Quantum Electrodynamics Assignment (Fall 2022 - Due Tue. Dec. 6)

1 Exact Results

The first group of problems involve proving some exact results for QED, whose lagrangian
density is given by £ = Lg + Liy, where

Lo= 3 B ~T@+m)y and L = iqTAD, (11)

as would be obtained by substituting 9, — D, = 0, — igA, in Lo. As usual § =49, and
A= A, and ¢ = 1B = iiy®

The noninteracting field expansions appropriate to the interaction representation are

Z/ (£, (kN) akxe’kx—irg (k) ap, e ™) | (1.2)
V(2m)32w a
A==+1 k
and
Z/ ) ¢po €77 +0(p,0) T, e P (1.3)
V/(27) 32E P ‘o
o= :I:1

where ay, commutes with ¢p,, ¢p, and their adjoints while ¢p, anticommutes with cqe, €q¢
and ¢, (and the same with ¢ <> ¢) while

[ak)n C‘ZC] = 5>\C 63(1{ - q) and {cpm c:;g} = {Epaa E:lg} = 605 53(p - q) ) (14)

and the polarization vectors ¢,(k, \), u(p,o) and v(p, o) are as given in the lectures. The
polarization tensor satisfies k*e,(k, A) = n*e,(k, \) = 0 where n* = (1,0,0,0) points purely
in the time direction (in the frame where A9 =V - A =0).

1.1 Propagators and the Miracle of Lorentz Invariance

1. Evaluate the photon’s Feynman propagator from scratch using the above field expan-
sion, and prove the result shown in class:

O [4y() A, (0)]10) = =i [ 5 St oo (15)

where § is a positive infinitesimal and p(z—y) := 1, p"(x—y)” = —p°(z—y)°+p-(x—y)

while
Z eu(p, N el (p, A)

_ (nupy + Nubu)Po + Puby P PARLIL L6
- 77;11/ _ p2 + p2 . ( . )

2. Verify explicitly that given the interaction hamiltonian density

&y JO(x,t).)(y, 1)
x -yl

Hing(x,1) = —=J"(x,1)A,(x, 1) + i/ (1.7)

8
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Quantum Electrodynamics Assignment (Fall 2022 - Due Tue. Dec. 6)

(where J#(x) is a classical current that satisfies d,,J# = 0), the Lorentz noncovariant
(J°)% term cancels to second order in the S-matrix element

0[S]0) = 1—3 / ' (O Ha(1)[0) — / Ay O [ () Hin ()] J0) - (18)

3. Evaluate the electron’s Feynman propagator from scratch using the above field ex-
pansion, and prove the result:

oI (o) B0 ]I0) = =i [ ks S (1.9

2m)4 p2+m?2 —id

where now

S(p) =Y _ ulp,0)u(p,o) = —ip+m. (1.10)

This also involves proving that v(p, o) = vsu(p, —o) satisfies

> v(p.o)v(p, o) = —ip—m. (1.11)

—4 1
o==*3

1.2 Low’s Theorem

The relationship between Heisenberg-picture and Interaction-picture field operators is
Ou(x,1) = Q)0 (x,1) Q) where Q(t) := e'H! g7t (1.12)

where the Hamiltonian is split between an unperturbed and perturbed part: H = Hy+ Hiy.
Exact scattering states |a,t) of the full system are given in terms of the corresponding
unperturbed state |a) by

la, t) = Q(t) |a)  so, in particular |a)y, = Q(—00) |a) and |a)ous = 2(00) |ar) . (1.13)
The evolution operator U(t, ') := Q71(¢)Q(¢') satisfies the usual evolution equation

oU (¢, )
ot

and so is given perturbatively by

= —iV()U(t,t') where V(t):=Q ' (t)HpnQ(t), (1.14)

—1
Ut.t) =Y (=9) / dry---dr, T|\V(m) - V()] . (1.15)
n' +
n=0
1. Prove Low’s theorem, which states that Heisenberg-picture and interaction-picture
correlation functions are related by

out<<ﬁ|T |:OZ}} (l'1> s OZL l’n)} |a>>in (]_]_6)
— > (_]\Zf)' N dry -+ -dry (B|T |0 (zy) - - - O (2, )V (11) - - - V(TN)] ) .
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Quantum Electrodynamics Assignment (Fall 2022 - Due Tue. Dec. 6)

This theorem allows one to make the connection between exact Heisenberg-picture cor-
relators and perturbative expressions in the interaction picture. The usual expression
for the S-matrix

kBl = (31810} = 3 S0 [~ BT (V) V)] a).

is a special case of this result. Recall in particular that the free-field expansions given
in (1.2) and (1.3) apply only to the interaction-picture field operators.

