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Abstract

The small world network model is extended to study fire spread through forest fuels. The proposed model in-
cludes the short-range radiative and convective effects from the flame as well as the long-range “spotting” effect of
firebrands. It uses a weighting procedure on network sites based on the characteristic times of thermal degradation
and combustion of a flammable site. First the model is validated against nonspotting fire experiments in homoge-
neous media. It is then applied to heterogeneous media to illustrate its ability to provide realistic fire patterns. It
is found that the concentration of flammable sites, p, is a good measure of local small world network properties.
Front propagation exhibits two thresholds delimiting the spreading/nonspreading transition: the first corresponds
to a geometric second-order phase transition line and is inversely proportional to the fire impact length, lc, ac-
cording to prn

c = 0.5l−1
c , and the second is a dynamic threshold resulting from the weighting procedure. The

p-dependence of the fractal dimension of the burned area confirms the percolation transition line behavior. Sec-
ond, firebrands are considered by introducing a characteristic spotting distance. For homogeneous systems, the
effect of firebrands on spread rate and burned area is strengthened when the fire impact length decreases and the
characteristic spotting distance increases. The head fire goes forward by jumps, especially for small values of
the fire impact length. However, the development of spotfires can slow down the overall propagation process. For
heterogeneous systems, spread rate and burned area are significantly reduced as the degree of disorder increases.
The influence of firebrands then becomes weaker and smoother. The model underlines the existence of critical
channels of the propagation cluster, allowing to stop the propagation of fire if they are cut off.
© 2007 Published by Elsevier Inc. on behalf of The Combustion Institute.
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1. Introduction

Fire spread has been modeled for a long time using
regular networks [1–5], as well as cellular automata
[6–8], to include site weights. However, as suggested
in 1976 by de Gennes [9], such networks did not
take into account physical effects beyond the nearest
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Nomenclature

CFL Courant–Friedrich–Levy
D fractal dimension of the burned area
D0 characteristic spotting distance
h ratio of impact parameters for a binary

system
lx , ly , lc impact parameters
L size of the square network
M average mass proportion of burned sites

during fire propagation
Nbs number of burning sites
Nfb number of firebrands generated in the

system
nc number of time steps required for the

combustion of an active site, tc/δt

nTD number of time steps required for the
thermal degradation of an active site,
tTD/δt

p density of active sites
pc percolation threshold
ros rate of spread of the head fire
rn regular network
R dynamic propagation threshold, tc/tnn

swn small world network
tc characteristic time of combustion of an

active site
tTD characteristic time of thermal degrada-

tion of an active site
tnn time required for the nearest neighbor of

a burning site to reach ignition

Greek symbols

δt time step
δl lattice parameter
ξ correlation length, defined as the largest

cluster size for heterogeneous systems

Subscripts and superscripts

bs burning sites
fb firebrands
nn nearest neighbor
rn regular network
swn small world network
TD thermal degradation
neighbors of a burning site, such as flame-induced ra-
diative/convective effects or firebrand impact. There
is some evidence that models with local contacts only
do not mimic real fires well [10]. Long-range con-
nections were recently modeled by a small world net-
work (swn) [11] having the main properties of a so-
cial network, i.e., the clustering (a cluster is defined
as a group of interconnected active sites) and possi-
ble connections between any two sites in the network
within a finite number of steps. This model seems
to fit very well many forms of social behavior such
as epidemics. It is built from a regular network (rn),
but in addition to the number k of nearest neighbors,
φ long-range connections per site are randomly intro-
duced throughout the whole network. Let the control
parameter be the density of the network sites, p, par-
ticipating in the propagation process in heterogeneous
systems. There is a percolation-type threshold value,
pswn

c , corresponding to the appearance of a cluster
whose size behaves as a power law with p − pswn

c
[12,13]. This threshold was extensively investigated
for 1D systems and its dependence on k and φ satis-
fies the following equation [14,15]:

(1)φ = (1 − pswn
c )k/2

pswn
c

.

The exponent k/2 refers to the number of neighbors
in the propagation direction. In the case of epidemics,
this threshold corresponds to the smallest concentra-
tion of “susceptible individuals” leading to the dis-
ease outbreak [14]. In the case of fires, this is the
smallest density of forest fuel elements delimiting the
spreading/nonspreading transition. It is worth noting
that this threshold must be distinguished from that
of regular networks (prn

c ), where the largest cluster
connects the two ends of the system or diverges for
infinite-size systems [4]. Furthermore, systems such
as airport networks require, in addition to long-range
connections, the introduction of weights either in their
nodes (airports) or links (planes) [16]. To correctly
model fire propagation through a network of forest
fuel elements, long-range connections corresponding
to fire and firebrand impacts have to be considered,
as well as weights due to thermal degradation and
combustion processes. Fire spread is mainly depen-
dent on the characteristic lengths of fire impact and
on the spotting distance. This leads, in our model, to
the definition of impact parameters beyond the near-
est neighbors.

