likely also to point to the
existence of supersymmetric large extra dimensions at accessibly low energies as a UV
completion. Both of these require the existence of very light dilaton and a supersym-
metric dark sector, with a host of potentially observable implications for cosmology and

tests of gravity.

In the end these lectures argue the cosmological constant problem is a hopeful challenge
and not a message of despair. The Universe is a Big Place, and this fact alone may well be
telling us that new physics is just around the corner, since this is required by any real solution
to the cosmological constant problem. The search so far has been hard and unsuccessful, but
not all avenues have been exhaustively explored and the rewards with success are very high.
With luck the interplay between cosmology, gravity and fundamental physics will soon teach

us what is really going on.
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