2. It is the Heisenberg-picture operators that satisfy
[P“,(’)H(x)} = 0" Oy () (1.17)

and not the interaction-picture operators (which are not translated in time by the full
hamiltonian H = P). Use this to prove

o BIT | Ol (212) -+ Ol (wo+) | lain = €007 (BIT| O (21) - - Ol ()| e

(1.18)
provided P¥|a)in = pl,)ledim and P*[B)ou = pig)[Bhout- In particular, if the ground
state is translation invariant — i.e. P*|0);, = P*|0)oue = 0 — then

ot 0T [ (@) (1) 10)in = 0wt {OIT [ = )6, (O] [0) (1.19)
must be a function only of (z — y)*.

3. Similarly, conserved charges ) commute with charged fields to give
Q.04(@)| = —¢'0},(@) (1:20)

where ¢ is the charge of the field 0. If Q|a)im = Qala)in and Q|B)ouws = Qsl8)out
then show that

(BT O3t (1) - O ()| ladin £ 0 implies Q= Qu =D g% (1.21)
k=1

1.3 QED Ward Identity

In QED consider the Heisenberg-picture correlator
Fh (@, 2) = out{OIT | n (@) J*(2) U (4) | 10)in (1.22)

where m and n are Dirac indices and J* = igiy*1) is the electric current operator for a
fermion with charge g. Recall that charge conservation implies the Heisenberg evolution
of the operators ensures 0J#(z)/0z" = 0 as an exact statement. Because of this only the
time-ordering step functions contribute when F¥ is differentiated with respect to z*.
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Quantum Electrodynamics Assignment (Fall 2022 - Due Tue. Dec. 6)

1. Use the above observation and the current-field commutation relation — see eq. (1.20)

6 1) 0y 1) = —a 8 (x = y) vy, 1), (1.23)

to show that
OF*k

S = =8z = Dout (01T [0 (@) T ()] [0

00 (y = 2)oud0IT [0n(@) G )| [0)n - (120)

2. Prove that translation invariance of the vacuum implies F* (z,y, z) satisfies

0 0 0
M pu—

3. In momentum space define the quantity I['*(p’, p) from the relation

/d4$ d4y F#m(mu Y, 0) eipyfip'x = _Zq Snk(p/> F;:l(p/ap) Slm(p) ) (126>

where there is an implied sum on the repeated Dirac indices k, ! and
—iSu(p) = / 0% o Q01T () B 0)] |01 7 (1.27)
Use (1.24) and (1.25) to derive the exact Dirac-matrix identity
(b =)l (,p) =[S 0) = S7'()] (1.28)

This is called a Ward identity because it is a relation amongst correlation functions
that follows from current conservation (and so from a symmetry of the problem).

1.4 Symmetries and Ward Identities

Consider a generating functional for correlation functions for some operator O(x), defined
by

Wi =3 /d4x1 (@) T) QO[O 0@ j0). (120)

This has the property that its functional derivatives with respect to J(z) give the correlation
functions for the Heisenberg-picture operator O(x), with

{M(a:l)é-n-ww(xn)} o (OIT|O() -+ ()] 10} (1.30)
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Quantum Electrodynamics Assignment (Fall 2022 - Due Tue. Dec. 6)

Suppose there is a transformation of the form J — J(J,0) = J+6°K,(J)+- -, for some
arbitrary infinitesimal parameters 6¢, for which the generating functional is left unchanged.

This implies in particular that
ow
d* K,=0 1.31
J 2 57 3

is true for all J(x) and all a. Because this is an identity for all J it remains true when
multiply differentiated with respect to J. The result is a collection of relations amongst the
correlation functions called Ward identities. For instance differentiating once leads to

0 — /d4x {Méz—w&(xﬂ oW 5Ka(w)}

y)oJ(x) 60.J(x) 6J(y)
0K, (x
= [ |wirfow--ow] o + Lowm S
J(y)
and so on.
1. It is possible to define a generating functional, I'[a,, 1, 1)], whose derivatives give 1-

particle irreducible correlation functions, which is invariant under gauge transforma-
tions of the form da, = 9,(, ¥ = igCy and 01 = —iqCe. Use this gauge invariance
to derive the Ward identity satisfied by the correlation function

{m} oo (1.33)

Similarly derive the Ward identity that relates the correlation functions

[W] ey [awx)é%éap(z)]a:w:o | 130

How does this relate to (1.28)7

2 Perturbative Calculations

These problems involve more explicit perturbative calculations.