Spotting is the process whereby flaming or burn-
ing embers (firebrands) produced when brush and
trees burn rapidly are lofted by the fire plume and
transported downwind to start new fires (spotfires)
in receptive fuel beds, including forests and houses
ahead of the main fire. This is the dominating fire
propagation mechanism in high-intensity forest fires.
Firebrands (e.g., bark, needles, leaves, cones, and
small branches) may give rise to secondary fires hun-
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dreds of meters from the fire front and are the primary
cause of house ignition in wildland–urban interface
areas. Spotting dramatically alters fire growth patterns
and behavior and makes fire suppression much more
difficult. On 20 October 1991 the Oakland/Berkeley
Hills fire quickly overwhelmed the initial attack fire
crew, in part due to firebrand propagation and spot-
ting hundred of meters ahead of the main front [17].
The factors that affect the generation and propagation
of firebrands are fuel (size, type, moisture content,
arrangement), weather, and topography. Crown fires
can be excellent generators of embers for spotting.
Although lofting and propagation of burning brands
in forest fires have received considerable attention
([18–23], to name but a few), very little research has
been conducted to study the role of firebrands on the
propagation of the fire itself. To our knowledge, the
only study that attempts to estimate such influence is
that of Hargrove et al. [24], who used a broad-scale
probabilistic model of forest fires burning through
heterogeneous landscapes. However, the model con-
siders fire propagation as a diffusive spread from each
ignited cell to any of the nearest neighbors, and fire-
brands often fall near the cell that generated them,
which prohibits creating distinct fires in the conven-
tional sense.

In this paper a two-dimensional model based on
a weighted-site small world network is presented to
study fire spread through homogeneous and heteroge-
neous forest fuel beds. First the model is described
and results are compared with experimental data in
homogeneous fuel beds for different fire conditions.
The effects of wind and slope on the rate of spread
(ros) are investigated. The model is next applied
to heterogeneous media, and propagation properties
such as propagation thresholds and fractal dimension
of the average burned area are studied. The model is
then extended to show how fire behavior is affected
by firebrands.

2. Model description

The present model is based on the small world
network (swn) initially proposed by Watts and Stro-
gatz [11]. It is built from a square lattice of size L.
The concept of short-range connections (k) in the
standard swn is here replaced by that of impact para-
meters defining the influence zone of a burning site
(Fig. 1). This means that for a given burning site,
its influence zone is characterized by one (isotropic
propagation) or two impact parameters (as a result of
wind or/and slope effects) in such a way that all active
sites present in this zone are connected to the burn-
ing site. The impact parameters can be either iden-
tical to the characteristic lengths lx and ly directly
related to the radiative/convective impact of the burn-
ing site (deterministic case) or generated following a
Poisson-like distribution based on these lengths (ran-
dom case) [25]. They are dependent on fire and fuel
conditions and expressed in an arbitrary length unit
(δl) corresponding to the lattice parameter (Fig. 1).
A high value of the impact parameter ratio ly/ lx cor-
responds to a strong anisotropy of the front shape
induced by the terrain slope and/or wind effects in
the y-direction. In the absence of firebrand genera-
tion, the present model can be considered as a regular
network for the whole system, whereas it is regarded
as a swn on a local scale [26,27]. Long-range connec-
tions correspond to the transport of firebrands from
burning sites beyond the influence zone (Fig. 1). It has
been observed from experiments [28] and shown from
a fine-scale physically based deterministic model [29]
that in most fire situations the density of firebrands
on the ground decreases exponentially with the dis-
tance from the fire front. This negative exponential
distribution law was also used in the SPOT subrou-
tine of the BEHAVE fire prediction model [30]. The
spotting effect of firebrands is simulated by permit-
ting each burning site to generate a time-dependent
number of firebrands, N(t), depending on fuel type.
When a firebrand lands on an unburned site, an igni-
tion probability, Pi(t), based on the moisture content
and the type of the receptive fuel material, is used
to determine whether the firebrand causes a new fire
to start [24]. Such a firebrand is called efficient. To
account for variations in wind direction, firebrands
travel downwind in a 60◦ random angle around the
prevailing wind direction.

The maximum number of efficient firebrands gen-
erated in the L-size system is

(2)Nfb(t) = cNbs
[
1 − exp(−L/D0)

]
with

(3)c = 1

tc

tc∫

0

N(t)Pi(t)dt.