2.1 Dirac Identities

Consider the matrices defined in class

() () (Y e

where [ is the 2-by-2 unit matrix and & = ioy is the 2-by-2 antisymmetric matrix (whose
upper right element is +1). The matrix € appears when writing the charge-conjugation
matrix in terms of the other two C' = ~5¢8. Notice 3 = B* = pt = g7 = 57! and
V5 =V: = Wg = = ;! while e = ¢ = —ef = —¢” = —¢~'. Both 8 and 75 commute with
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Quantum Electrodynamics Assignment (Fall 2022 - Due Tue. Dec. 6)

¢ while 5 and 5 anticommute with one another (verify this!). The gamma matrices in this
representation are defined by

0 ia O 1 ko 0 —iak
Yo = =7 = Zﬁ - (Z 0 and 7= Z'O.k 0 (22)

k are the usual Pauli matrices.

where o

1. Prove the identities

v 14 . Z v
=, C==" 3=-it""""" = fama™’ Y (23)
where our conventions are n** = diag(—,+,+,+) and €’'? = +1 (and so €23 = —1).
Use these to prove
( Ap d i Ap
YV = =5 Cua Y and Y = 5 GuaTnY (2.4)

where v, := %(1 +75) and 7y := %(1 —5) and 7, == %[vﬂ,%].
2. For the basis of Dirac matrices
M = {I,%,w,%%m} (2.5)
compute the signs 7, ( and £ that appear in the identities
MT=¢eMe, M'=CBMB, M*=¢CeBMeB, ~sMys=nM  (26)
and show that they are given by the entries in the following table:

I v % %% Yw
E - - - + +
¢ |+ - - - =
n |+ + - - 4+
g - -+ -+
€ l- + + - =
&Enj— + - + =

Table 1: The signs relevant to Dirac matrix identities

These identities are useful when computing the reality and symmetry properties of
fermion bilinears, such as when computing

(1 Mpa)" = ($]BMp2)" = $LMTBY1) = o BM B = (0, M) . (27)
3. Prove the following gamma-matrix trace identities
Tr (y# - A4tm) =Tr (99" - 9#*) =0 if nis odd (2.8)
as well as Tr (y5) = Tr (157*9") = 0. Also
Trl=4, Tr(ww) =40, T (unine) = 40w = Mualve + Tutivn)  (29)

and
Tr (ys7"y"y™P) = 4ie™ (2.10)

with the convention (as above) that €"% = +1.

Page 6 of 10



Quantum Electrodynamics Assignment (Fall 2022 - Due Tue. Dec. 6)

2.2 The Feynman Parameter Trick
1. Prove the very useful identity

1 1 1 Tn—2
R —— — | .
A4, A (n 1)./0 dxl/o da, /o dz,_q (2.11)
|:Anl’n_1 + An_l(ZEn_Q — ZL’n_l) + - AQ(ZEI — 132) + Al(l — Jfl)] .

This contains the version used in class:

1 ! dx
- : 2.12
ArA, /0 [A1(1 — z) + Agz]? (2.12)

2.3 Compton Scattering
Consider the scattering process
e (p.o) +7(k,A) = e (p',0") + (K, X) (2.13)

where we denote the electron energies by p° = & = y/p? + m? and k° = w = |k| and similarly
for the final-state energies ¢ and w'.
Suppose the S matrix element for this process turns out to be given by

S=(p,o; K, NIS|p,o;k,\) = —2mid*(p+k —p — k) M (2.14)
then the differential cross section is given in terms of M by

(2m)*

do = — M2 p+ k —p — k) APk 43 (2.15)

where "
ALY (2.16)

Ew

1. In the rest frame of the initial electron show that energy-momentum conservation

implies
, w
= 2.17
“ 1+ (w/m)(1 — cosf) (2:17)
where cosf := k - k' is the angle between the incoming and outgoing photon direc-

tions. Show also that u = 1 and perform the integration over the outgoing electron
momentum to show that

d_O' _ (27’()4 (w,) (m tTw— w/)

2 2.18
0 — M (2.18)

where d*k’ = (K)?dk’dQ and dQ = sinfdAd¢ is the differential solid angle for the
direction of the outgoing photon in a frame where the initial photon is moving up the
positive z axis.
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Quantum Electrodynamics Assignment (Fall 2022 - Due Tue. Dec. 6)

2. Draw the two distinct Feynman graphs that contribute to this process at lowest order
in the electromagnetic coupling. Evaluate the graphs to show that

o (&) ea |7* it o (p/Q;nli,) i

M= —-ouooar-——
32m3v/me'ww’

where ¢, = e(k, A), g, = e(kK', \'), u = u(p, o) and v’ = u(p’, 0’).