The present model uses a weighting procedure on
sites based on the knowledge of two characteristic
times, namely the time of thermal degradation of
a flammable site, tTD, and that of combustion, tc.
The state of advancement of thermal degradation
and combustion processes is performed at each time
step δt , taken here as the arbitrary time unit. Af-
ter ignition, a given site needs nc time steps to burn
completely, according to tc = nc × δt , whereas a site
located at the limit of the influence zone of a burn-
ing site (i.e., at a distance lc from this site, where
lc is elliptically dependent on lx and ly as shown
in Fig. 1b) needs nTD time steps to reach ignition
(tTD = nTD × δt).
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Fig. 1. The standard swn (a) is built from a regular square lattice. In the present swn (b) the nearest neighbors of a burning site
are replaced by the influence zone of the burning site. Long-range connections are due to firebrands. δl is the lattice parameter.
A fire-exposed site located at a distance s from the
burning site needs n(s) time steps to reach ignition.
There is an evidence from experimental observations
that the degradation time increases sharply with in-
creasing distance s. An exponential dependence is
here assumed, which leads to

(4)n(s) = (nTD)s/lc .

The initial degradation level of this site is then nTD −
n(s). At each time step, its degradation level increases
by one unit until ignition. If this site is exposed to
two or more burning sites, its initial degradation level
is nTD − n(si ), where si is the distance to the near-
est burning site, whereas each of the other burning
sites contributes one unit. As the unit time step is
arbitrary, the number of levels is determined from
the characteristic thermal degradation and combus-
tion times of the fuel material. However, the CFL-like
condition nTD > 1 is required to avoid the burning
of the influence zone in one time step. Otherwise,
from Eq. (4), nTD = 1 leads to n(s) = 1, which corre-
sponds to a physically unrealistic situation where the
radiative/convective impact is independent of the dis-
tance from the burning site.

Fuel type and moisture content do not affect the
weighting procedure, whereas the influence zone
should be modified as well as the characteristic times
of thermal degradation and combustion.

2.1. Homogeneous and heterogeneous media

For homogeneous media the forest fuel elements
that totally cover the system are of the same kind. Het-
erogeneity means the existence of two or more fuel
types in the system (e.g., different species, or the same
species with different moisture content), thus leading
to different behavior under fire. For a binary system
composed of sites A and B uniformly and randomly
distributed in the system, it is convenient to define the
proportion of sites belonging to each of them as p



B. Porterie et al. / Combustion and Flame 149 (2007) 63–78 67
and 1 − p, respectively, as well as the impact para-
meters in the propagation direction, lA and lB, with
the arbitrary condition lB � lA (the impact parame-
ter ratio ly/ lx is the same for both kinds of sites).
The characteristic times for thermal degradation and
combustion are assumed to be the same for both fuel
types. For homogeneous media h = lB/lA is equal
to 1, independently of p. The level of heterogeneity
is then defined by the knowledge of p �= 1 and of the
impact parameter ratio h < 1. In the limit of a total
heterogeneity, h = 0, the system consists of p occu-
pied sites with an impact parameter lA; the remaining
1 − p sites correspond to nonflammable areas such as
rock, roads, and water (lB = 0).

2.2. Dynamic and percolation thresholds

Let us now consider the dynamic aspect of the
swn model. The thickness of the fire area is defined
as the distance covered by the fire during the com-
bustion time tc. Defining tnn as the time required for
the nearest neighbor to reach ignition, directly related
to tTD (tnn = n(1) × δt , with n(1) given by Eq. (4)),
a propagation parameter for a single burning site can
be expressed as

(5)R = tc

tnn
.

Fire spread occurs for R � Rc, where Rc is the dy-
namic propagation threshold. In the case of a single
burning site, Rc = 1. For multiple burning sites (char-
acteristic of real fire fronts) it was found that the
threshold value is smaller than one [27]. This will be
discussed below in order to complete the study. In the
applications below the condition R > 1 is satisfied,
which ensures that far from the dynamic threshold
a burning site will continue to burn before the near-
est neighbor ends its thermal degradation phase and
burns in turn. For spotting fire conditions, the after-
landing combustion time of an efficient firebrand is
assumed to be longer than that of the thermal degra-
dation of the receptive material (R > 1).

Totally heterogeneous systems are characterized
by two geometric propagation (percolation) thresh-
olds: that of a regular network, prn

c , and that of the
swn in the sense of Newman and Watts [15], pswn

c . In
both cases various clusters are randomly distributed
in the system. In the case of regular networks (p �
prn

c ), propagation reaches the opposite side of the net-
work and the largest cluster size diverges for infinite-
size systems. For the standard swn model, where
long-range connections are included (p � pswn

c ), the
largest cluster size, ξ , starts increasing as a power
law above this threshold ξ = (p − pswn

c )x , x being
a positive real number [12]. This power-law behavior
represents the increase in the mass fraction burned.
2.3. Characteristic lengths

Three different characteristic lengths are involved
in the propagation process: the impact parameter lc,
the spotting distance D0, and the correlation length ξ .