Yl u (2.19)

L=l
+7

—2mw

If no spins or polarizations are measured we must sum over the final spins and average
over the initial (unknown) spins, and so must evaluate

1 )
M= > M. (2.20)
AN oo’
Use (1.6), (1.10) and (1.11) to evaluate the spin sums and show that the unpolarized
cross section can be written in the initial electron’s rest frame as
do ¢ 1 (w/m)?(1 — cos 6)?
dQ  3272m?2 [1 + (w/m)(1 — cosd)] 1+ (w/m)(1 — cosf)

2
5 [1 + cos” 0 + (2.21)

This reduces (as it must) to the Thompson cross section for w < m and becomes
sharply peaked in the forward direction when w > m. For (w/m)(1 — cosd) > 1 the
approximate ultra-relativistic form is

do N 7t
dQ ~ 32m2mw(1 — cosf)
Although this seems singular as # — 0 the above expansion breaks down in the collinear

regime where 1 — cosf ~ m/w < 1, and for smaller scattering angles than this goes
over to Thompson scattering again.

(2.22)

2.4 Mott Scattering

Mott scattering is the relativistic spin-half generalization of Rutherford scattering from a
Coulomb potential. Consider an electron scattering e (p, o) — e (p’,0’) from a fixed clas-
sical electrostatic field with A = 0 and

Ze
0
= —. 2.23
A0 = £ (223
1. Compute the leading amplitude for scattering of an electron (with charge ¢ = —e) from
such a potential using the interaction lagrangian density
/v‘int = —1e A“E%ﬂﬁ ) (224)
and show that the S-matrix element is given by
(0’| S|p, o) = i / Ao (p!, o' | L (2)|p, o) = —2mid(e — )T, (2.25)
with . 702 .
__ e 3,. 40 i(p—p')x _ € u ol
= d P—p)x 2.26
T 2n)72e u’you/ A (x) e 22 [p—p?’ (2.26)
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2. Writing the differential cross section as

4
do = (@) IT20(s" — ) d*p’ (2.27)

(%

show that the differential cross section (as a function of the final electron’s scattering
direction 6 relative to the incoming electron direction) becomes

do 2(Za)?
d_Q = ﬁ <m2 + 82 + |p|2COS 6) s (228)

where « := €?/(4) is the usual fine-structure constant, and so in the ultra-relativistic
limit € ~ |p| > m becomes

do Za\? cos?d

A \ 2 sin4g '

How does this result differ from Rutherford scattering? What is the physical reason
why they should differ?

(2.29)

2.5 Bremstrahlung and Infrared Divergences

Next, compute the rate for the scattered electron to emit a photon during Mott scattering
process, so e (p,0) — e (p’,0') + v(k, A) in the presence of the classical Coulomb field
(2.23) (with Aas = 0).

1. First draw the two relevant Feynman graphs for this process, and show that they imply
the Mott scattering matrix element (2.26) is modified by replacing @'~ou with

- i

—iegy ) o o i(p + k) + m' ol

(2m)32w (P + k)2 +m?—id

—i(p — k) +m

(2.30)
where ¢, = ¢,(k, \) and so on.
2. Modifying (2.27) to sum over the final-state photon momentum gives
2 4
do = (@) IT20(e" +w —e) d®p A®k (2.31)
v

where w := k” = |k| is the final-state photon energy. Use this to show that the total
integrated cross section o diverges once the d*k integration is performed, due to the
infrared region |k| — 0. Called the ‘infrared catastrophe’, this reflects the great ease
with which charged systems can radiate very soft photons.

3. The differential photon emission rate is suppressed by a factor of o = €2 /4 relative to
the leading Mott cross section given in (2.28). But at this order one should also include
the modification to the amplitude for Mott scattering (without the emission of an extra
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photon) by the exchange of a photon between the initial and final electron. Show that
the scattering matrix element 7 for this is obtained from (2.26) by replacing @'~yu by

, ‘ Ak 1
W you + ie? / e (U;w + kyon, + k,,au> (2.32)
ot 4o | T =B +m —ip-B+m | |
T —krrm2—is| P p—k2rm—is|

which drops the n,n, term of (1.6) because we work with the Path Integral formulation
where the interaction is given by L;,; rather than H;y.

4. Show that the detailed form of «, does not matter because the terms involving them
contribute zero to the amplitude 7.

5. Show that the interference cross term between the @'~yu term and the rest that arises
within |7]? involves a single integration over k* that also diverges in the infrared
(from the integration limit |k| — 0). Show that this divergence has a coefficient that
precisely cancels the divergence in photon emission if one were to add the rate for Mott
scattering to the rate for scattering accompanied by the the emission of one photon (as
would be appropriate if we work to a consistent order in powers of a and the emitted
photon’s energy is so small that it is not detected).
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