• For nonspotting fire conditions, propagation is
characterized by the influence zone of a burn-
ing site. For systems located within the influence
zone, fire propagation is independent of the size
of the system, which suggests a ballistic propa-
gation (i.e., fire propagates from one side of the
system to the other independently, as if it is not
aware of the presence of the other sites). Other-
wise propagation is diffusive.

• The distance traveled by a firebrand is generated
according to an exponentially decaying probabil-
ity distribution based on the characteristic spot-
ting distance D0 [28,29]. From Eq. (2), two as-
ymptotic behaviors of this probability appear, de-
pending on the size of the system:

(6)D0 � L, Nfb(t) = cNbs(t)
L

D0

and

(7)D0 � L, Nfb(t) = cNbs(t).

Clearly, a size effect appears for large spotting
distances compared with L while the number of
firebrands saturates for very small spotting dis-
tances. For infinite-size systems, the total prob-
ability reaches a maximum since all firebrands
will fall within the system. It is then easy to un-
derstand the interest forest managers may have
in the compartmentation of forest lands to reduce
the spotting effect.

• For completely heterogeneous systems (h = 0),
clusters of different sizes appear. The largest
cluster size (correlation length) depends on the
density of active sites, p. For system sizes greater
than the correlation length, ξ , finite size effects
do not occur around prn

c [4]. Above prn
c , the

largest cluster size diverges and propagation re-
sembles that in homogeneous systems. Below
pswn

c , ξ = 0 which corresponds to a nonspread-
ing condition. For pswn

c < p < prn
c the largest

cluster size is finite and a competition appears
between ξ and D0. The above analysis remains
valid if one replaces the size of the system, L,
with ξ in such a way that for ξ � D0 the proba-
bility is high that firebrands will fall in inactive
zones. In contrast, for ξ � D0, firebrands will
fall in the largest cluster, which in turn enhances
the propagation process. A saturation effect of
the area burned will then occur.
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It may be noted that for nonspotting fire prop-
agation, the concentration of remaining active sites
is constant during propagation, while the spotting
process causes the proportion of active sites to de-
crease with time, which in turn corresponds to a dy-
namic percolation and can lead to a slowing down of
fire spread. Such behavior contrasts with that of elec-
trical networks where the sites remains active during
propagation [31].

3. Results and discussion

In this section, two different propagation processes
in homogeneous or heterogeneous systems are inves-
tigated: nonspotting and spotting fire spread. A square
network of 300 × 300 sites is used, which is sufficient
to avoid finite-size effects for the nonspotting sys-
tems considered [27]. Active sites in heterogeneous
systems are uniformly and randomly distributed. Ar-
bitrary units are used below, with the exception of
the model validation section which requires physical
units.

3.1. Nonspotting fire spread

3.1.1. Homogeneous media (h = 1): model
validation

The aim of this section is to compare swn model
results with the laboratory-scale fire experiments car-
ried out by Mendes-Lopes et al. [32] and Dupuy [33].
Point ignition was considered and the fuel bed was
composed of pine needles (Pinus pinaster). First, the
impact parameters of the model were determined by
estimating the radiative impact from the view fac-
tor for elementary flames. The correlations of Put-
nam [34] and Albini [35] were used to determine
the geometric properties of the flame (height and an-
gle) for the experimental conditions (wind, slope, and
fuel). The square network used corresponds in the
present situation to a physical domain of 1 × 1 m.
Thus the lattice parameter is δl = 0.33 cm. For no-
slope and no-wind conditions, the estimated impact
parameter is lc = 3δl = 1 cm. The characteristic times
of combustion and thermal degradation of pine nee-
dles are tc = 30 s and tTD = 100 s. For a time step
δt = 1 s the corresponding numbers of levels are
nc = 30 and nTD = 100. The lc-dependence of the
rate of spread of the fire is illustrated in Fig. 2 and
shows power-law behavior with a slower spreading
for a randomly generated value of lc. The rate of
spread is given by ros (cm/s) = 0.102l1.51

c for a de-
terministic impact parameter while it varies as ros
(cm/s) = 0.080l1.47

c if this parameter is randomly
generated. Negligible statistical fluctuations of the ros
are found in the random case. On flat terrain with
Fig. 2. Rate of fire spread vs the impact parameter.

Fig. 3. Fire perimeters for a flat terrain in no-wind con-
ditions 144 s after point ignition. The dashed line corre-
sponds to model results with a fixed characteristic length of
lx = ly = 1 cm. The solid line corresponds to model results
with a randomly generated impact parameter. The experi-
mental fire perimeter [33] is represented by symbols.

no wind, the fire perimeter should maintain a circu-
lar shape centered at the ignition point. This is shown
in Fig. 3 after 144 s of fire propagation for an impact
parameter lc = 1 cm. Good agreement with experi-
mental data is observed in the random case, while in
the deterministic case the area burned by the fire is
overestimated. The same conclusions can be drawn
for the 30◦-upslope conditions, where the impact pa-
rameters are estimated to be lx = 3δl = 1 cm and
ly = 7δl = 2.33 cm. This is shown in Fig. 4, which
exhibits the elliptic fire perimeter 78 s after point ig-
nition.
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Fig. 4. Fire perimeters for a 30◦-upslope terrain with no
wind 78 s after point ignition. The dashed line corresponds
to model results with fixed characteristic lengths: lx = 1 cm
and ly = 2.33 cm. The solid line corresponds to model re-
sults with randomly generated impact parameters. The ex-
perimental fire perimeter [33] is represented by symbols.

The influence of wind speed on the ros of the head
fire is given in Fig. 5. The variation in the slope of
the ros as a function of wind, which corresponds to
the transition from a buoyancy-dominated to a wind-
dominated regime [36], is well reproduced by the
present model. As discussed above, a dynamic prop-
agation threshold exists and corresponds to Rc = 1
for a single burning site. This threshold is expected
to be smaller than one for line-fire propagation, since
a site can be the nearest neighbor of more than one
burning site, which in turn leads to an increase in its
rate of thermal degradation. This is clearly seen in
Fig. 6, where the ros is plotted versus R assuming a
constant value of tnn (see Eq. (5)). The dynamic tran-
sition occurs for a threshold value Rc ≈ 0.5, whatever
the impact parameter. Fig. 6 shows that, beyond a cer-
tain value of R or tc, the whole of the influence zone
contributes to the propagation process. Fire then prop-
agates at a maximum ros. For any system larger than
the influence zone, ros is not size-dependent [27].

From numerical experiments, it was found that the
computational (CPU) time required to simulate the
fire propagation from one side to the opposite side of
the system is nearly proportional to the square of net-
work size. Moreover, it can be significantly smaller
than the real time (estimated by multiplying the num-
ber of steps by the time step). For impact parameters
lx = 2δl and ly = 6δl, the time for fire propagation
corresponds to 148 time steps. This takes about 72 s
of CPU time on a Pentium 4 3.06 GHz processor. For
example, when the distance between forest trees is
δl = 3 m and assuming that the time for the nearest
neighbor to ignite is about tnn = 25 s, the 100-level
degradation process leads to a time step of 12 s (from
Eq. (4)), which indicates that the ratio of real time to
CPU time is about 25. This gives a somewhat-realistic
ros of 0.51 m/s.

3.1.2. Heterogeneous media (h = 0)
The model is applied here to heterogeneous media

composed of p active sites and 1 − p inactive or non-
flammable sites (h = 0) for lx = 3δl and ly = 7δl.
Fig. 7 shows the areas involved in fire spreading after
78δt on a 30◦-upslope terrain with no wind for values
of p above prn

c , which are p = 0.3 and 0.5. The dif-
ference in fire behavior can be explained by the pre-
dominance of the local swn effect on the rn effect for
Fig. 5. Rate of fire spread vs wind speed.
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Fig. 6. Rate of fire spread vs R for different impact parameters.
Fig. 7. Fire patterns 78δt after point ignition for densities
of active sites p = 0.5 and p = 0.3. Impact parameters are
randomly generated with lx = 3δl and ly = 7δl. The black
zones correspond to the burned area, the gray to the burn-
ing area, and the white zone inside the fire perimeter cor-
responds to inactive sites. For both cases, tTD = 100δt and
tc = 30δt .

p = 0.3. This can lead to the formation of fire fingers
or dead branches on fire edges. For small concentra-
tions of active sites (p = 0.3 in Fig. 7), the fragmented
front structure appears as a ballistic propagation. For
higher values of p, the propagation becomes mainly
diffusive (p = 0.5 in Fig. 7), the regular network ef-
fect being dominant. Between ballistic and diffusive
regimes, a crossover can occur, as observed by Sapo-
val et al. [37]. Next the spreading/nonspreading tran-
sition threshold is examined by varying p. A statis-
tical averaging process is carried out by igniting the
first line of sites (300 sites) instead of a single site.
This process provides the average time and rate of
spread as well as the average mass M (proportion)
of burned sites during fire propagation. For simplic-
ity, let us consider an isotropic propagation process
(i.e., lx = ly = lc). The p-dependence of the aver-
age burned mass and fire propagation duration are
shown in Fig. 8 for lc = 2δl. This figure shows the
usual second-order phase transition observed in reg-
ular networks [4], namely the cluster divergence at
prn

c (Fig. 8a) and the sharp change of mass behav-
ior. The mass M corresponds to the probability of
belonging to the largest cluster. This second-order
phase transition, which reveals the regular network
properties of the system, is observed for any value
of the impact parameter. The effect of the impact
parameter on the value of the percolation threshold
is shown in Fig. 9. The regular network percolation
threshold, prn

c , appears as a power-law function of the
impact parameter lc with an exponent −1 showing
a transition line. If connections are restricted to the
nearest neighbors (lc = δl) the known bond perco-
lation threshold for a square regular network, prn

c =
1/2, is reproduced by the power-law fitting func-
tion. From a physical point of view, this demonstrates
that radiative and convective effects from the flame
(including the effects of slope inclination and wind
through the impact parameter) modifies the dynamics
of propagation as well as the value of the propaga-
tion/nonpropagation threshold. The scaling behavior
of the second-order phase transition can be examined
by means of the fractal dimension, which is defined
as the exponent, D, of the power-law decay function
of the burned area, M , as a function of the system
size: M ∝ LD−2. Line ignition ensures that propa-
gation takes place since at least one of the initial



B. Porterie et al. / Combustion and Flame 149 (2007) 63–78 71
Fig. 8. (a) Fire propagation duration and (b) burned mass proportion M vs concentration p. lc = 2δl, tTD = 100δt , and tc = 30δt .

Fig. 9. Percolation threshold pc vs impact parameter lc. (—) is a power-law fit of swn values. tTD = 100δt and tc = 30δt .

Fig. 10. Fractal dimension of the area covered by the fire vs concentration p. Here, lc = 2δl, tTD = 100δt , and tc = 30δt . The
dotted line corresponds to the percolation threshold pc. The solid line is a fit of swn values.
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sites belongs to the largest cluster. Moreover, other
sites which belong to other clusters may contribute to
propagation. Fig. 10 shows the p-dependence of the
fractal dimension for an impact parameter lc = 2δl,
which corresponds to prn

c ≈ 0.26. Above this thresh-
old, the burned area covers the whole system and
D = 2. Below this threshold, the propagation covers
only a part of the system and D < 2. It is worth not-
ing that in the limit of p = 0, the value of D tends to 1
which corresponds to the fractal dimension of the ig-
nition line. The transition shown in Fig. 10 between
the p-dependence of the fractal dimension below prn

c
and its nondependence above prn

c has previously been
observed for aggregates (diffusion-limited aggrega-
tion, DLA) [37] as well as in a reaction diffusion
model [38]. At about prn

c the mass does not behave
as a power-law function of the size. This means that
the burned area becomes multifractal at the percola-
tion threshold as a result of the random generation of
the impact parameter. Self-similar behavior has been
obtained by Albinet et al. [1] assuming only determin-
istic cases of fire front propagation. For such cases,
we found an overestimation of the rate of spread.

3.2. Spotting process

This section deals with the eclosion and the growth
of a point-ignited fire. Propagation takes place in ho-
mogeneous and heterogeneous forest fuel media. For
heterogeneous systems, the location of the further-
most burning site and the burning area are averaged
over 100 realizations, taking into consideration the
size of the systems studied. A burning site can be-
long either to the primary fire front or to a secondary
fire generated by spotting. Very little information ex-
ists for estimating parameters describing the spotting
process. This led Hargrove et al. [24] to estimate an
arbitrary but consistent set of parameters for lodge-
pole pine as forest fuel. For very dry weather condi-
tions (see Table 2 in [24]), the value of c calculated
from Eq. (3) is c = 1.02/tc.

3.2.1. Homogeneous media
Nonspotting and spotting fire propagation with

D0 = 30δl and 90δl are compared in Fig. 11 for
two different instants. This figure illustrates the eclo-
sion and development of secondary fires and their
absorption by the primary front. When the spotting
distance increases, the burning area increases and be-
comes more structured. Long-range spotting gives
rise to secondary fires that develop considerably be-
fore being absorbed into the primary front. Fig. 12
shows the time evolution of the number of burning
trees, Nbs, for different values of the spotting dis-
tances D0 and of the impact parameter ly . The burn-
ing area increases with the spotting distance and a
maximum appears. Such behavior is similar to that
observed in predator–prey and epidemic models [39].
For nonspotting fire propagations (D0 = 0 in Fig. 12),
the number of burning trees, Nbs, increases linearly
with time until the primary front reaches the opposite
end of the system. For spotting fire propagations and
D0 � L (D0 = 30 and 90δl in Fig. 12), Nbs seems
to increase exponentially. This results from the time
variation of Nbs, which is proportional to Nfb, ac-
cording to Eq. (7). For a small value of the impact
parameter ly = 4δl, fire propagates slowly and allows
secondary fires to develop before absorption. The in-
fluence of firebrands on Nbs is then relatively more
pronounced. However, for small values of D0, fire-
brands can fall close to the primary front. This front
reaches an area that is already burned, and this causes
the time increase of Nbs to slow down, as shown in
Fig. 12a for D0 = 30δl around t = 150δt . The in-
fluence of firebrands starts to appear early when the
number of burning sites becomes large enough to give
rise to a secondary fire. This is more easily done
with a high value of the impact parameter, as shown
in Fig. 12. By comparing the time evolution of the
furthermost position of the front (Fig. 13) for spot-
ting and nonspotting fire propagations, it appears that
spotfires lead to a significant increase in the ros with
successive jumps. This swn effect is all the more pro-
nounced for large values of the spotting distance since
the primary fire propagates more slowly allowing the
secondary fires to develop. One can expect that, for
D0 � L, the swn effect corresponds to spotting from
one side of the system to the other.

3.2.2. Heterogeneous media
As indicated above, h is the parameter that defines

the degree of heterogeneity. It varies from h = 0 (to-
tally heterogeneous systems) to h = 1 (homogeneous
systems) via h = 0.5, where an A site has an impact
parameter that is twice that of a B site. Fig. 14 rep-
resents fire patterns for these values of h and a spot-
ting distance of D0 = 90δl at two different instants.
The impact parameters are lx = 2δl and ly = 6δl.
From a comparative examination of Figs. 14a–14d,
it is found that both primary and secondary fires de-
velop more rapidly in homogeneous media. This gives
a larger number of burning sites, which in turn leads
to a more pronounced firebrand effect on propaga-
tion. Through a completely heterogeneous medium
(Figs. 14e and 14h, where h = 0), propagation is sig-
nificantly slowed down. The uniformly distributed in-
active zones appear clearly after the passage of the
fire. This can lead to unburned “islands” inside the
fire perimeter, unlike homogeneous systems, where
compact clusters are obtained. Such lacunarity (i.e.,
the void distribution inside the cluster) has been ob-
served in real wildfires from the areas of burned sur-
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Fig. 11. Fire patterns, 120δt (left-hand column) and 170δt (right-hand column) after point ignition, for nonspotting and spotting
fire propagations with characteristic spotting distances D0 = 30 and 90δl. The gray area corresponds to the burning zone and
the black area to the burned zone. Point ignition occurs at x = 150δl and y = 0. Here, lx = 3δl, ly = 4δl, tTD = 100δt , and
tc = 30δt .
face estimated by satellite imagery [40]. The spotting
process is considerably reduced, as the firebrands are
fewer and can fall in nonflammable zones. Figs. 14g
and 14h correspond to a completely heterogeneous
system (h = 0) with a concentration p = 0.5, which
is above the percolation threshold of regular net-
works (rn) and a fortiori above the swn threshold
(p > prn

c > pswn
c ) [15]. However, they could illus-
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Fig. 12. Time evolution of the number of burning sites for nonspotting and spotting fire propagations with characteristic spotting
distances D0 = 30 and 90δl. (a) ly = 4δl and (b) ly = 9δl. For all cases: lx = 3δl, tTD = 100δt , and tc = 30δt .

Fig. 13. Time evolution of the furthermost position of the fire front for nonspotting and spotting fire propagations with charac-
teristic spotting distances D0 = 30 and 90δl. (a) ly = 4δl and (b) ly = 9δl. For all cases: lx = 3δl, tTD = 100δt , and tc = 30δt .
trate different p-dependent configurations after a fire.
Fig. 14h corresponds to a typical rn fire pattern for
p > prn

c . Fig. 14g could correspond to an swn fire pat-
tern for p > pswn

c , as the burned area is large enough,
as well as a rn behavior for p < prn

c , as the primary
front stops before reaching the opposite side.

Figs. 15 and 16 represent the time evolution of the
burning mass and of the furthermost burning tree for
different degrees of heterogeneity. It appears that the
action of firebrands decreases with h. The presence
of B sites (h = 0 and h = 0.5) increases the difficulty
spotfires have in developing and decreases the proba-
bility of spotting (Fig. 15). The firebrand effect on fire
propagation is then lessened, as shown in Figs. 16a
and 16b. It may be noted that in Fig. 16a the aver-
age head fire does not reach the opposite side of the
system, whatever the spotting distance, unlike in the
binary case (h = 0.5), where fire propagates for all
sample configurations. Since the present model can be
viewed as a regular network for nonspotting systems,
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Fig. 14. Diagrams (a)–(f): fire patterns, 125δt (left-hand column) and 175δt (right-hand column) after ignition, for a charac-
teristic spotting distance D0 = 90δl and different degrees of heterogeneity, h. Diagrams (g) and (h): fire patterns, respectively,
at 270δt and 370δt after ignition, for D0 = 90δl and h = 0. Note that diagrams (c)–(h) correspond to 50% inactive sites. The
gray area corresponds to the burning zone and the black area to the burned zone. Point ignition occurs at x = 150δl and y = 0.
lx = 2δl, ly = 6δl, tTD = 100δt , and tc = 30δt .
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Fig. 15. Time evolution of the number of burning sites for nonspotting and spotting fire propagations with characteristic spotting
distances D0 = 30 and 90δl, and (a) h = 1, (b) h = 0.5, and (c) h = 0. Diagrams (b) and (c) correspond to 50% of inactive sites.
lx = 2δl, ly = 6δl, tTD = 100δt , and tc = 30δt .

Fig. 16. Time evolution of the furthermost position of the fire front for nonspotting and spotting fire propagations with charac-
teristic spotting distances D0 = 30 and 90δl, and (a) h = 1, (b) h = 0.5, and (c) h = 0. Diagrams (b) and (c) correspond to 50%
of inactive sites. lx = 2δl, ly = 6δl, tTD = 100δt , and tc = 30δt .
there exist critical links (singly connected links) in the
largest cluster [4,41]. Such connections are widened
by the contribution of the influence zone. If such crit-
ical channels are cut by fire retardants or water, fire
cannot spread. This shows that the swn model could
be used to optimize the amounts of retardants and
water in firefighting strategy and tactics. We show in
Fig. 17 a particular configuration where the action of
firebrands cause the fire to stop after cutting a critical
channel.

4. Conclusion

A weighted-site small world network is used to
model forest fire spread. The weighting procedure is
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Fig. 17. Fire patterns for nonspotting and spotting fire prop-
agations: (a) D0 = 0, (b) D0 = 70δl, and (c) D0 = 190δl.
The density of active sites is p = 0.38; the impact parame-
ters are lx = 2δl and ly = 4δl. tTD = 100δt and tc = 30δt .
Note that for case (b) propagation stops due to the cutting of
a critical channel by firebrands.

based on the physical concepts of thermal degradation
and combustion of vegetation elements. Long-range
connections correspond to firebrands, whereas short-
range connections are related to the fire impact zone.
The following conclusions may be drawn.

For nonspotting systems:

• Applied to homogeneous systems, the present
model satisfactorily reproduces the time evolu-
tion of the fire perimeter and the nonlinear be-
havior of the ros as wind speed increases, as
observed in experiments. Its application to het-
erogeneous systems shows the complex patterns
formed for more realistic situations when the fire
and fuel conditions vary in space. Furthermore,
the density of active (flammable) sites, p, seems
to be a good measure of the swn effect on fire
propagation.

• With a computational time significantly smaller
than real time, the present model can then be con-
sidered as the base of an operational tool for fire
fighting management as well as a training tool for
firefighters.

• This model exhibits geometric and dynamic
propagation thresholds. The former is a second-
order phase transition line and is inversely pro-
portional to the impact parameter, according to
prn

c = 0.5l−1
c . The dynamic threshold results

from the weighting procedure.
• The sharp variation of the fractal dimension as a

function of p at the percolation threshold can be
used to determine the numerical value of prn

c .
• Two regimes appear: the ballistic regime for a

system whose size is smaller than the influence
zone and the diffusive regime for large sys-
tems. For the former the swn effect is dominant,
whereas the regular network effect dominates
for the latter. The crossover between these two
regimes is studied.

For spotting systems:

• For homogeneous systems, the action of fire-
brands is all the more pronounced since the im-
pact parameter is small and the spotting distance
is large (spotfires have enough time to develop
before being caught up by the primary fire front).

• When the size of the system is finite and smaller
than the spotting distance, the probability of
emission of efficient firebrands within the system
becomes size-dependent. At the thermodynamic
limit (infinite-size systems), this probability be-
comes constant and equal to c, calculated from
Eq. (3).

• For heterogeneous systems, the degree of hetero-
geneity reduces the action of efficient firebrands
on fire propagation.

• For a completely heterogeneous system, satu-
ration of the spotting effect is expected dur-
ing propagation when the largest cluster size is
smaller than D0.

• Around the regular network percolation thresh-
old, critical channels appear. If such channels are
cut (e.g., using fire inhibitors), the fire cannot
spread.
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This model can also provide a tool for determining
the mass involved in fire propagation as a function of
p as well as the critical concentration of flammable
sites delimiting the spreading/nonspreading transi-
tion. This can answer questions about the partial
clearance of vegetation, about the efficiency of fuel
break, and about house distribution in wildland–urban
interface areas. As a consequence of the existence of
a second-order phase transition, further studies of the
scaling effects and critical exponents near the transi-
tions will be the subject of a forthcoming work.
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